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Preface 


MATRIX is Australia’s first international and residential mathematical research 
institute. It was established in 2015 and launched in 2016 as a joint partnership 
between Monash University and the University of Melbourne, with seed funding 
from the ARC Centre of Excellence for Mathematical and Statistical Frontiers. 
The purpose of MATRIX is to facilitate new collaborations and mathematical 
advances through intensive residential research programs, which are currently held 
in Creswick, a small town nestled in the beautiful forests of the Macedon Ranges, 
130 km west of Melbourne. 

This book, 2016 MATRIX Annals, is a scientific record of the five programs held 
at MATRIX in 2016: 


¢ Higher Structures in Geometry and Physics 

¢ Winter of Disconnectedness 

¢ Approximation and Optimisation 

¢ Refining C*-Algebraic Invariants for Dynamics Using KK-Theory 

¢ Interactions Between Topological Recursion, Modularity, Quantum Invariants 
and Low-Dimensional Topology 


The MATRIX Scientific Committee selected these programs based on scientific 
excellence and the participation rate of high-profile international participants. This 
committee consists of Jan de Gier (Melbourne University, Chair), Ben Andrews 
(Australian National University), Darren Crowdy (Imperial College London), Hans 
De Sterck (Monash University), Alison Etheridge (University of Oxford), Gary 
Froyland (University of New South Wales), Liza Levina (University of Michigan), 
Kerrie Mengersen (Queensland University of Technology), Arun Ram (University 
of Melbourne), Joshua Ross (University of Adelaide), Terence Tao (University of 
California, Los Angeles), Ole Warnaar (University of Queensland), and David Wood 
(Monash University). 

The selected programs involved organisers from a variety of Australian uni- 
versities, including Federation, Melbourne, Monash, Newcastle, RMIT, Sydney, 
Swinburne, and Wollongong, along with international organisers and participants. 
Each program lasted 1—4 weeks and included ample unstructured time to encourage 
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collaborative research. Some of the longer programs had an embedded conference 
or lecture series. All participants were encouraged to submit articles to the MATRIX 
Annals. 

The articles were grouped into refereed contributions and other contributions. 
Refereed articles contain original results or reviews on a topic related to the 
MATRIX program. The other contributions are typically lecture notes based on 
talks or activities at MATRIX. A guest editor organised appropriate refereeing and 
ensured the scientific quality of submitted articles arising from each program. The 
editors (Jan de Gier, Cheryl E. Praeger, Terence Tao, and myself) finally evaluated 
and approved the papers. 


Many thanks to the authors and to the guest editors for their wonderful work. 


MATRIX has hosted eight programs in 2017, with more to come in 2018; see 
www.matrix-inst.org.au. Our goal is to facilitate collaboration between researchers 
in universities and industry, and increase the international impact of Australian 
research in the mathematical sciences. 


David R. Wood 
MATRIX Book Series Editor-in-Chief 


Higher Structures in Geometry and 
Physics 


6-17 June 2016 
Organisers 


Marcy Robertson (Melbourne) 
Philip Hackney (Macquarie) 


The inaugural program at MATRIX took place on June 6-17, 2016, and was 
entitled “Higher Structures in Geometry and Physics”. It was both a pleasure and a 
privilege to take part in this first ever program at MATRIX. The excellent working 
conditions, cosy environment, friendly staff and energetic participants made this 
time both memorable and productive. 

The scientific component of our program was comprised of a workshop with 
lecture series by several invited speakers, followed in the subsequent week by a 
conference featuring talks on a range of related topics from speakers from around the 
globe. The two events were separated by a long weekend which gave the participants 
free time to discuss and collaborate. Within this volume is a collection of lecture 
notes and articles reflecting quite faithfully the ideas in the air during these two 
weeks. 

Our title Higher Structures (not unlike the term down under) suggests a certain 
fixed perspective. For the participants in our program, this perspective comes 
from the twentieth-century examples of algebraic and categorical constructions 
associated to topological spaces, possibly with geometric structures and possibly 
taking motivation from physical examples. From this common frame of reference 
stems a range of new and rapidly developing directions, activities such as this 
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program at MATRIX play a vital role in weaving these threads into a collective 
understanding. The excitement of working in this rapidly developing field was felt 
during our time at MATRIX, and I hope it comes across in this volume as well. 

I would like to thank all of the authors who took the time to contribute to this 
volume. I would also like to thank the MATRIX staff and officials for hosting and 
facilitating this event and giving us the opportunity to share our work with this 
volume. Most importantly, I would like to thank the organizers of our program 
Marcy and Philip for all of their hard work and for giving all of us participants 
this unique opportunity. 


Ben Ward 
Guest Editor 


Participants 


Ramon Abud Alcala (Macquarie), Clark Barwick (Massachusetts Institute 
of Technology), Alexander Campbell (Macquarie), David Carchedi (George 
Mason), Gabriel C. Drummond-Cole (IBS Center for Geometry and Physics), 
Daniela Egas Santander (Freie Universitat Berlin), Nora Ganter (Melbourne), 
Christian Haesemeyer (Melbourne), Philip Hackney (Osnabrueck), Ralph Kauffman 
(Purdue), Edoardo Lanari (Macquarie), Martin Markl (Czech Academy of 
Sciences), Branko Nikolic (Macquarie), Simona Paoli (Leicester), Sophia Raynor 
(Aberdeen), Emily Riehl (Johns Hopkins), David Roberts (Adelaide), Marcy 
Robertson (Melbourne), Chris Rogers (Louisiana), Martina Rovelli (EPFL), 


Higher Structures in Geometry and Physics ix 


Matthew Spong (Melbourne), Michelle Strumila (Melbourne), TriThang Tran 
(Melbourne), Victor Turchin (Kansas State), Dominic Verity (Macquarie), Raymond 
Vozzo (Adelaide), Ben Ward (Stony Brook), Mark Weber (Macquarie), Felix 
Wierstra (Stockholm), Sinan Yalin (Copenhagen), Jun Yoshida (Tokyo), Dimitri 
Zaganidis (EPFL) 


Winter of Disconnectedness 


27 June-8 July 2016 — , 

Organisers “7 ‘ 
Murray Elder (Newcastle) ¢ 
Jacqui Ramagge (Sydney) Par aie P 
Colin Reid (Newcastle) "og wh 
Anne Thomas (Sydney) ee 
George Willis (Newcastle) “0 


Our understanding of totally disconnected locally compact (t.d.Lc.) groups has 
been growing rapidly in recent years. These groups are of interest for general 
theoretical reasons, because half the task of describing the structure of general 
locally compact groups falls into the totally disconnected case, and also for purposes 
of specific applications, because of the significance that various classes of t.d.l.c. 
groups have in geometry, number theory and algebra. The workshop held at 
Creswick from 27 June to 8 July 2016 was the first part of a program in which 
leading researchers presented the most recent advances by giving short courses and 
individual lectures. Time was also set aside for collaboration between established 
researchers and students. Both general techniques and results relating to particular 
classes of t.d.l.c. groups were covered in the lectures. 

Four courses of five lectures each were delivered at Creswick, as follows: 


¢ Helge Glockner (Paderborn): Endomorphisms of Lie groups over local fields 

¢ George Willis (Newcastle): The scale, tidy subgroups and flat groups 

e« Anne Thomas (Sydney): Automorphism groups of combinatorial structures 

¢ Phillip Wesolek (Binghamton): A survey of elementary totally disconnected 
locally compact groups 


A second workshop was held in Newcastle at the end of July 2016 with the same 
structure. 
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Notes from the four courses just listed and from the courses 


e Adrien Le Boudec (Louvain Le Neuve): Groups of automorphisms and almost 
automorphisms of trees: subgroups and dynamics 

¢ Colin Reid (Newcastle): Normal subgroup structure of totally disconnected 
locally compact groups 


delivered at the Newcastle workshop are published here. Although the distinction 
is not absolute, the notes by Reid, Wesolek and Willis cover general methods and 
those by Gloéckner, Le Boudec and Thomas treat specific classes of t.d.l.c. groups. 
In several cases, they are based on notes taken by listeners at the workshops, and 
we are grateful for their assistance. Moreover, the notes by Gléckner, which have 
been refereed, are an expanded version of what was delivered in lectures and contain 
calculations and proofs of some results that have not previously been published. 

We believe that these notes give the 2016 overview of the state of knowledge 
and of research directions on t.d.l.c. groups and hope that they will also serve to 
introduce students and other researchers new to the field to this rapidly developing 
subject. 


Dave Robertson 
Guest Editor 


Participants 


Benjamin Brawn (Newcastle), Timothy Bywaters (Sydney), Wee Chaimanowong 
(Melbourne), Murray Elder (Newcastle), Helge Glockner (Paderborn), John Harrison 
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(Baylor), Waltraud Lederle (ETH Zurich), Rupert McCallum (Tiibingen), Sidney 
Morris (Federation), Uri Onn (ANU), C.R.E. Raja (Indian Statistical Institute, 
Bangalore), Jacqui Ramagge (Sydney), Colin Reid (Newcastle), David Robertson 
(Newcastle), Anurag Singh (Utah), Simon Smith (City University of New York), 
George Willis (Newcastle), Thomas Taylor (Newcastle), Anne Thomas (Sydney), 
Stephan Tornier (ETH Zurich), Tian Tsang (RMIT), Phillip Wesolek (Universite 
Catholique de Louvain) 


Approximation and Optimisation 


10-16 July 2016 
Organisers 


Vera Roshchina (RMIT) 
Nadezda Sukhorukova 
(Swinburne) 

Julien Ugon (Federation) 
Aris Daniilidis (Chile) 
Andrew Eberhard (RMIT) 
Alex Kruger (Federation) 
Zahra Roshanzamir 
(Swinburne) 


There are many open problems in the field of approximation theory where tools 
from variational analysis and nonsmooth optimisation show promise. One of them is 
the Chebyshev (also known as uniform) approximation problem. Chebyshev’s work 
is generally considered seminal in approximation theory and remains influential to 
this day in this field of mathematics. His work also has many significant implications 
in optimisation, where uniform approximation of functions is considered an early 
example of an optimisation problem where the objective function is not differen- 
tiable. In fact, the problem of best polynomial approximation can be reformulated 
as an optimisation problem which provides very nice textbook examples for convex 
analysis. 

The joint ancestry and connections between optimisation and approximation are 
still very apparent today. Many problems in approximation can be reformulated as 
optimisation problems. On the other hand, many optimisation methods require set 
and/or function approximation to work efficiently. 

These connections were explored in the 1950s, 1960s and 1970s. This was also 
the period when the area of nonsmooth analysis emerged. Convex and nonsmooth 
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analysis techniques can be applied to obtain theoretical results and algorithms 
for solving approximation problems with nonsmooth objectives. These problems 
include Chebyshev approximation: univariate (polynomial and fixed-knots polyno- 
mial spline) approximation and multivariate polynomial approximation. In 1972, 
P.-J. Laurent published his book, where he demonstrated interconnections between 
approximation and optimisation. In particular, he showed that many difficult 
(Chebyshev) approximation problems can be solved using optimisation techniques. 

Despite this early work, historically the fields of optimisation and approxi- 
mation have remained separate, each (re)developing their own methodology and 
terminology. There is a clear pattern though: advances in optimisation result in 
significant breakthroughs in approximation and, on the other hand, new approxi- 
mation techniques and approaches advance the development of new optimisation 
methods and improve the performance of existing ones. Therefore, the lift-off theme 
of the program was multivariate and polynomial spline approximation from the 
perspective of optimisation theory. We invited top researchers in approximation 
theory, polynomial and semialgebraic optimisation and variational analysis to find 
new ways to attack the existing open problems and to establish major new research 
directions. A fresh look at approximation problems from the optimisation point of 
view is vital, since it enables us to solve approximation problems that cannot be 
solved without very advanced optimisation techniques (and vice versa) and discover 
beautiful interconnections between approximation and optimisation. 

The morning sessions of the program consisted of lectures: 


¢ Approximation of set-valued functions (Nira Dyn, Tel Aviv University) 

¢ Algebraic, convex analysis and semi-infinite programming approach to Cheby- 
shev approximation (Julien Ugon, Federation University Australia, and Nadezda 
Sukhorukova, Swinburne University of Technology) 

e The sparse grid combination technique and optimisation (Markus Hegland, 
Australian National University) 

¢ Quasi-relative interior and optimisation (Constantin Zalinescu, Al. I. Cuza 
University) 


The afternoons were dedicated to smaller group discussions. The following discus- 
sions were vital for the research papers submitted to this volume: 


1. Compact convex sets with prescribed facial dimensions, by Vera Roshchina, 
Tian Sang and David Yost 
The rich soup of research ideas that was stirred up during the workshop helped 
us with a breakthrough in a seemingly unrelated research direction. During the 
workshop, David Yost came up with a neat inductive idea that finished the proof 
of the dimensional sequence theorem that he and Vera Roshchina have been 
working on for a while. Later during the workshop the fractal ideas introduced 
by Markus Hegland motivated us to consider convex sets with fractal facial 
structure. Even more surprisingly, we discovered that a beautiful example of such 
a set can be obtained from the spherical gasket studied by Tian Sang in her prior 
research on infinite Coxeter groups. 
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2. Chebyshev multivariate polynomial approximation: alternance interpreta- 
tion, by Nadezda Sukhorukova, Julien Ugon and David Yost 
The notion of alternating sequence (alternance) is central for univariate 
Chebyshev approximation problems. How can we extend this notion to the 
case of multivariate approximation, where the sets are not totally ordered? In 
one of the papers, namely, “Chebyshev multivariate polynomial approximation: 
alternance interpretation” by Sukhorukova, Ugon and Yost, the authors work on 
this issue and propose possible solutions, in particular a very elegant formulation 
for necessary and sufficient optimality conditions for multivariate Chebyshev 
approximation. 


Julien Ugon and Nadezda Sukhorukova 
Guest Editors 


Participants 


Alia Al nuaimat (Federation), Fusheng Bai (Chongqing Normal University), Yi 
Chen (Federation), Jeffrey Christiansen (RMIT), Brian Dandurand (RMIT), Reinier 
Diaz Millan (Federal Institute of Goias), Nira Dyn (Tel Aviv), Andrew Eberhard 
(RMIT), Gabriele Eichfelder (Technische Universitat IImenau), Markus Hegland 
(ANU), Alexander Kruger (Federation), Vivek Laha (Indian Institute of Technology, 
Patna), Jeffrey Linderoth (Wisconsin- Madison), Prabhu Manyem (Nanchang Insti- 
tute of Technology), Faricio Oliveira (RMIT), Zahra Roshan Zamir (Swinburne), 
Vera Roshchina (RMIT), Tian Sang (RMIT), Jonathan Scanlan, Vinay Singh 
(National Institute of Technology, Mizoram), Nadezda Sukhorukova (Swinburne), 
Julien Ugon (Federation), Dean Webb (Federation), David Yost (Federation), 
Constantin Zalinescu (University “Al. I. Cuza” Iasi), Jiapu Zhang (Federation) 


Refining C*-Algebraic Invariants for 
Dynamics Using KK-Theory 


Eee es 
18-29 July 2016 

Organisers _ 
Magnus Goffeng 

(Chalmers / Gothenburg) 

Adam Rennie (Wollongong) TR 

Aidan Sims (Wollongong) THE BOTT PROJECTION 


This graduate school and workshop were motivated by intense recent interest and 
progress in the non-commutative geometry of dynamical systems. 

The progress has been of several sorts. The assignment of C*-algebras to 
dynamical systems is not new but has become much more sophisticated in recent 
years. The K-groups of such dynamical C*-algebras provide invariants of the 
original dynamical system but are not always fine enough to capture the structural 
features of greatest interest. In response to this, precise characterisations of the 
relationships between more detailed K-theoretic invariants and equivalence classes 
of dynamical systems have recently been sharpened significantly. 

The extra ingredient whose potential applications to such problems we hoped to 
highlight to attendees is recent progress in importing ideas from algebraic topology 
to dynamical systems theory through the computability of the Kasparov product. 
The Kasparov product is a far-reaching generalisation of index theory and provides 
an abstract composition rule for morphisms in the KK-category of C*-algebras. The 
KK-category extends and refines the correspondence category of C*-algebras; and 
a correspondence can be regarded as a generalised dynamical system and is closely 
related to the construction of dynamical C*-algebras. 
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With this background in mind, we started the first week with three lecture series 
during the mornings, with informal Q&A and research in the afternoons. The three 
lecture courses were: 


¢ Robin Deeley: Groupoids and C*-algebras 
¢ Bram Mesland: Kasparov’s KK-theory 
e Adam Rennie and Aidan Sims: Hilbert modules and Cuntz—Pimsner algebras 


Groupoid C*-algebras and Cuntz—Pimsner algebras are two of the most flex- 
ible and best developed frameworks for modelling dynamical systems using C*- 
algebras. The basics of Kasparov’s KK-theory and the recent advances in the 
computability of the product proved central to the progress seen during the 
workshop. 

The lecture series by Deeley, Mesland, Rennie, and Sims set the stage for the 
second week, bringing attendees, particularly the significant student cohort, together 
around a common language and a joint leitmotif. The talks ranged widely over the 
core topics, their applications and neighbouring disciplines. The five papers which 
follow give a good indication of the breadth of the conference. 

Deeley offers refinements of Putnam’s homology theory for dynamical systems, 
and Ruiz et al. provide strong invariants for a special class of dynamical systems. 
Bourne (with Schulz-Baldes) provides an application of KK-theoretic techniques 
to topological insulators. Goffeng and Mesland provide a detailed account of 
novel aspects of the non-commutative geometry of the Cuntz algebras, while Arici 
probes the non-commutative topology and geometry of quantum lens spaces using 
techniques which are perfectly in tune with the theme of the workshop. 


Adam Rennie 
Guest Editor 
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Participants 


Zahra Afsar (Wollongong), Francesca Arici (Radboud University Nijmegen), 
Chris Bourne (Erlangen-Nurnberg), Guo Chuan Thiang (Adelaide), Robin Deeley 
(Hawaii), Anna Luise Duwenig (Victoria), James Fletcher (Wollongong), Iain 
Forsyth (Leibniz University Hannover), Elizabeth Anne Gillaspy (Universitet 
Manster), Magnus Goffeng (Chalmers Technology/Gothenburg), Peter Hochs 
(Adelaide), Marcelo Laca (Victoria), Lachlan MacDonald (Wollongong), Michael 
Mampusti (Wollongong), Bram Mesland (Leibniz University Hannover), Alexander 
Mundey (Wollongong), Adam Rennie (Wollongong), Karen Rught Strung (Polish 
Academy of Sciences), Efren Ruiz (Hawaii at Hilo), Thomas Scheckter (UNSW), 
Aidan Sims (Wollongong), Hang Wang (Adelaide), Yasuo Watatani (Kyushu) 


Interactions Between Topological 
Recursion, Modularity, Quantum 
Invariants and Low-Dimensional 
Topology 


28 November—23 December 2016 
Organisers 

Motohico Mulase (UC Davis) 
Norman Do (Monash) 

Neil Hoffman (Oklahoma State) 
Craig Hodgson (Melbourne) 

Paul Norbury (Melbourne) 


This program contributed to the active international research effort under way at 
present to connect structures in mathematical physics with those in low-dimensional 
topology, buoyed by recent theoretical advances and a broad range of applications. It 
brought together people in cognate areas with common interests, including algebraic 
geometry, conformal field theory, knot theory, representation theory, quantum 
invariants and combinatorics. 

The program was motivated by recent generalisations of the technique of 
topological recursion, as well as fundamental conjectures concerning invariants 
in low dimensional topology. These include the AJ conjecture, the Jones slope 
conjecture of Garoufalidis and the underlying topological significance of the 3D- 
index. Algorithmic techniques to compute these and related invariants are also 
featured in the program. 

The program began with a week of short courses, comprising three lectures each, 
on the following topics: 


¢ Conformal field theory (Katrin Wendland, Freiburg) 
¢ Hyperbolic knot theory (Jessica Purcell, Monash) 

* Quantum invariants (Roland van der Veen, Leiden) 
¢ Topological recursion (Norman Do, Monash) 
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The program for the middle week was largely informal and reserved for research 
collaborations. The final week was dedicated to an international conference, which 
gathered together leading experts in the areas of mathematical physics, topological 
recursion, quantum invariants and low-dimensional topology to address recent 
advances and explore new connections between these fields. 

The program attracted a total of 51 attendees. During the conference, there were 
33 talks, of which 23 were delivered by international visitors. Among these talks 
were the following: 


¢ Jgrgen Andersen: Verlinde formula for Higgs bundles 

¢ Feng Luo: Discrete uniformization for polyhedral surfaces and its convergence 

e Rinat Kashaev: Pachner moves and Hopf algebras 

¢ Scott Morrison: Modular data for Drinfeld doubles 

¢ Hyam Rubinstein and Craig Hodgson: Counting genus two surfaces in 3- 
manifolds 

¢ Gaétan Borot: Initial conditions for topological recursion 

¢ Tudor Dimofte: Counting vortices in the 3D index 

¢ George Shabat: Counting Belyi pairs over finite fields 

¢ Leonid Chekhov: Abstract topological recursion and Givental decomposition 

¢ Piotr Sutkowski: Knots and BPS/super-quantum curves 


The articles in these proceedings represent different aspects of the program. 
Kashaev’s contribution describes a topological quantum field theory in four dimen- 
sions. Licata-Mathews and Spreer-Tillmann describe topological and geometric 
results for 3-manifolds. Shabat describes first steps towards generalising Belyi maps 
to finite fields. Roland van der Veen kindly contributed notes from his short course 
on quantum invariants of knots. 


Norman Do, Neil Hoffman, Paul Norbury 
Guest Editors 


Participants 

Jgrgen Andersen (Aarhus), Vladimir Bazhanov (ANU), Gaetan Borot (Max Planck), 
Benjamin Burton (Queensland), Alex Casella (Sydney), Wee Chaimanowong (Mel- 
bourne), Abhijit Champanerkar (CUNY), Anupam Chaudhuri (Monash), Leonid 
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Chekhov (Steklov), Blake Dadd (Melbourne), Tudor Dimofte (California, Davis), 
Norman Do (Monash), Petr Dunin-Barkovskiy (Moscow), Omar Foda (Melbourne), 
Evgenii Fominykh, Sophie Ham, Robert Cyrus Haraway III (Sydney), Craig 
Hodgson (Melbourne), Neil Hoffman (Oklahoma), Joshua Howie (Monash), Adele 
Jackson (ANU), Max Jolley (Monash), Rinat Kashaev (Geneva), Seonhwa Kim 
(IBS), Ilya Kofman (CUNY), Reinier Kramer (Amsterdam), Andrew James Kricker 
(NTU), Priya Kshirsagar (UC Davis), Alice Kwon (CUNY), Tung Le (Monash), 
Oliver Leigh (British Columbia), Danilo Lewanski (Amsterdam), Joan Eliza- 
beth Licata (ANU), Beibei Liu (UC Davis), Feng Luo (Rutgers), Joseph Lynch 
(Melbourne), Alessandro Malusa (Aarhus), Clément Maria (Queensland), Daniel 
Mathews (Monash), Sergei Matveev (Chelyabinsk), Todor Milanov Kavli (PMU), 
Scott Morrison (ANU), Motohico Mulase (UC Davis), Paul Norbury (Melbourne), 
Nicolas Orantin (EPFL), Erik William Pettersson (RMIT), Aleksandr Popolitov 
(Amsterdam), Jessica Purcell (Monash), Robert Quigley-McBride, Hyam Rubin- 
stein (Melbourne), Axel Saenz Rodriguez (Virginia), Sjabbo Schaveling, Henry 
Segerman (Oklahoma), Georgy Shabat (Independent), Rafael Marian Siejakowski 
(NTU Singapore), Ruifang Song (UC Davis), Piotr Sulkowski (Warsaw & Caltech), 
Dominic James Tate (Sydney), Stephan Tillmann (Sydney), Roland van der Veen 
(Leiden), Paul Wedrich (Imperial), Katrin Wendland (Friburg), Campbell Wheeler 
(Melbourne), Adam Wood (Melbourne), Tianyu Yang (Melbourne) 
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Homotopical Properties of the Simplicial M®) 
Maurer—Cartan Functor peels 


Christopher L. Rogers 


Abstract We consider the category whose objects are filtered, or complete, Loo- 
algebras and whose morphisms are oo-morphisms which respect the filtrations. We 
then discuss the homotopical properties of the Getzler—Hinich simplicial Maurer— 
Cartan functor which associates to each filtered Loo-algebra a Kan simplicial set, 
or oo-groupoid. In previous work with V. Dolgushev, we showed that this functor 
sends weak equivalences of filtered L.o-algebras to weak homotopy equivalences 
of simplicial sets. Here we sketch a proof of the fact that this functor also sends 
fibrations to Kan fibrations. To the best of our knowledge, only special cases of 
this result have previously appeared in the literature. As an application, we show 
how these facts concerning the simplicial Maurer—Cartan functor provide a simple 
oo-categorical formulation of the Homotopy Transfer Theorem. 


1 Introduction 


Over the last few years, there has been increasing interest in the homotopy theory 
of filtered, or complete, Lgy-algebras! and the role these objects play in deformation 
theory [10, 12], rational homotopy theory [3, 4, 13], and the homotopy theory of 
homotopy algebras [6, 8, 9]. One important tool used in these applications is the 
simplicial Maurer—Cartan functor 20t€.(—) which produces from any filtered Loo- 
algebra a Kan simplicial set, or oo-groupoid. This construction, first appearing 
in the work of Hinich [12] and Getzler [10], can (roughly) be thought of as a 
“non-abelian analog” of the Dold—Kan functor from chain complexes to simplicial 
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char k = 0. 
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vector spaces. In deformation theory, these oo-groupoids give higher analogs of the 
Deligne groupoid. In rational homotopy theory, this functor generalizes the Sullivan 
realization functor, and has been used to study rational models of mapping spaces. 

A convenient presentation of the homotopy theory of filtered L.o-algebras has 
yet to appear in the literature. But based on applications, there are good candidates 
for what the weak equivalences and fibrations should be between such objects. One 
would also hope that the simplicial Maurer—Cartan functor sends these morphisms to 
weak homotopy equivalences and Kan fibrations, respectively. For various special 
cases, which are recalled in Sect.3, it is known that this is indeed true. In joint 
work with Dolgushev [5], we showed that, in general, t€.(—) maps any weak 
equivalence of filtered L.o-algebras to a weak equivalence of Kan complexes. This 
can be thought of as the natural L,, generalization of the Goldman—Millson theorem 
in deformation theory. 

The purpose of this note is to sketch a proof of the analogous result for 
fibrations (Theorem2 in Sect.3 below): The simplicial Maurer—Cartan functor 
maps any fibration between any filtered L.o-algebras to a fibration between their 
corresponding Kan complexes. Our proof is not a simple generalization of the 
special cases already found in the literature, nor does it follow directly from general 
abstract homotopy theory. It requires some technical calculations involving Maurer— 
Cartan elements, similar to those found in our previous work [5]. 

As an application, we show in Sect.4 that “oo-categorical” analogs of the 
existence and uniqueness statements that comprise the Homotopy Transfer Theorem 
[1, 2, 14, 15] follow as a corollary of our Theorem 2. In more detail, suppose we 
are given a cochain complex A, a homotopy algebra B of some particular type (e.g., 
an Ago, Loo, OF Coo-algebra) and a quasi-isomorphism of complexes ¢:A — B. 
Then, using the simplicial Maurer—Cartan functor, we can naturally produce an 
oo-groupoid ¥§ whose objects correspond to solutions to the “homotopy transfer 
problem”. By a solution, we mean a pair consisting of a homotopy algebra structure 
on A, and a lift of @ to a co-quasi-isomorphism of homotopy algebras A —> B. 
The fact that 9%¢.(—) preserves both weak equivalences and fibrations allows us 
to conclude that: (1) The oo-groupoid § is non-empty, and (2) it is contractible. 
In other words, a homotopy equivalent transferred structure always exists, and this 
structure is unique in the strongest possible sense. 


2 Preliminaries 


2.1 Filtered L..-Algebras 


In order to match conventions in our previous work [5], we define an L,,-algebra 
to be a cochain complex (L, 0) for which the reduced cocommutative coalgebra 
S(L) is equipped with a degree 1 coderivation Q such that Q(x) = ox for all x € 
L and Q? = 0. This structure is equivalent to specifying a sequence of degree | 
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multi-brackets 
{yee bmi SL) > L m>2 (1) 
satisfying compatibility conditions with the differential 0 and higher-order Jacobi- 


like identities. (See Eq. 2.5 in [5].) More precisely, if pr,:S(L) — L denotes the 
usual projection, then 


{X1,%2,+++.Xmhm = PLL O1x2.. Xm), Vay EL. 
This definition of L.o-algebra is a “shifted version” of the original definition of Loo- 
algebra. A shifted L.9-structure on L is equivalent to a traditional Loo-structure on 
sL, the suspension of L. 
_ A morphism (or co-morphism) @ from an L,o-algebra (L, Q) to an Loo-algebra 
(L, Q) is a dg coalgebra morphism 
®: (S(L),Q) > (S(L), Q). (2) 


Such a morphism @ is uniquely determined by its composition with the projection 
to L: 


@' := pr. 


Every such dg coalgebra morphism induces a map of cochain complexes, e.g., the 
linear term of @: 


= pr, PL: (L,9) > (L, 9), (3) 
and we say @ is strict iff it consists only of a linear term, i.e. 
@' (x) = o(x) @'(x1,...,Xm) =O Vn >2 (4) 
A morphism @: (L,Q) > (L, Q) of Loo-algebras is an oo-quasi-isomorphism 
iff @: (L, 0) > (L, 0) is a quasi-isomorphism of cochain complexes. 
We say an Loo-algebra (L, Q) is a filtered L.o-algebra iff the underlying cochain 
complex (L, 0) is equipped with a complete descending filtration, 


L=A\LD F2LD F3L-:- (5) 


L=limL/F%L, (6) 


6 C.L. Rogers 
which is compatible with the brackets, i.e. 

{Fils Phy cas Fi,b) C Fisted Yomi, 
A filtered Lo9-algebra in our sense is a shifted analog of a “complete” Loo-algebra, 


in the sense of Berglund [3, Def. 5.1]. 


Remark I Due to its compatibility with the filtration, the Lo9-structure on L induces 
a filtered Loo-structure on the quotient L/.F,,L. In particular, L/.F,L is a nilpotent 
Loo-algebra [3, Def. 2.1], [10, Def. 4.2]. Moreover, when the induced L,.-structure 
is restricted to the sub-cochain complex 


Fy Ll Fab CLL Fab 
all brackets of arity > 2 vanish. Hence, the nilpotent L.o-algebra ¥,_,L/F,L is an 
abelian L..-algebra. 


Definition 1 We denote by Lies. the category whose objects are filtered Loo- 
algebras and whose morphisms are co-morphisms ®: (L,Q) — (L, Q) which are 
compatible with the filtrations: 


©! (F;,L @ Fn h @-+-® Fi,L) C Fitingomti,l, (7) 


Definition 2 Let ©: (L, Q) — (L, Q) be a morphism in Liege. 


1. We say ® is a weak equivalence iff its linear term @: (L, 9) > (L, a) induces a 
quasi-isomorphism of cochain complexes 


| 5,1: (Fal, 9) > (FrL, 9) Wn > 1. 


2. We say © is a fibration iff its linear term $: (L, 0) > (L, a) induces a surjective 
map of cochain complexes 


| 5,1: (Fal. 9) > (FrL, 9) Yn > 1. 


3. We say @ is an acyclic fibration iff ® is both a weak equivalence and a fibration. 


Remark 2 If (L,Q) is a filtered Loo-algebra, then for each n > 1, we have the 
obvious short exact sequence of cochain complexes 


(32 Fi LS L/S ow (8) 


It is easy to see that (8) lifts to a sequence of filtered Loo-algebras, in which all 
of the algebras in the sequence are nilpotent L.o-algebras (see Remark 1), and in 
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which all of the morphisms in the sequence are strict. In particular, the morphism 
L/F,»L a L/ F,y-\L is a fibration. 


2.2. Maurer—Cartan Elements 


Our reference for this section is Section 2 of [6]. We refer the reader there for details. 
Let L be a filtered Loo-algebra. Since L = .F\L, the compatibility of the multi- 
brackets with the filtrations gives us well defined map of sets curv: L° > L!: 


curvia) = aa + fa", 9) 


m>1 


Elements of the set 
MC(L) := {a € L° | curv(a) = 0} 


are called the Maurer—Cartan (MC) elements of L. Note that MC elements of L 
are elements of degree 0. Furthermore, if ®: (L, Q) — (L, Q) is a morphism in Lie,, 
then the compatibility of ® with the filtrations allows us to define a map of sets 


®,: MC(L) > MC(L) 


1 10 
(a) := )> ao ny: aM 


m>2~ 


The fact that curv(®(@)) = 0 is proved in [6, Prop. 2.2]. 

Given an MC element a € MC(L), we can “twist” the Loo-structure on L, to 
obtain a new filtered Loo-algebra L®. As a graded vector space with a filtration, 
L* = L; the differential 0° and the multi-brackets { ,..., }* on L are defined by 
the formulas 


1 
a (v) := O(v) + ) The waapQl, DPE (11) 
k=1 ° 


[o.@) 
1 
{U1, 2,06 , Um }e = 5 Fy es UIs U2, Unions (12) 
k=0 ~ 


8 C.L. Rogers 
2.3 Getzler—Hinich Construction 


The MC elements of (L, Q) are in fact the vertices of a simplicial set. Let 2, denote 
the de Rham-Sullivan algebra of polynomial differential forms on the geometric 
simplex A” with coefficients in k. The simplicial set N€.(L) is defined as 


Me, (L) := MC(L@Q,) (13) 


where L®Q,, is the filtered L.o-algebra defined as the projective limit of nilpotent 
Loo-algebras 


L®Q, := lim ((L/ FL) ® 2). 


Recall that the Lo-structure on the tensor product of chain complexes (L/-F;,L)® 2, 
is induced by the structure on L/.A;,L, and is well-defined since 2, is a commutative 
algebra. For example: 


{X1 @ @1,X2 @ @o,...,X) ® pt = #41, Xo, ... Xj} @ O12 -+- a. 


Proposition 4.1 of [6] implies that the simplicial set t€.(L) is a Kan complex, 
or co-groupoid, which is sometimes referred to as the “Deligne—Getzler—Hinich” 
oo-groupoid of L. 

Any morphism ®:L — L in Cie, induces a morphism 6”): L@2, > LL, 
for each n > 0 in the obvious way: 


DB” (x1 @ 01, X27 ® O2,...,Xm ®@ Om) = EBX, x2, -.. Xm) @ O102++* Om. 14) 


This then gives us a map of MC sets ®{”: MC(L®Q,) > MC(L®@,,) defined via 
Eq. (10). It is easy to see that 6” is compatible with the face and degeneracy maps, 
which leads us to the simplicial Maurer—Cartan functor 


INC: Lies — Kan 
i 3 ; (15) 
Me. (L = i) := ME.(L) —> MeL) 


3 The Functor SNC, (—) Preserves Weak Equivalences 
and Fibrations 


Our first observation concerning the simplicial Maurer—Cartan functor is that it 


sends a weak equivalence ®: L => Lin Lies to a weak homotopy equivalence. 
For the special case in which @ is a strict quasi-isomorphism between (shifted) 
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dg Lie algebras, Hinich [12] showed that IN€.(@) is a weak equivalence. If ® 
happens to be a strict quasi-isomorphism between nilpotent Loo-algebras, then 
Getzler [10] showed that INC. (®) is a weak equivalence. The result for the general 
case of oo-quasi-isomorphisms between filtered L.o-algebras was proved in our 
previous work with V. Dolgushev. 


Theorem 1 ([5, Thm. 1.1]) if ®:(L, Q) — (L, Q) is a weak equivalence of filtered 
Loo-algebras, then 


IMC.(P): MC.(L) > MC. (L) 


is a homotopy equivalence of simplicial sets. 
It is interesting that the most subtle part of the proof of the above theorem involves 
establishing the bijection between (INC. (L)) and (INE. (L)). 

The second noteworthy observation is that if ®:L —» L is a fibration then 
M€C.(P) is a Kan fibration. To the best of our knowledge, this result, at this level of 
generality, is new. 


Theorem 2 /f &:(L,Q) > (L, Q) is a fibration of filtered Loo-algebras, then 
IME.(H): MC.(L) > ME. (L) 


is a fibration of simplicial sets. 
Two special cases of Theorem 2 already exist in the literature. If ® happens to be a 
strict fibration between nilpotent Loo-algebras, then the result is again due to Getzler 
[10, Prop. 4.7]. If ® is a strict fibration between profinite filtered L.,-algebra, then 
Yalin showed [16, Thm. 4.2(1)] that 22€.(@) is a fibration. 

The proof of Theorem 2 is technical and will appear in elsewhere in full detail. 
We give a sketch here. 

Suppose @:L > L is a fibration. This induces a morphism between towers of 
nilpotent Lyo-algebras 


——» L/ FyrsiL SE ei ige ie i ———}) +++ —___» 0 


=| |e \s | 
+» L/ Fuss ——» 1) FL. ——> LF, sL ——» »-- —» 0 
(16) 
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which gives us a morphism between towers of Kan complexes: 


Me. (L/Fr1L) _** ome, (i) Frit) 


Pre [ - [Prt 
Me. (z | F,L) _“*_, me, (Z / #1) 
Pe Pe 
¥ ¥ 


¥ ¥ 
¥ ¥ 
* * (17) 


The morphisms p, and p, are strict fibrations between nilpotent Loo-algebras. 
Hence, Prop. 4.7 of [10] implies that their images under €.(—) are fibrations 
of simplicial sets. The inverse limit lim: tow(sSet) — sSet of this morphism of 
towers is MNC.(P): MC. (L) + Me€.(L). The functor lim is right Quillen [11, Ch. 
VI, Def. 1.7]. Hence, to show INC. (@) is a fibration, it is sufficient to show that the 
morphism of towers (17) is a fibration. By definition, this means we must show, for 


each n > 1, that the morphism induced by the universal property in the pullback 
diagram: 


(e) 


Mes (L/ F_L) Pos 


=(°) 
(yw) 
vw 


MC. (L/ Fal) Xe, cy 9,2) Wes (E/ FnaL) —— M€.(L/ Fra) 


= | 
oo oo 
. w 


es 
MC. (L/FpyL) > MC (L/ Fy—1L) 


po 


ne 
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is a fibration of simplicial sets [11, Ch. VI, Def. 1.1]. So suppose we are given a 
horn y: A? > INC.(L/.F,L) and commuting diagrams: 


At —_5 M€.(L/F,L) An —_, me. (L/ F_L) 

ie Te 

A™ —— M€.(£/ FL) A” ——>+ M€.(L/F,-1L) 
an —" me. (L/ FL) 


| ie 
=(°) 
Mes (L/ F_L) >» Me (L/ Fn) 
We need to produce an m-simplex a: A” > INC.(L/.F,L) which fills the horn y 
and satisfies Boa = B and pe? a = B. Since ps? is a fibration, there exists an 


m-simplex @ lifting B: 


At 2 MC Al) 


| a [pe 


A” aes ME (L/Fy-1L) 


but there is no guarantee that res (0) = B. However, note that the m-simplex 
__ wR) a 
n=, (0)- 8 (18) 
of the simplicial vector space L/ F,L® 92, lies in the kernel of the linear map pm” . 
We now observe that the fibration ®: L — L induces a map between the short exact 


sequences (8) of nilpotent Loo-algebras: 


$y L | Zyl ——> L] Fn —"—» Lf Fn 


Fa | | [2 


2 i 2 ~ Pn ~ ~ 
Fy—-L/ FL ar L/L FyL —_——_ L/F,y\L (19) 


It follows from the compatibility of ® with the filtrations, that ¥,_,;@ above is 
simply the linear term of the morphism @ restricted to the subspace .F,_;L/-FyL. 
Moreover, since ® is a fibration, ¥,_;® is surjective. Hence, ¥,—,@ is a strict 
fibration between abelian L.,-algebras, and so Prop. 4.7 of [10] implies that the 
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corresponding map in the diagram of simplicial sets below is a fibration: 


Mes (F,-L/FaL) > m¢. (L/ FL) "me, (L/F.aL) 


7-09 | a | |= 


Mes (F,L/FaL) —_> me, (1/F,L) _ iP. one, (Z/F,.1) oe 


A straightforward calculation shows that the vector 7 (18) is in fact a m-simplex of 
IME. (FrL/ Fi.) , whose restriction to the horn Aj’ vanishes. Hence, there exists 


a lift A: A” > NC. (Fr-iL/ Fal) of 7 through F180. 

One can then show via a series of technical lemmas that a = 4 + @ is a m- 
simplex of IN€.(L/.F,L) which fills the horn y and satisfies both Ba = B and 
pa = B. Hence, the morphism of towers (17) is a fibration in tow(sSet), and we 
conclude that NC. (P): MC. (L) > Mt€.(L) is a fibration of simplicial sets. 


4 Homotopy Transfer Theorem 


For this section, we follow the conventions presented in Sections 1 and 2 of [8]. We 
refer the reader there for further background on dg operads and homotopy algebras. 
Let @be a dg cooperad with a co-augmentation @ that is equipped with a compatible 
cocomplete ascending filtration: 


0= FCCFECCFEC FEC... (21) 


Any co-augmented cooperad satisfying G(0) = 0, (1) = k, for example, admits 
such a filtration (by arity). Cobar(@) algebra structures on a cochain complex (A, 04) 
are in one-to-one correspondence with codifferentials Q on the cofree coalgebra 


GA) = Brso( 6) @ Aen). which satisfy Q|4 = 0. Homotopy algebras 


such as Lop, Ago, and Co algebras are all examples of Cobar(@) algebras of 
this kind. A morphism (or more precisely “oo-morphism’’) F: (A, Q4) — (B, Qz) 
between Cobar(@) algebras is morphism between the corresponding dg coalgebras 
F: (GA), 94 + On) > (CB), Op + Oz). Such a morphism is an oo-quasi- 
isomorphism iff its linear term prgF |: (A, 04) — (B, 0g) is a quasi-isomorphism 
of chain complexes. 

Given a cochain complex (A,0,4), one can construct a dg Lie algebra 
Conv(@, End,4) whose Maurer—Cartan elements are in one-to-one correspondence 
with Cobar(@) structures on (A, 94). The underlying complex of Conv(@, End,) 
can be identified with the complex of linear maps Hom(@(A), A). The filtration (21) 
induces a complete descending filtration on Conv(@, End4) which is compatible 
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with the dg Lie structure. Hence, the desuspension s! Conv(@, End,) is a filtered 
Loo-algebra in our sense. 

We now indulge in some minor pedantry by presenting the well-known Homo- 
topy Transfer Theorem in the following way. Let (B, Qg) be a Cobar(@)-algebra, 
(A,d) a cochain complex, and ¢:A —> B a quasi-isomorphism of cochain 
complexes. One asks whether the structure on B can be transferred through ¢ to a 
homotopy equivalent structure on A. A solution to the homotopy transfer problem 
is a Cobar(@)-structure Q4 on A, and a co-quasi-isomorphism F: (A, Qa) = (B, Oz) 
of Cobar(@)-algebras such that pr,F |, = @. 

Solutions to the homotopy transfer problem correspond to certain MC elements 
of a filtered L.o-algebra. The cochain complex 


Cyl(@, A, B) := s-'| Hom(@A), A) @ Hom(@(A), B) @s~'! Hom(@(B), B) (22) 


can be equipped with a (shifted) Z.9-structure induced by: (1) the convolution Lie 
brackets on Hom(@(A), A) and Hom(@(B), B), and (2) pre and post composition 
of elements of Hom(@(A), B) with elements of Hom(@(A), A) and Hom(@(B), B), 
respectively. (See Sec. 3.1 in [7] for the details.) 

As shown in Sec. 3.2 of [7], the Loo-structure on Cyl(@, A, B) is such that its MC 
elements are triples (Q,4, F, Qg), where Q4 and Qz are Cobar(@) structures on A and 
B, respectively, and F is a oo-morphism between them. In particular, if ¢:A > B 
is a chain map, then ag = (0,¢,0) is a MC element in Cyl(@,A, B), where “0” 
denotes the trivial Cobar(@) structure. 

We can therefore twist, as described in Sect. 2.2, by the MC element wg to obtain 
anew Loo-algebra Cyl(@, A, B)**. The graded subspace 


Cyl(@, A, B)*’ := s-'! Hom(@(A), A) @ Hom(@A), B) ® s~'! Hom(@(B), B) 
(23) 


is equipped with a filtration induced by the filtration on @ Restricting the Loo 
structure on Cyl(@, A, B)** to Cyl, A, B)** makes the latter into a filtered Loo- 
algebra. The MC elements of Cyl(@, A, B)%* are those MC elements (Quy, F, Qg) of 
Cyl(@, A, B) such that pr,F|4 = ¢. 

We have the following proposition. (See Prop. 3.2 in [7]). 


Proposition 1 The canonical projection of cochain complexes 


mp.8 | Hom(@(A),A) ® Hom(@(A),B) @ s~' Hom(¢(B), B) > s~! Hom(%(B), B) 
(24) 


lifts to a (strict) acyclic fibration of filtered Lyy-algebras: 


mp: Cyl(@, A, B)** —> s~! Conv(@, Endy) 
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We can now express the homotopy transfer theorem as a simple corollary: 


Corollary 1 (Homotopy Transfer Theorem) Let (B, Qs) be a Cobar(@)-algebra, 
(A,0) a cochain complex, and ¢:A — B a quasi-isomorphism of cochain 
complexes. The solutions to the corresponding homotopy transfer problem are in 
one-to-one correspondence with the objects of a sub oo-groupoid 


Bon S ME. (Cy, A, By"). 


Furthermore, 


1. (existence) §g, is non-empty, and 
2. (uniqueness) §o, is contractible. 


Proof All statements follow from Theorems | and 2, which imply that 
MCys (xg): MCe (Gi. A, B)**) SMe. (Conv, Ends)) (25) 


is an acyclic fibration of Kan complexes. Indeed, we define ¥g, as the fiber of 
MeC.(7zg) over the object Og € MC (Conv(@, Endy)). Since INC.(7g) is a 
Kan fibration, 9, is a oo-groupoid. Objects of Fo, are those MC elements of 
Cyl(@, A, B)** which are of the form (Q4, F, Qg), and hence are solutions to the 
homotopy transfer problem. 

Since INE, (sg) is an acyclic fibration, it satisfies the right lifting property with 
respect to the inclusion @ = dA° C A®. Hence, INE.(zg) is surjective on objects. 
This proves statement (1). Statement (2) follows from the long exact sequence of 
homotopy groups. 

Let us conclude by mentioning the difference between the above formulation of 
the Homotopy Transfer Theorem and the one given in Section 5 of our previous 
work [8] with Dolgushev. There we only had Theorem | to use, and not Theorem 2. 
Hence, we proved a slight variant of the transfer theorem [8, Thm. 5.1]. We defined 
a solution to the homotopy transfer problem as a triple (Qa, F, Oz), where Qy is a 
Cobar(@) algebra structure on A, Op isa Cobar(@) algebra structure on B homotopy 
equivalent to the original structure Qg, and F:(A,Q,s) —> (B, Op) is a oo-quasi- 
isomorphism whose linear term is ¢@. We used the fact that 22C€.(7g) is a weak 
equivalence, and therefore gives a bijection 


7 (Me. (Gi. A, B)**)) ~ mo (me. (Conv(%, Ends))) 


to conclude that such a solution (Q4, F, Op) exists. It is easy to see that objects of 
the homotopy fiber of INC. (sg) over the vertex Qz are pairs consisting of a solution 
(Q4,F, Qs) to this variant of the transfer problem, and an equivalence from Qs 


to Op. 
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Check for 
updates 


Clark Barwick and Jay Shah 


Abstract In this short expository note, we discuss, with plenty of examples, the 
bestiary of fibrations in quasicategory theory. We underscore the simplicity and 
clarity of the constructions these fibrations make available to end-users of higher 
category theory. 


1 Introduction 


The theory of oo-categories—as formalized in the model of quasicategories—offers 
two ways of specifying homotopy theories and functors between them. 

First, we may describe a homotopy theory via a homotopy-coherent universal 
property; this is a widely appreciated advantage, and it’s a feature that any 
sufficiently well-developed model of oo-categories would have. For example, the 
oo-category Top of spaces is the free oo-category generated under (homotopy) 
colimits by a single object [10, Th. 5.1.5.6]. 

The second way of specifying oo-categories seems to be less well-loved: this 
is the ability to perform completely explicit constructions with excellent formal 
properties. This allows one to avoid the intricate workarounds that many of us 
beleaguered homotopy theorists have been forced to deploy in order solve infinite 
hierarchies of homotopy coherence problems. This feature seems to be peculiar to 
the model of quasicategories, and the main instrument that makes these explicit 
constructions possible is the theory of fibrations of various sorts. In this étude, 
we study eight sorts of fibrations of quasicategories in use today—left, right, Kan, 
inner, iso (AKA categorical), cocartesian, cartesian, and flat—and we discuss the 
beautifully explicit constructions they provide. 

In the end, oo-category theory as practiced today combines these two assets, 
and the result is a powerful amalgam of universal characterizations and crashingly 
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explicit constructions. We will here focus on the underappreciated latter feature, 
which provides incredibly concrete constructions to which we would not otherwise 
have access. We have thus written this under the assumption that readers are more 
or less familiar with the content of the first chapter of Lurie’s book [10]. 


2 Left, Right, and Kan Fibrations 


The universal property of the oo-category Top we offered above certainly character- 
izes it up to a contractible choice, but it doesn’t provide any simple way to specify 
a functor into Top. 

At first blush, this looks like very bad news: after all, even if C is an ordinary 
category, to specify a functor of oo-categories F: C —> Top, one has to specify an 
extraordinary amount of information: one has to give, for every object a € C,a 
space F(a); for every morphism f: a —> b, a map F(f): F(a) —> F(b); for every 
pair of composable morphisms f: a —~ b and g:b —> c, a homotopy F(gf) ~ 
F(g)F(f); for every triple of composable morphisms, a homotopy of homotopies; 
etc., ad infinitum. 

However, ordinary category theory suggests a way out: Suppose F: C —> Set a 
functor. One of the basic tricks of the trade in category theory is to build a category 
Tot F, sometimes called the category of elements of F. The objects of Tot F are 
pairs (a,x), where a € C is an object and x € F(a) is an element; a morphism 
(a, x) —> (b, y) of Tot F is a morphism f: a —> b such that F(f)(x) = y. 

The category Tot F, along with the projection p: Tot F —> C, is extremely useful 
for studying the functor F’. For example, the set of sections of p is a limit of F, and 
the set 29 (Tot F) of connected components is a colimit of F. In fact, the assignment 
F ~~» TotF is an equivalence of categories between the category of functors 
C —> Set and those functors X —> C such that for any morphism f:a —> b of 
C and for any object x € X with p(x) = a, there exists a unique morphism ¢: x —> y 
with p(@) = f. (These functors are sometimes called discrete opfibrations.) In other 
words, functors C —> Set correspond to functors X —> C such that for any solid 
arrow commutative square 


Aj ——> NX 


Pt 


A! —> NC, 


there exists a unique dotted lift. 

We may therefore hope that, instead of working with functors from C to Top, one 
might work with suitable oo-categories over C instead. To make this work, we need 
to formulate the oo-categorical version of this condition. To this end, we adopt the 
same attitude that permits us to arrive at the definition of an oo-category: instead of 
demanding a single unique horn filler, we demand a whole hierarchy of horn fillers, 
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none of which we require to be unique. The hierarchy ensures that the filler at any 
stage is unique up to a homotopy that is unique up to a homotopy, etc., ad infinitum. 


Definition 2.1 A left fibration is a map p: X —> S of simplicial sets such that for 
any integer n > | and any 0 < k < nand any solid arrow commutative square 


Ms # 


Lec 


A” —> S, 


there exists a dotted lift. 
Dually, a right fibration is a map p: X —> S of simplicial sets such that for any 
integer n > | and any 0 < k < n and any solid arrow commutative square 


3X 


[oP 


A” —> S, 


there exists a dotted lift. 

Of course, a Kan fibration is a map of simplicial sets that is both a left and a right 
fibration. 

To understand these notions, we should begin with some special cases. 


Example 2.2 For any simplicial set X, the unique map X —> A’ is a left fibration if 
and only if X is an oo-groupoid (i.e., a Kan complex). Indeed, we see immediately 
that X is an oo-category, so to conclude that X is an oo-groupoid, it suffices to 
observe that the homotopy category hX is a groupoid; this follows readily from the 
lifting condition for the horn inclusion Aj —> A’. 

Since pullbacks of left fibrations are again left fibrations, we conclude immedi- 
ately that the fibers of a left fibration are oo-groupoids. 


Example 2.3 ([10, Cor. 2.1.2.2]) If Cis an oo-category and x € Co is an object, then 
recall that one can form the undercategory C,; uniquely via the following functorial 
bijection: 


Mor(K, Cy) & Mor(A° * K, C) XMor(A0,c) (X}- 


The inclusion K —> A° * K induces a forgetful functor p: C,; —> C. The key fact 
(due to Joyal) is that p is a left fibration; in particular, C,, is an oo-category [10, 
Cor. 2.1.2.2]. 

The fiber of p over a vertex y € Co is the oo-groupoid whose n-simplices are 


In other words, it is Homé(x, y) in the notation of [10, Rk. 1.2.2.5]. 
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Dually, we can define the overcategory C), via 
Mor(K, Cy) = Mor(K « A°, C) XMor(A0,c) {x}, 
and the inclusion K —> K * A° induces a right fibration g: C), —> C. The fiber of 


q over a vertex y € Cp is then Homé(y, x). 


Subexample 2.3.1 Jn the introduction, we mentioned that Top is the oo-category 
that is freely generated under colimits by a single object *. This generator turns out 
to be the terminal object in Top. Let us write Top, for the overcategory Top,.;. The 
forgetful functor Top, —> Top is a left fibration. 

The fiber over a vertex X € Topo is the co-groupoid Homy,, (+, X), which we 
will want to think of as a model for X itself. 

Here is the theorem that is going to make that possible: 


Theorem 2.4 (Joyal) Suppose C an oo-category (or more generally, any simplicial 
set). For any functor F: C —> Top, we may consider the left fibration 


Top, X Top.F C—C. 
This defines an equivalence of oo-categories 
Fun(C, Top) > LFib(C), 
where LFib(C) is the simplicial nerve of the full simplicial subcategory of sSetjc 
spanned by the left fibrations. 
Dually, for any functor G: C —> Top’’, we may consider the right fibration 
Top? X Top”? .G C—C. 
This defines an equivalence of oo-categories 
Fun(C”, Top) > RFib(C), 
where RFib(C) is the simplicial nerve of the full simplicial subcategory of sSetjc 
spanned by the right fibrations. 
A left fibration p: X —> C is said to be classified by F: C —> Top just in case it is 
equivalent to the left fibration 


Top, XtTop,.p C — C. 


Dually, a right fibration g: Y —> C is said to be classified by G: C? —~+ Top just in 
case it is equivalent to the right fibration 


Top,” Xtop?,g C — C. 
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The proofs of Joyal’s theorem! are all relatively involved, and they involve 


breaking this assertion up into several constituent parts. But rather than get 
distracted by these details (beautiful though they be!), let us instead swim in the 
waters of appreciation for this result as end-users. 


Example 2.5 Even for C = A°, this theorem is nontrivial: it provides an equiv- 
alence Top —~> Gpd,,, where of course Gpd,, is the simplicial nerve of the full 
simplicial subcategory of sSet spanned by the Kan complexes. In other words, this 
result provides a concrete model for the oo-category that was might have only been 
known through its universal property. 

But the deeper point here is that with the universal characterization of the 
introduction, it’s completely unclear how to specify a functor from an oo-category C 
into Top. Even with the equivalence Top ~ Gpd,,, we would still have to specify 
an infinite hierarchy of data to check this. However, with Joyal’s result in hand, 
our task becomes to construct a left fibration X¥ —~ C. In practice, these are the 
constructions which are tractable, because one trades the explicit specification of 
coherence data for horn-filling conditions. 


Example 2.6 One may use Joyal’s theorem to find that if p: X —> Cis a left fibration 
classified by a functor F: C —+ Top, then the colimit of F is weakly homotopy 
equivalent (i.e., equivalent in the Quillen model structure) to X, and the the limit of 
F is weakly homotopy equivalent to the space Map,(C, X) of sections of p. 


Example 2.7 One attitude toward oo-categories is that they are meant to be 
categories “weakly enriched” in spaces. Whatever this means, it should at least entail 
corepresentable and representable functors 


h*:C —+Top and h,:C? —> Top 


for x € Cp. But thanks to Joyal’s theorem, we already have these: the former is 
given by the left fibration C,; —~ C, and the latter is given by the right fibration 
Chy —> C. 

This also provides a recognition principle: a left fibration X —> C corresponds 
to a corepresentable functor if and only if X admits an initial object; in this case, 
we call the left fibration itself corepresentable. Dually, a right fibration X —> C 
corresponds to a representable functor if and only if X admits a terminal object; in 
this case, we call the right fibration itself representable. 


Example 2.8 In the same vein, we expect to have a functor 


Map;: C” x C —> Top 


'We know (with the referee’s help) five proofs: the original one due to Joyal, a modification thereof 
due to Lurie [10], a simplification due to Dugger and Spivak [5], a more conceptual and self- 
contained version due to Stevenson [14], and a recent simplification due to Heuts and Moerdijk 


[7, 8]. 
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for any oo-category C. From Joyal’s Theorem, our job becomes to construct a left 
fibration (s, t): O(C) —> C” x C. It turns out that this isn’t so difficult: define O(C) 
via the formula 


O(C)n = Mor(A””? * A", C), 


and s and ¢ are induced by the inclusions A”? —> A”°? * A” and A” —> A”? x 
A”, respectively. 

So the claim is that (s, f) is a left fibration. This isn’t a completely trivial matter, 
but there is a proof in [12], and another, slightly simpler, proof in [2]. The key point 
is to study the behavior of the left adjoint of the functor @ on certain “left anodyne” 
monomorphisms. 

These two examples illustrate nicely a general principle about working 
“vertically”—i.e., with left and right fibrations—versus working “horizontally”— 
i.e., with functors to Top. It is easy to write down a left or right fibration, but it may 
not be easy to see that it is a left or right fibration. On the other hand, it is quite 
difficult even to write down a suitable functor to Top. So working vertically rather 
than horizontally relocates the difficulty in higher category theory from a struggle 
to make good definitions to a struggle to prove good properties. 


Example 2.9 Suppose C an oo-category. A Kan fibration to C is simultaneously 
a left fibration and a right fibration. So a Kan fibration must correspond to a 
both a covariant functor and a contravariant functor to Top, and one sees that the 
“pushforward” maps must be homotopy inverse to the “pullback” maps. That is, the 
following are equivalent for a map p: X —> C of simplicial sets: 


¢ pisa Kan fibration; 

¢ p is a left fibration, and the functor C —~ Top that classifies it carries any 
morphism of C to an equivalence; 

¢ pis aright fibration, and the functor C°?? —~+ Top that classifies it carries any 
morphism of C to an equivalence. 


From this point view, we see that when C is an oo-groupoid, Kan fibrations 
X —> C are “essentially the same thing” as functors C —> Top, which are in turn 
indistinguishable from functors C°?? —» Top. 


3 Inner Fibrations and Isofibrations 


Inner fibrations are tricky to motivate from a 1-categorical standpoint, because the 
nerve of any functor is automatically an inner fibration. We will discuss here a 
reasonable way of thinking about inner fibrations, but we do not know a reference 
for complete proofs, yet. 


Fibrations in o0-Category Theory 23 


Definition 3.1. An inner fibration is a map p: X —> S of simplicial sets such that 
for any integer n > 2 and any 0 < k < n and any solid arrow commutative square 


At —>X 


fe" | 


At —s 8, 


there exists a dotted lift. 


Example 3.2 Ofcourse a simplicial set X is an oo-category just in case the canonical 
map X —> A? is an inner fibration. Consequently, any fiber of an inner fibration is 
an co-category. 


Example 3.3 If X is an oo-category and D is an ordinary category, then it’s easy to 
see that any map X —> ND is an inner fibration. 

On the other hand, a map p: X —> S is an inner fibration if and only if, for any 
n-simplex o € S,, the pullback 


X X59 A" — A" 


is an inner fibration. Consequently, we see that p is an inner fibration if and only if, 
for any n-simplex o € S,, the pullback X x5, A” is an oo-category. 

So in a strong sense, we’ll understand the “meaning” of inner fibrations one we 
understand the “meaning” of functors from oo-categories to A”. 


Example 3.4 When n = 1, we have the following. For any oo-categories Cp and 
C, there is an equivalence of oo-categories 
{Co} Xcat 


Catyo/ a1 Xcat {Ci} > Fun(C,” x Ci, Top). 


(00 /At0F 00/AtE 


A proof of this fact doesn’t seem to be contained in the literature yet, but we will 
nevertheless take it as given; it would be a consequence of Proposition 5.1, which 
we expect to be proven in a future work of P. Haine. 

Now the oo-category on the right of this equivalence can also be identified with 
the oo-category 


Fun“ (P(C;), P(Co)) 
of colimit-preserving functors between P(C,) = Fun(C;”, Top) and P(Co) = 
Fun(C;”, Top). Such a colimit-preserving functor is sometimes called a profunctor. 


Example 3.5 When n = 2, if C is an oo-category, and C —> A? is a functor, 
then we have three fibers Co, Ci, and C2 and three colimit-preserving functors 
F: P(Cy) —> P(C,), G: P(C;) —> P(Co), and H: P(C,) —> P(Cp). Furthermore, 
there is natural transformation a: Go F —> H. 
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In the general case, a functor C —> A” amounts to the choice of oo-categories 
Co,Ci,...,C, and a lax-commutative diagram of colimit-preserving functors 
among the various oo-categories P(C;). 

What we would like to say now is that the oo-category of inner fibrations X —> S$ 
is equivalent to the oo-category of normal (i.e. identity-preserving) lax functors 
from S” to a suitable “double oo-category” of oo-categories and profunctors, 
generalizing a classical result of Bénabou [15]. We do not know, however, how 
to make such an assertion precise. 

In any case, we could ask for more restrictive hypotheses. We could, for example, 
ask for fibrations X —> S that are classified by functors from S to an oo-category 
of profunctors (so that all the 2-morphisms that appear are equivalences); this is 
covered by the notion of flatness, which will discuss in the section after next. More 
restrictively, we can ask for fibrations X¥ ——~ S that are classified by functors from 
S to Catyy itself; these are cocartesian fibrations, which we will discuss in the next 
section. 

For future reference, let’s specify an extremely well-behaved class of inner 
fibrations. 


Definition 3.6 Suppose C an oo-category. Then an isofibration (AKA a categorical 
fibration’) p:X — C is an inner fibration such that for any object x € Xo and any 
equivalence f: p(x) —> b of C, there exists an equivalence ¢: x —> y of X such that 
P(o) =f. 

We shall revisit this notion in greater detail in a moment, but for now, let us 
simply comment that an isofibration X —> C is an inner fibration whose fibers vary 
functorially in the equivalences of C. 

For more general bases, this definition won’t do, of course, but we won’t have any 
use for isofibrations whose targets are not oo-categories. The model-theoretically 
inclined reader should note that isofibrations are exactly the fibrations with target 
an oo-category for the Joyal model structure; consequently, any functor of oo- 
categories can be replaced by an isofibration. 


4 Cocartesian and Cartesian Fibrations 


If F:C —> Cat is an (honest) diagram of ordinary categories, then one can 
generalize the category of elements construction as follows: form the category X 
whose objects are pairs (c, x) consisting of an object c € C and an object x € F(c), 


?Emily Riehl makes the clearly compelling case that “isofibration” is preferable terminology, 
because it actually suggests what kind of lifting property it will have, whereas the word 
“categorical” is unhelpful in this regard. She also tells us that “isofibration” is a standard term in 
1-category theory, and that the nerve of functor is an isofibration iff the functor is an isofibration. 
We join her in her view that “isofibration” is better. 
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in which a morphism (f, #): (d, y) —> (c,x) is a morphism f: d —> c of C anda 
morphism 


b: X(f)(y) x 


of F(c). This is called the Grothendieck construction, and there is an obvious 
forgetful functor p: X —> C. 

One may now attempt to reverse-engineer the Grothendieck construction by 
trying to extract the salient features of the forgetful functor p. What we may notice 
is that for any morphism f: d —> c of C and any object y € F(d) there is a special 
morphism 


® = (f.6): (dy) > XNO) 


of X in which 


b: F(P)(y) > FAO) 


is simply the identity morphism. This morphism is initial among all the morphisms 
W of X such that p(W) = f; that is, for any morphism W of X such that p(W) = f, 
there exists a morphism / of X such that p(J) = id. such that YW = Jo @. 

We call morphisms of X that are initial in this sense p-cocartesian. Since a p- 
cocartesian edge lying over a morphism d —> c is defined by a universal property, it 
is uniquely specified up to a unique isomorphism lying over id.. The key condition 
that we are looking for is then that for any morphism of C and any lift of its 
source, there is a p-cocartesian morphism with that source lying over it. A functor 
p satisfying this condition is called a Grothendieck opfibration. 

Now for any Grothendieck opfibration p: X —> C, let us attempt to extract a 
functor F: C —> Cat that gives rise to it in this way. We proceed in the following 
manner. To any object a € C assign the fiber X, of p over a. To any morphism 
f:a — b assign a functor F(f):X, —> X, that carries any object x € X, to the 
target F(f)(x) € X; of “the” g-cocartesian edge lying over f. 

Right away, we have a problem: q-cocartesian edges are only unique up to 
isomorphism. So these functors cannot be strictly compatible with composition; 
rather, one will obtain natural isomorphisms 


F(gof) = F(g)o F(f) 


that will satisfy a secondary layer of coherences that make F into a pseudofunctor. 
Fortunately, one can rectify this pseudofunctor to an equivalent honest functor, 
which in turn gives rise to p, up to equivalence. 

As we have seen in our discussion of left and right fibrations, there are genuine 
advantages in homotopy theory to working with fibrations instead of functors. 
Consequently, we define a class of fibrations that is a natural generalization of the 
class of Grothendieck opfibrations. 
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Definition 4.1 If p: X —~ S is an inner fibration of simplicial sets, then an edge 
f:x — y of X is p-cocartesian just in case, for each integer n > 2, any extension 


Aon +, x, 


[4 


and any solid arrow commutative diagram 


An +x 


| “F , |? 


A" — S, 


a dotted lift exists. Equivalently, if S is an oo-category, f is p-cocartesian if for any 
object z € X the commutative square of mapping spaces 


f° 
Mapy(y, z) ——= Mapy(x, z) 


| |p 
Map,(py, pz) Sar Map,( px, pz) 


is a homotopy pullback square. 

We say that p is a cocartesian fibration if, for any edge 7: s —> t of S and for 
every vertex x € Xo such that p(x) = s, there exists a p-cocartesian edge f: x —> y 
such that 7 = p(f). 

Cartesian edges and cartesian fibrations are defined dually, so that an edge of 
X is p-cartesian just in case the corresponding edge of X°? is cocartesian for the 
inner fibration p??: X°? —-+ S$’, and p is a cartesian fibration just in case p? is a 
cocartesian fibration. 


Example 4.2 ([10, Rk 2.4.2.2]) A functor p: D —> C between ordinary categories 
is a Grothendieck opfibration if and only if the induced functor N(p): ND —> NC 
on nerves is a cocartesian fibration. 


Example 4.3 Any left fibration is a cocartesian fibration, and a cocartesian fibration 
is a left fibration just in case its fibers are oo-groupoids. 

Dually, of course, the class of right fibrations coincides with the class of cartesian 
fibrations whose fibers are oo-groupoids. 


Example 4.4 Suppose C an oo-category and p: X —> C an inner fibration. Then for 
any morphism 7 of X, the following are equivalent. 


* 71s an equivalence of X; 
* 7 1s p-cocartesian, and p(7) is an equivalence of C; 
* 71s p-cartesian, and p(7) is an equivalence of C. 
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It follows readily that if p is a cocartesian or cartesian fibration, then it is an 
isofibration. 
Conversely, if C is an oo-groupoid, then the following are equivalent. 


¢ pis an isofibration; 
* pis acocartesian fibration; 
¢ pis acartesian fibration. 


Example 4.5 ([10, Cor. 2.4.7.12]) For any oo-category C, we write O(C) := 
Fun(A!,C). Evaluation at 0 defines a cartesian fibration s: O(C) —» C, and 
evaluation at | defines a cocartesian fibration t: O(C) —> C. 

One can ask whether the functor s: O(C) —> C is also a cocartesian fibration. 
One may observe [10, Lm. 6.1.1.1] that an edge A! —> O(C) is s-cocartesian just 
in case the corresponding diagram (Aj)™ = A! x A! —. Cis a pushout square. 

In the following, we will denote by Cat. the simplicial nerve of the (fibrant) 
simplicial category whose objects are oo-categories, in which Map(C, D) is the 
maximal oo-groupoid contained in Fun(C, D). Similarly, for any oo-category C, 
we will denote by Cocart(C) (respectively, Cart(C)) the simplicial nerve of 
the (fibrant) simplicial category whose objects are cocartesian (resp., cartesian) 
fibrations X —> C, in which Map(X, Y) is the co-groupoid whose n-simplices are 
functors X x A” —> Y over C that carry any edge (f, 7) in which f is cocartesian 
(resp. cartesian) to a cocartesian edge (resp., a cartesian edge). 


Example 4.6 Consider the full subcategory RFib”’? C GO(Cato) spanned by the 
representable right fibrations. The restriction of the functor t: G(Cat..) —> Cat, 
to RFib’’’ is again a cocartesian fibration. 


Theorem 4.7 Suppose C an co-category. For any functor F: C —> Catgo, we may 
consider the cocartesian fibration 


RFib’” x<cat..7 C — C. 
This defines an equivalence of categories 
Fun(C, Cat.) <> Cocart(C). 
Dually, for any functor G: C —> Catg2, we may consider the cartesian fibration 
RFib’?’”? Xcat”,.G C — C. 
This defines an equivalence of categories 
Fun(C”’, Catyo) > Cart(C). 


A cocartesian fibration p: X —> C is said to be classified by F just in case it is 
equivalent to the cocartesian fibration 


RFib”” Xcat,,.7 C— C. 
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Dually, a cartesian fibration g: Y —> C is said to be classified by F just in case it is 
equivalent to the cocartesian fibration 


RFib™”” xc Gg C—> C. 


Example 4.8 Suppose C an oo-category, and suppose X —> C an isofibration. If 
tC C Cis the largest oo-groupoid contained in C, then the pulled back isofibration 


X Xc iC —>1C 
is both cocartesian and cartesian, and so it corresponds to a functor 
iC X tC? —>+ Cat. 


This is the sense in which the fibers of an isofibration vary functorially in 
equivalences if C. 


Example 4.9 For any oo-category C, the functor C°? —> Cat, that classifies the 
cartesian fibration s: O(C) —> C is the functor that carries any object a of C 
to the undercategory C,; and any morphism f:a —~» b to the forgetful functor 
f*: Cp/ —_ Ge |. 

If C admits all pushouts, then the cocartesian fibration s: O(C) —> C is classified 
by a functor C —> Cat, that carries any object a of C to the undercategory C,, 
and any morphism f: a — b to the functor f}: Cz; —> Cp, that is given by pushout 
along f. 

One particularly powerful construction with cartesian and cocartesian fibrations 
comes from [10, §3.2.2]. We’ve come to call this the cartesian workhorse. 


Example 4.10 Suppose p:X —» B°? a cartesian fibration and g: Y —> BY? a 
cocartesian fibration. Suppose F:B —+> Cat, a functor that classifies p and 
G: B°P —+ Cats. a functor that classifies g. Clearly one may define a functor 


Fun( F, G): B? —+ Categ 


that carries a vertex s of B’ to the oo-category Fun( F(s), G(s)) and an edge 
n: s —> t of B’? to the functor 


Fun( F'(s), G(s)) —> Fun( F(t), G(t)) 


given by the assignment F ~~» G(n) 0 Fo F(n). 

If one wishes to work instead with the fibrations directly (avoiding straightening 
and unstraightening), the following construction provides an elegant way of writing 
explicitly the cocartesian fibration classified by the functor Fun( F,, G). 

Suppose p: X —> B’? is a cartesian fibration classified by a functor 


F: B —> Catgo, 
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and suppose q: Y —> B” is a cocartesian fibration classified by a functor 
G: B°?? —+ Cats. 


One defines a simplicial set Fun, (X, Y) and a map r: Fun, (X, Y) —> B” defined by 
the following universal property: for any map o: K —> B”’, one has a bijection 


Morge(K, Fun, (X, Y)) = Mor,gop (X X Bop K, Y), 


functorial in o. 

It is then shown in [10, Cor. 3.2.2.13] (but see Example 7.3 below for a proof 
which places this result in a broader context) that r is a cocartesian fibration, and an 
edge 


g: A! —> Fung(X, Y) 


is r-cocartesian just in case the induced map X xg A! —> Y carries p-cartesian 
edges to g-cocartesian edges. The fiber of the map Fung(X , Y) —> S over a vertex 
s is the oo-category Fun(X,, Y;), and for any edge n:s —> t of B’, the functor 
nT; —> T, induced by n is equivalent to the functor F ~~» G(n) o F o F(n) 
described above. 


Warning 4.11 We do not know of a proof that the functor associated to this fibration 
via straightening is actually the expected one (In [6], this is verified in the case 
where the functor G is constant). 

Finally, let us mention a weakening of the notion of a cocartesian fibration to 
that of a locally cocartesian fibration, which is an inner fibration p : X —> S 
such that for every edge f : A’ —- S, the pullback py is a cocartesian fibration. 
Since p is cocartesian when restricted to live over any 1-simplex, the equivalence of 
Theorem 4.7 produces functors fi : X; —> X; for every edge f : s —> t; however, one 
loses the equivalence (dja); ~ (doo); 0 (doo), for any 2-simplex o in S. Instead, the 
analogue of Theorem4.7 (proven in [11]) states that locally cocartesian fibrations 
X —> S are equivalent to normal lax functors from S to Catgo considered as an oo 
double category. 


5 Flat Inner Fibrations 


We have observed that if C is an oo-category, and if C —> A! is any functor with 
fibers Cp and C;, then there is a corresponding profunctor from C; to Cp, ie., a 
colimit-preserving functor P(C;) —~> P(Co). Furthermore, the passage from oo- 
categories over A! to profunctors is even in some sense an equivalence. 

So to make this precise, let Prof denote the full subcategory of the co-category 
Pr“ of presentable oo-categories and left adjoints spanned by those oo-categories of 
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the form P(C). We can almost—but not quite—construct an equivalence between 
the oo-categories Cat,,/,1 and the oo-category Fun(A!, Prof). 

The trouble here is that there are strictly more equivalences in Prof than there are 
in Cat.,; two oo-categories are equivalent in Prof if and only if they have equivalent 
idempotent completions. So that suggests the fix for this problem: we employ a 
pullback that will retain the data of the oo-categories that are the source and target 
of our profunctor. 


Proposition 5.1 There is an equivalence of oo-categories 
Caty,/41  Fun(A!, Prof) Xpun(aa! prot) Fun(0A', Cato). 


We do not know of a reference for this result, yet, but we expect this to appear in a 
future work of P. Haine. 

When we pass to oo-categories over A”, we have a more complicated problem: 
a functor C —> A? only specifies a lax commutative diagram of profunctors: 
three fibers Co, C,, and C); three colimit-preserving functors F: P(Cy) —> P(C)), 
G: P(C,) —> P(C2), and H:P(Co) —> P(C2); and a natural transformation 
a:GoF —-~» H. In order to ensure that a be a natural equivalence, we need a 
condition on our fibration. This is where flatness comes in. 


Definition 5.2 An inner fibration p: X —~ S is said to be flat just in case, for any 
inner anodyne map K <> L and any map L —> S, the pullback 


X Xs K —Xxs5L 


is a categorical equivalence. 
We will focus mostly on flat isofibrations. Let us see right away that some 
familiar examples and constructions yield flat inner fibrations. 


Example 5.3 (Lurie, [13, Ex. B.3.11]) Cocartesian and cartesian fibrations are flat 
isofibrations; more precisely, the combination of the locally cocartesian and flat 
conditions on an isofibration exactly yield the class of cocartesian fibrations [4, Prp. 
1.5]. In particular, if C is an oo-groupoid, then any isofibration X —> C is flat. 


Example 5.4 (Lurie, [13, Pr. B.3.13]) Tf p:X —> S is a flat inner fibration, then for 
any vertex x € Xo, the inner fibrations X,; —> Sp; and X/;, —> Sp.) are flat as 
well. 

It is not necessary to test flatness with all inner anodyne maps; in fact, one can 
make do with the inner horn of a 2-simplex: 


Proposition 5.5 (Lurie, [13, Pr. B.3.14]) An inner fibration p: X — S is flat if and 
only if, for any 2-simplex 0 € So, the pullback 


2: 2 
x Xp8.(0|A2) Ay xX Xp,S.o A 


is a categorical equivalence. 
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Proposition 5.6 (Lurie, [13, Pr. B.3.2, Rk. B.3.9]) An inner fibration X —~ S is 
flat just in case, for any 2-simplex 


Vv 


_ 


u 


of S any for any edge x — y lying over f, the simplicial set Xy/ ;y Xs {v} is weakly 
contractible. 


5.7 Note that the condition of the previous result is vacuous if the 2-simplex is 
degenerate. Consequently, if S is 1-skeletal, then any inner fibration X —> S is flat. 


Proposition 5.8 Suppose C an co-category. Then there is an equivalence 
Flat(C) > Fun(C”’, Prof) Xfun(cer Prof) Fun(uC’”, Cato), 


where Flat(C) is an oo-category of flat isofibrations X —> C. 
Once again, we do not know a reference for this in the literature yet, but we expect 
that this will be shown in future work of P. Haine. 


6 Marked Simplicial Sets and Categorical Patterns 


In order to model the oo-category Cocart(C) of cocartesian fibrations at the level of 
simplicial sets (and thereby implement the known proof of Theorem 4.7 via Lurie’s 
straightening and unstraightening functors), it turns out that one must remember the 
data of the cocartesian edges. Moreover, it is often useful to remember still more 
data on the fibration side in order to reflect special features of the corresponding 
functors. This leads us to the notions of marked simplicial sets and categorical 
patterns. 


Definition 6.1 A marked simplicial set consists of a simplicial set S together with 
the additional datum of a set M C Sj, of marked edges that contains all the 
degenerate edges. A categorical pattern on a simplicial set S is a triple (M, T, P) 
where (S, M) constitutes a marked simplicial set and one additionally has: 


* aset T C S> of scaled 2-simplices that contains all the degenerate 2-simplices, 
and 
* aset P of maps f,: Kx —> S such that fy((K34)1) C M and fy ((KS)2) C T. 


Let sSet* be the category of marked simplicial sets. 


Example 6.2 There exists a marked model structure on sSet* such that the fibrant 
objects are oo-categories with the equivalences marked and the cofibrations are the 
monomorphisms. We have the Quillen equivalence 


(=): sSetjoyai ——— sSett:U 
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where (—)’ marks the degenerate edges and U forgets the marking; also note that U 
is left adjoint to the functor (—)* which marks all edges. 

As a demonstration of the utility of sSet* over sSetyoyal, observe that sSet* isa 
simplicial model category (unlike sSetyoya1) via the Quillen bifunctor 


Map" (—, —) : (sSet*)”” x sSet* —- sSet 


defined by Homyse¢(K, Map*((X, E),(Y,F))) = Homyg,+(K* x (X,E), (Y, F)). 
Consequently, we may define Cat, to be the homotopy coherent nerve of the 
simplicial subcategory (sSet*)° of the fibrant objects in sSet*, and indeed this is 
the definition adopted in [10]. In addition, sSet™ is also enriched over sSetyjoya Via 


Map’ (—, —) : (sSet*)” x sSett —- sSet 


defined by Homyset(K, Map? ((X, E), (Y, F))) = Homyg,.+ (K° x (X, E), (Y, F)), and 
over itself via the internal hom. 

We now pass to a relative situation and introduce a class of model structures on 
sSet7i; M) which serve to model (variants of) co-categories of Cat.,-valued functors 
with domain S. 


Notation 6.3 For the purposes of this section, if p:X —»+ S and f:K —~ S are maps 
of simplicial sets, then let us write 


pp X xs K —> K 


for the pullback of p along f. 


Definition 6.4 Suppose (M, T, P) a categorical pattern on a simplicial set $. Then 
a marked map p: (X, E) —> (S,M) is said to be (M, T, P)-fibered if the following 
conditions obtain. 


¢ The map p: X —> S is an inner fibration. 

* For every marked edge n of S, the pullback p, is a cocartesian fibration. 

¢ An edge € of X is marked just in case p(€) is marked and € is p,i<)-cocartesian. 
¢ For any commutative square 


Al) £, 


[ | 


A? ——> 


in which o is scaled, if € is marked, then it is p,-cocartesian. 
* For every element f,: K — S of P, the cocartesian fibration 


Pt, X Xs Ks 3K; 


is classified by a limit diagram KX —> Cat,o. 
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¢ For every element f.: KX —> S of P, any cocartesian section o of py, is a p- 
limit diagram in X [10, Dfn. 4.3.1.1]. If X and S are oo-categories, then this is 
equivalent to requiring that for any x € X, the homotopy commutative square of 
mapping spaces 


Map,y(x, o(v)) ——— limyex, Mapy(x, o(k)) 


\ |? 


Maps(p(x), po(v)) — limex, Maps(px, po (k)) 


is a homotopy pullback square (where v € KX is the cone point). 


Theorem 6.5 (Lurie, [13, Th. B.0.20]) Suppose (M, T, P) acategorical pattern on 
a simplicial set S. Then there exists a left proper, combinatorial, simplicial model 
structure on sSet), M) in which the cofibrations are monomorphisms, and a marked 
map p: (X, E) —> (S, M) is fibrant just in case it is (M, T, P)-fibered. 


We will denote this model category sSetiis utp): 


Example 6.6 For any simplicial set S, the (S,, S2, @)-fibered maps (X, E) — S* are 
precisely those maps of the form ,X —> S*, where the underlying map of simplicial 
sets X —> S is a cocartesian fibration and ,X denotes X with the cocartesian edges 
marked. We are therefore entitled to call the model structure of Theorem 6.5 on 
sSet,, given by (S,,52,@) the cocartesian model structure. Abusing notation, 


the underlying category is also denoted as sSet’;. In [10, $3.2], Lurie proves an 
equivalence Fun(S, Cat.) ~ N ((sSet;;)°). 

We have a convenient characterization of the fibrations between fibrant objects 
in the model structures of Theorem 6.5: 


Proposition 6.7 (Lurie, [13, Th. B.2.7]) Suppose S an oo-category, and suppose 
(M, T, P) acategorical pattern on S such that every equivalence of S is marked, and 
every 2-simplex A? —» S whose restriction to A!" is an equivalence is scaled. 
If (Y, F) is fibrant in sSet)s u-rpy then a map f:(X, E) —> (Y, F) over (S,M) is 
a fibration in Sets rp) if and only if (X,E) is fibrant, and the underlying map 
Jf: X — Y is an isofibration. 


Example 6.8 For any marked simplicial set (S,/M/), we may as well call the model 
structure on sSet; sm) Supplied by the categorical pattern (M, S2, 8) the cocartesian 
model structure. Directly from the definition, we see that the fibrant objects are 
those inner fibrations C —+ S that possess cocartesian edges lifting the marked 
edges in the base (such that those are the edges marked in C). Moreover, in light 
of the previous proposition, we have another description of the cocartesian model 
structure on sSet, in the case of p: S —> T a cocartesian fibration, as created by 


the forgetful functor to the cocartesian model structure sSet;,—i.e., by regarding 


sSet as (sSet/;) /p- (Note that a model structure is uniquely characterized by its 
cofibrations and fibrant objects.) For example, if S is an oo-category and M is the set 
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of equivalences in S, then the cocartesian model structure on sSet)is M) is Quillen 
equivalent to (sSetyoyai)/s- 


Example 6.9 Specifying the set of scaled 2-simplices allows us to model lax 
functoriality. For example, in the extreme case where we take the categorical pattern 
(S1, (S2)degen, @) on S, then the resulting model structure on sSet has fibrant 
objects the locally cocartesian fibrations over S. 

Let us now consider examples where the set P of maps in the definition of a 
categorical pattern comes into play. 


Example 6.10 ([13, Prp. 2.1.4.6] and [13, Var. 2.1.4.13]) Let S = Fy, be the 
category of finite pointed sets, with objects (n) = {1,...,, *}. We call a map 
at: (n) —» (m) inert if for every non basepoint element i € (m), the preimage a! (i) 


consists of exactly one element. Then a determines an injection (m)° —~ (n)°, 
where (n)° = (n) \ {x}. Let P be the set of maps Aj —> Fx given by all 


(p) <— (n) — (q) 


where the maps are inert and determine a bijection (p)° L. (q)° —> (n)°. Then the 
categorical pattern ((F.)1, (F*)2,P) on F, yields a model structure on sSet* J, )t 
with fibrant objects symmetric monoidal oo-categories, and where maps beigeen 
fibrant objects are (strong) symmetric monoidal functors. To see this, observe that 
the chosen set P implies that for a fibrant object C — F,, the fiber C;,. decomposes 
as [], <i<n C(1), With the n comparison maps induced by the n inert morphisms pi: 
(n) —> (1) which send i to 1 and the other elements to the basepoint. Then the active 
maps, that is the maps in the image of the functor (—)+ : F —> F, which adds a 
basepoint, induce the multiplication maps which endow C,) with the structure of a 
symmetric monoidal oo-category. 

If instead we took the categorical pa ((F «inert, (Fx)2,P) on F,, then we 
would obtain a model structure on sSet? ](Fx(F«)iner) whose fibrant objects are oo- 
operads. Note that the last condition in the definition of (M, T, P)-fibered object is 
now essential to obtain the correct description of the mapping spaces in the total 
category of an oo-operad. 

The remaining two examples require an acquaintance with the theory of perfect 
operator categories [1, §6], and generalize the examples of oo-operads and symmet- 
ric monoidal oo-categories, respectively. 


Example 6.11 Suppose @ a perfect operator category, and consider the following 
categorical pattern 


(Ne, N(A(®))o, P) 


on the nerve N A(@) of the Leinster category [1, §7]. Here the class Ne C N(A(®@)); 
consists of all the inert morphisms of NA(®). The class P is the set of maps 
Ae —> NA(®) given by diagrams J —— J —> I’ of A(@) in which both J —> IJ and 
J — I’ are inert, and 


[J] =|J xn Ul I xm l| = ull’. 
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Then a marked map (X, E) —> (NA(®), N.A‘(®)) is (Ne, N(A(®)), P)-fibered 
just in case the underlying map of simplicial sets X —> N A(®) is a oo-operad over 
@, and E is the collection of cocartesian edges over the inert edges [1, §8]. 

In particular, when ® = F, the category of finite sets, this recovers the collection 
of oo-operads. 


Example 6.12 If ® is a perfect operator category, we can contemplate another 
categorical pattern 


(N(A(®))1, N(A(®))2, P) 
on A(®). Here P is as in the previous example. 
Now a marked map (X, E) —> (N.A(®), NA‘ (@)) is (N(A(®));, N(A(®))>2, P)- 


fibered just in case the underlying map of simplicial sets X —> NA(®) is a ®- 
monoidal oo-category, and E is the collection of all cocartesian edges. 


7 Constructing Fibrations via Additional Functoriality 


The theory of flat isofibrations can be used to describe some extra functoriality of 
these categorical pattern model structures in S. We will use this extra direction 
of functoriality to perform some beautifully explicit constructions of fibrations of 
various kinds. The main result is a tad involved, but the constructive power it offers 
is worth it in the end. 


Notation 7.1 Let us begin with the observation that, given a map of marked 
simplicial sets 1: (S,M) —> (T,N), there is a string of adjoints 


um 1m* 417,, 
where the far left adjoint 
TH: sSetyis 1 — sSetii7 y) 
is simply composition with 1; the middle functor 
1*: sSSetiip y) —> sSetjis 4 


is given by the assignment (Y, F) ~~ (Y, F) Xcr.ny (S,M); and the far right adjoint 


; + + 
Ty! Set iis vy — sSet (7 yy 
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is given by a “space of sections.” That is, an n-simplex of 1,(X, E) is a pair (o,f) 
consisting of an n-simplex o € T,, along with a marked map 


(A")’ xcr.ny (S,M) — (X, E) 


over (S,M); an edge (n,f) of 1,(X, E) is marked just in case n is marked, and f 
carries any edge of A‘ xr S that projects to a marked edge of S to a marked edge 
of X. 


Theorem 7.2 (Lurie, [13, Th. B.4.2]) Suppose S, S’, and X three co-categories; 
suppose (M,T,P) a categorical pattern on S; suppose (M',T’, P’) a categorical 
pattern on S’; and suppose E a collection of marked edges on X. Assume these data 
satisfy the following conditions. 


e Any equivalence of either S or X is marked. 
¢ The marked edges in S and X are each closed under composition. 
* Every 2-simplex A* —> S whose restriction to A®-"} is an equivalence is scaled. 


Suppose 
mw: (X, E) —> (S,M) 


a map of marked simplicial sets satisfying the following conditions. 


¢ The functor 1: X —> S is a flat isofibration. 
¢ For any marked edge n of S, the pullback 


Ty:X xs Al —> A! 
is a cartesian fibration. 
* For any element fy: Ki —> S of P, the simplicial set Ky is an o0-category, and 
the pullback 


Tp, X xs a so 


is a cocartesian fibration. 
¢ Suppose 


a 2-simplex of X in which 1(@) is an equivalence, is locally m-cartesian, and 
(Ww) is marked. Then the edge $ is marked just in case x is. 
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° Suppose fy: Ki —> S an element of P, and suppose 
J 
YN 
x ————> z 
x 


a 2-simplex of X xs KX in which is m,,-cocartesian and mp,(W) is an 
equivalence. Then the image of w in X is marked if and only if the image of 
x Is. 

Finally, suppose 


p: (X, E) —> (S’,M’) 


a map of marked simplicial sets satisfying the following conditions. 


¢ Any 2-simplex of X that lies over a scaled 2-simplex of S also lies over a scaled 
2-simplex of S’. 

* For any element fy: Kx —> S of P and any cocartesian section s of 1;,, the 
composite 


Kos Xxug kK XS 


lies in P’. 


Then the adjunction 
pro n*: sSetiis u.rp) —— SSet jy yep pry ° p* 


is a Quillen adjunction. 

Before applying this theorem, let us comment on the relevance of some of the 
various hypotheses (sans the ones dealing with the class P in the definition of a 
categorical pattern, which we only include for completeness). 


e Flatness: We introduced flat inner fibrations in connection with composing 
profunctors. Composition of profunctors involves inner anodyne maps such as 
A? — A? being sent to categorical equivalences upon pulling back, and the 
added property of being an isofibration ensures that the larger class of categorical 
equivalences is sent to itself by pullback [13, Cor. B.3.15]. Indeed, if m : X —S 
is a flat isofibration of oo-categories then m* : (sSetyoyal)/s —> (sSetyoyai)/x 
is left Quillen [13, Prp. B.4.5]. Flatness is thus the basic necessary condition 
which precedes additional considerations stemming from the categorical patterns 
in play. 

¢ Cartesian conditions: Cartesian fibrations are a subclass of the cosmooth maps, 
which are those maps X —> S such that for any right cofinal (i.e. initial) map 
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K —L,X xs K — X xs Lis again right cofinal; dually, cocartesian fibrations 
are a subclass of the smooth maps ([10, Dfn. 4.1.2.9] and [10, Prp. 4.1.2.15]). 
This fact is clear in view of the total category X of a cocartesian fibration X —> S 
being a model for the lax colimit of the associated functor. Moreover, a map 
K* —. L' is an equivalence in the cocartesian model structure on sSets, if and 


only if K —> Lis right cofinal, because this is equivalent to Map, (-, sC) yielding 
an equivalence for any cocartesian fibration C —~ S, and the oo-category of 
cocartesian sections is a model for the limit of the associated functor. Thus, one 
sees the relevance of 2 : X —> S being a cartesian fibration, for 7, to be right 
Quillen with respect to the cocartesian model structures; to be precise about this, 
one then needs to handle the added complications caused by markings. 


Let us now put Theorem7.2 to work. We first discard some of the baggage of 
categorical patterns which we will not need. 


Corollary 7.2.1 Suppose 1: X —> S and p: X —+ T two functors of oo-categories. 
Suppose E C X a collection of marked edges on X, and assume the following. 


e Any equivalence of X is marked, and the marked edges are closed under 
composition. 

¢ The functor 1: X —> S is a flat locally cartesian fibration. 

e Suppose 


J 
~~ 
x — 2 
x 


a 2-simplex of X in which 1(@) is an equivalence, and w is locally m-cartesian. 
Then the edge ¢ is marked just in case y is. 


Then the functor 1, © p* is a right Quillen functor 
sSet;, — sSet; 


for the cocartesian model structure. In particular, if Y —+ T is a cocartesian 
fibration, then the map r: Z — S given by the universal property 


Mors(K, Z) & Morr(K? Xs: (X, E),2Y) 
is a cocartesian fibration, and an edge of Z is r-cocartesian just in case the map 
A! xs X —> Y carries any edge whose projection to X is marked to a q-cocartesian 
edge. 
We will speak of applying Corollary 7.2.1 to the span 


S<*_ (4, FE) sf 
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to obtain a Quillen adjunction 
pos": sSet;, —— sSet7:77, 0 p*. 


Example 7.3 Suppose p: X —> S is a cartesian fibration, and suppose g: Y —> S$ 
is a cocartesian fibration. The construction of Example 4.10 gives a simplicial set 
Funs(X, Y) over S given by the universal property 


Mors(K, Funs(X, Y)) & Mors(K xs X,Y). 


By the previous result, the functor Funs(X, Y) —> S is a cocartesian fibration. 
Consequently, one finds that [10, Cor. 3.2.2.13] is a very elementary, very special 
case of the previous result. 

Another compelling example can be obtained as follows. Suppose ¢:A —~> B 
is a functor of oo-categories. Of course if one has a cocartesian fibration Y —> B 
classified by a functor Y, then one may pull back to obtain the cocartesian fibration 
A Xz Y —>A that is classified by the functor Y o @. In the other direction, however, 
if one has a cocartesian fibration X —~> A that is classified by a functor X, then 
how might one write explicitly the cocartesian fibration Z —~ B that is classified 
by the right Kan extension? It turns out that this is just the sort of situation that 
Corollary 7.2.1 can handle gracefully. We’ll need a spot of notation for comma oo- 
categories: 


Notation 7.4 [f f:M — S and g:N — S are two maps of simplicial sets, then let 
us write 


Ml|sN:=M x Fun(A!,S) x N. 
Fun(A‘®,s) Fun(At)},8) 


A vertex of M |s N is thus a vertex x € Mo, a vertex y € No, and an edge 
f(«%) — g(y) in S\. When M and N are oo-categories, the simplicial set M |s N is 
a model for the lax pullback of f along g. 


Proposition 7.5 If 6: A — B is a functor of oo-categories, and if p:X —> A is a 
cocartesian fibration, then form the simplicial set Y over B given by the following 
universal property: for any map n: K —> Z, we demand a bijection 


Mor a(K, Y) = Mor/a(K |) A,X), 


functorial in yn. Then the projection q: Y —> B is a cocartesian fibration, and if p is 
classified by a functor X, then q is classified by the right Kan extension of X along @. 


Proof As we have seen, we need conditions on ¢ to ensure that the adjunction 


g*: sSet}, <—— sSet},: 


40 C. Barwick and J. Shah 


is Quillen. However, we can rectify this situation by applying Corollary 7.2.1 to the 
span 


BSEMC® (G(B) Xev,,3,6 A)? BS A 
in view of the following two facts, which we leave to the reader to verify (or see 


[10, Cor. 2.4.7.12] and [3, Lem. 9.8] for proofs): 


* the functor evo opr gg) 1s a cartesian fibration; 
¢ forall C— B fibrant in sSet?,, the identity section B —> O(B) induces a functor 


C xp A* —> C xg O(B)* xp Ab 


which is a cocartesian equivalence in sSet},. 


We thereby obtain a Quillen adjunction 
(pry)! © (€Vo Opreygy)”: sSet}, —— sSet,:(evo Opt gcpy)* © (pry)™ 
which models the adjunction of oo-categories 
o*: Fun(B, Cat..) <== Fun(A, Catgo):¢x, 


as desired. 

This result illustrates the basic principle that replacing strict pullbacks by lax 
pullbacks allows one to make homotopically meaningful constructions. Of course, 
any suitable theory of oo-categories would allow one to produce the right adjoint 
dx less explicitly, by recourse to the adjoint functor theorem. This example rather 
illustrates, yet again, how the model of quasicategories affords more explicit 
descriptions of standard categorical constructions. 

Let us end our study with some simple but gratifying observations concerning the 
interaction of Theorem 7.2 with compositions and homotopy equivalences of spans. 
First the compositions: 


Lemma 7.6 Suppose we have spans of marked simplicial sets 
Co 2 Dy > C 

and 
Ci DC) 


and categorical patterns (Mi, T;,@) on C; such that the hypotheses of Theorem 7.2 
are satisfied for each span. Then the hypotheses of Theorem 7.2 are satisfied for the 
span 


Do £° Do XC, dD, ™, D, 
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with the categorical patterns (Mp,, 1; |(T;),@) on each D;. Consequently, we obtain 
a Quillen adjunction 


(p1 © pry) © (10 © pry)”: SOUT ee ar rs BCE ie 0 © pty)+ © (1 9 pry)”, 


+ 
/(Co.Mo.To,B) 


+ . + + 
sSet ic, my.7,,2) with the one from Set jc, M,,7,,@) 1 sSetiic, m7.) 


which is the composite of the Quillen adjunction from sSet to 


Proof The proof is by inspection. However, one should beware that the “long” span 
Co <— Do xc, Di — D, 


can fail to satisfy the hypotheses of Theorem7.2, because the composition of 
locally cartesian fibrations may fail to be again be locally cartesian; this explains 
the roundabout formulation of the statement. Finally, observe that if we employ 
the base-change isomorphism pj 71,4 © plo pr}, then we obtain our Quillen 
adjunction as the composite of the two given Quillen adjunctions. 

Now let us see that Theorem 7.2 is compatible with homotopy equivalences of 
spans: 


Lemma 7.7 Suppose a morphism of spans of marked simplicial sets 


K 


Tt | p 
YAN 
a p 


where p\1* and (p’)\(x')* are left Quillen with respect to the model structures 
given by categorical patterns Bc and Bc on C and C'. Suppose moreover that 
f is a homotopy equivalence in sSet a, ,—i-e., suppose that there exists a homotopy 
inverse g and homotopies 


hiid=~gof and k:id~fog. 
Then the natural transformation py* —» (p')\(1')* induced by f is a weak 


equivalence on all objects, and, consequently, the adjoint natural transformation 
(t’)«(p')* —> 7% * is a weak equivalence on all fibrant objects. 


Proof The homotopies h and k pull back to show that for all X¥ —~> C, the map 
idx xc fix xc K—xX xcL 


is a homotopy equivalence with inverse idy xc g. The last statement now follows 
from [9, 1.4.4(b)]. 
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The Smooth Hom-Stack of an Orbifold M®) 
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David Michael Roberts and Raymond F. Vozzo 


Abstract For a compact manifold M and a differentiable stack X presented by a 
Lie groupoid X, we show the Hom-stack Hom(M, X) is presented by a Fréchet— 
Lie groupoid Map(M, X) and so is an infinite-dimensional differentiable stack. We 
further show that if X is an orbifold, presented by a proper étale Lie groupoid, then 
Map(M, X) is proper étale and so presents an infinite-dimensional orbifold. 


This note serves to announce a generalisation of the authors’ work [8], which 
showed that the smooth loop stack of a differentiable stack is an infinite-dimensional 
differentiable stack, to more general mapping stacks where the source stack is a 
compact manifold (or more generally a compact manifold with corners). We apply 
this construction to differentiable stacks that are smooth orbifolds, that is, they can 
be presented by proper étale Lie groupoids (see Definition 9). 

Existing work on mapping spaces of orbifolds has been considered in the case of 
ck maps [4], of Sobolev maps [10] and smooth maps [3]; in the latter case several 
different notions of smooth orbifold maps are considered, from the point of view 
of orbifolds described by orbifold charts. In all these cases, some sort of orbifold 
structure has been found (for instance, Banach or Fréchet orbifolds). 

Noohi [6] solved the problem of constructing a topological mapping stack 
between more general topological stacks, when the source stack has a presentation 
by a compact topological groupoid. See [8] for further references and discussion. 

We take as given the definition of Lie groupoid in what follows, using finite- 
dimensional manifolds unless otherwise specified. Manifolds will be considered 
as trivial groupoids without comment. We pause only to note that in the infinite- 
dimensional setting, the source and target maps of Fréchet—Lie groupoids must be 
submersions between Fréchet manifolds, which is a stronger hypothesis than asking 
the derivative is surjective (or even split) everywhere, as in the finite-dimensional or 
Banach case. 
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We will also consider groupoids in diffeological spaces. Diffeological spaces (see 
e.g. [1]) contain Fréchet manifolds as a full subcategory and admit all pullbacks 
(in fact all finite limits) and form a cartesian closed category such that for K 
and M smooth manifolds with K compact, the diffeological mapping space M* is 
isomorphic to the Fréchet manifold of smooth maps K > M. 

Differentiable stacks are, for us, stacks of groupoids on the site M of finite- 
dimensional smooth manifolds with the open cover topology that admit a presenta- 
tion by a Lie groupoid [2]. We can also consider the more general notion of stacks 
that admit a presentation by a diffeological or Fréchet—Lie groupoid. 


Definition 1 Let X,Y be stacks on M. The Hom-stack Hom(Y, X) is defined by 
taking the value on the manifold N to be Stacky,(Y x N, X). 

Thus we have a Hom-stack for any pair of stacks on M. The case we are 
interested in is where we have a differentiable stack X associated to a Lie groupoid 
X, e.g. an orbifold, and the resulting Hom-stack FHiom(M, X) for M a compact 
manifold. 

We define a minimal cover of a manifold M to be a cover by regular closed sets 
V; such that the interiors V;° form an open cover of M, and every V;° contains a point 
not in any other V;°. We also ask that finite intersections V;M...V; are also regular 
closed. Denote the collection of minimal covers of a manifold M by C(M) min, and 
note that such covers are cofinal in open covers. Recall that a cover V of a manifold 
defines a diffeological groupoid C (V) with objects [[, V; and arrows [|]; iV V;.! 
We are particularly interested in the case when we take the closure {Uj} of {Uj}, a 
good open cover, minimal in the above sense. 

We denote the arrow groupoid of a Lie groupoid X by X7—it is again a Lie 
groupoid and comes with functors S,7:X7 — X, with object components source 
and target, resp. Let M be a compact manifold with corners and X a Lie groupoid. 
Define the mapping groupoid Map(M, X) to be the following diffeological groupoid. 
The object space Map(M, X)o is the disjoint union over minimal covers V of the 
spaces XC(Y) of functors C(V) — X. The arrow space Map(M, X), is 


cv 2\C(Vi2) av. 
Il x v1) X yh) (x ) XE) x (V2) 
V1 ,V2ECM) min 


where the chosen minimal refinement Viz C Vj xy V2 is defined using the boolean 
product on the algebra of regular closed sets. The maps 


Cm) x0) and XCM), yO) = 1,2) (1) 


8, T(x) 
give us a pullback and the two projections 


yom) ” 


xe) Ks (7 ane xc2) ==5 xe) (2) 


'We can in what follows safely ignore the issue of intersections of boundaries. 
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induce, for i = 1,2, the source and target maps for our groupoid resp. Composition 
in the groupoid is subtle, but is an adaptation of the composition of transformations 
of anafunctors given in [7]. The proof of the following theorem works exactly as in 
Theorem 4.2 in [8]. 


Theorem 2 For X a Lie groupoid and M a compact manifold the Hom-stack 
Hom(M, X) is presented by the diffeological groupoid Map(M, X). Oo 
We need some results that ensure the above constructions give Fréchet manifolds. 


Proposition 3 For M a compact smooth Riemannian manifold (possibly with 
corners), K a compact regular closed Lipschitz subset of M and N a smooth 
manifold, the induced restriction map NM -—> N¥ is a submersion of Fréchet 
manifolds. 


Proof Recall that a submersion of Fréchet manifolds is a smooth map that is locally, 
for suitable choices of charts, a projection out of a direct summand. This means we 
have to work locally in charts and show that we have a split surjection of Fréchet 
spaces. We can reduce this to the case that N = R", since the charts are given 
by spaces of sections of certain vector bundles, and we can consider these spaces 
locally and patch them together, and thence to N = R. The proof then uses [5, 
Theorem 3.15], as we can work in charts bi-Lipschitz to flat IR”, hence reduce to the 
case of K C B C R", for B some large open ball. Oo 

In particular this is true for sets K that are closures of open geodesically convex 
sets, and even more specifically such open sets that are the finite intersections of 
geodesically convex charts in a good open cover. We also use a special case of 
Stacey’s theorem [9, Corollary 5.2]; smooth manifolds with corners are smoothly 
Y-compact spaces in Stacey’s sense. 


Theorem 4 (Stacey) Let Nj — N2 be a submersion of finite-dimensional mani- 
folds and K a compact manifold, possibly with corners. Then the induced map of 
Fréchet manifolds NG > ye is a submersion. oO 

The following proposition is the main technical tool in proving the mapping stack 
is an infinite-dimensional differentiable stack. 


Proposition 5 The diffeological space X CW) is a Fréchet manifold. 


Proof First, the diffeological space of functors is isomorphic to the space of 
simplicial maps N c (V) — NX between the nerves of the groupoids. Then, since the 
subspaces of degenerate simplicies in NV Cc (V) are disjoint summands, we can remove 
those, and consider semi-simplicial maps between semisimplicial diffeological 
spaces instead. Then, since inverses in C (V) are also disjoint, we can remove those 
as well, and consider the diffeological space of semisimplicial maps from the ‘nerve’ 
of the smooth irreflexive partial order c <(V) to the nerve of X, considered as a 
semisimplicial space (where we have chosen an arbitrary total ordering on the finite 
minimal cover V). This diffeological space is what we show is a Fréchet manifold, 
by carefully writing the limit as an iterated pullback of diagrams involving maps that 
are guaranteed to be submersions by Proposition 3 and Theorem 4, and using the 
fact that X is appropriately coskeletal, i.e. (NX), = X1 Xx)... Xx) X1. The original 
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space of functors is then a diffeological space isomorphic to this Fréchet manifold, 
hence is a Fréchet manifold. Oo 


Lemma 6 Let X — Y be a functor between Lie groupoids with object and arrow 
components submersions, and V; — V2 a refinement of minimal covers. Then the 
induced map XC“) — YC is a submersion between Fréchet manifolds. oO 

We will consider the special cases that the functor X — Y is the identity, and also 
that the refinement V; —> V% is the identity. 


Theorem 7 For a Lie groupoid X and compact manifold M, Map(M,xX) is a 
Fréchet—Lie groupoid. 


Proof The object space Map(M, X)o is a manifold by Proposition 5. The arrow 
space Map(M, X), is a manifold since it is given by a pullback diagram built with 
the maps (1), which are submersions by Lemma 6. The identity map is smooth, as it 
is a smooth map between diffeological spaces that happen to be manifolds, and so 
is composition. Oo 

The following theorem is the first main result of the paper. The proof uses the 
technique of [6, Theorem 4.2] as adapted in [8], where it is shown that all of the 
constructions remain smooth. 


Theorem 8 For a Lie groupoid X and compact manifold M, the stack Hom(M, X) 
is weakly presented by the Fréchet-Lie groupoid Map(M, X). Oo 

A weak presentation means that the pullback of the map Map(M,X)o > 
Hom(M, X) against itself gives a stack representable by the Fréchet manifold 
Map(M, X),, and the two projections are submersions. For the site of diffeological 
spaces, a weak presentation is an ordinary presentation. This is also the case if we 
allow non-Hausdorff manifolds [2, Proposition 2.2], so we either have to pay the 
price of a weak presentation or working over a site of non-Hausdorff manifolds. If 
the groupoid Map(M, X) is proper, as in Theorem 10 below, then we can upgrade 
this weak presentation to an ordinary one over Hausdorff manifolds. 


Definition 9 A (Fréchet—)Lie groupoid Z is proper if the map (s, ft): Z; — Zo x Zo 
is a proper map (i.e. closed with compact fibres), étale if the source and target maps 
are local diffeomorphisms, and an orbifold groupoid if it is a proper and étale. 

It is a theorem of Moerdijk—Pronk that orbifold groupoids are equivalent to 
orbifolds defined in terms of orbifold charts—in finite dimensions—if we ignore 
issues of effectivity (which we do, for now). For infinite dimensional orbifolds this 
is not yet known, but may be possible for Fréchet—Lie groupoids with local additions 
on their object and arrow manifolds, of which our construction is an example. 

Our second main result is then: 


Theorem 10 /f X is an étale Lie groupoid, then Map(M,X) is étale. If X is an 
orbifold groupoid, then Map(M, X) is an orbifold groupoid. 
Proof Stability of local diffeomorphisms under pullback mean that we only need to 


show that the smooth maps SC”), T°): (x2)“) + x), for any minimal cover 
V, are local diffeomorphisms. If X is an étale Lie groupoid then the fibres of its 
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source and target maps are discrete, and one can show that S°”), T°”) have discrete 
diffeological spaces as fibres. But these maps are submersions of Fréchet manifolds, 
hence are local diffeomorphisms. 

Properness follows if we can show that (s, t) for the mapping groupoid is closed 
and every object has a finite automorphism group. This reduces to showing that 


(S, TW) is closed and its fibres are finite. We can show the latter by again working 
in the diffeological category and showing that the fibres of (S, T) are discrete, 
and also a subspace of a finite diffeological space. As all the spaces involved are 
metrisable, we use a sequential characterisation of closedness together with the 
local structure of the proper étale groupoid X, and find an appropriate convergent 


subsequence in the required space of natural transformations. Oo 
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Check for 
updates 


Emily Riehl 


Abstract The aim of these notes is to introduce the intuition motivating the notion 
of a complicial set, a simplicial set with certain marked “thin” simplices that 
witness a composition relation between the simplices on their boundary. By varying 
the marking conventions, complicial sets can be used to model (oo, m)-categories 
for each n > O, including n = oo. For this reason, complicial sets present a 
fertile setting for thinking about weak infinite dimensional categories in varying 
dimensions. This overture is presented in three acts: the first introducing simplicial 
models of higher categories; the second defining the Street nerve, which embeds 
strict w-categories as strict complicial sets; and the third exploring an important 
saturation condition on the marked simplices in a complicial set and presenting 
a variety of model structures that capture their basic homotopy theory. Scattered 
throughout are suggested exercises for the reader who wants to engage more deeply 
with these notions. 


1 Introduction 


As the objects that mathematicians study increase in sophistication, so do their 
natural habitats. On account of this trend, it is increasingly desirable to replace mere 
1-categories of objects and the morphisms between them, with infinite-dimensional 
categories containing 2-morphisms between |-morphisms, 3-morphisms between 2- 
morphisms, and so on. The principle challenge in working with infinite-dimensional 
categories is that the naturally occurring examples are weak rather than strict, with 
composition of n-morphisms only associative and unital up to an n + 1-morphism 
that is an “equivalence” in some sense. The complexity is somewhat reduced in 
the case of (00, n)-categories, in which all k-morphisms are weakly invertible for 
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k > n, but even in this case, explicit models of these schematically defined (00, )- 
categories can be extremely complicated. 

Complicial sets provide a relatively parsimonious model of infinite-dimensional 
categories, with special cases modeling (00,0)-categories (also called oo- 
groupoids), (oo, 1)-categories (the ubiquitous oo-categories), indeed (00, n)- 
categories for any n, and also including the general case of (00, 00)-categories. 
Unlike other models of infinite-dimensional categories, the definition of a complicial 
set is extremely simple to state: it is a simplicial set with a specified collection of 
marked “thin” simplices, in which certain elementary anodyne extensions exist. 
These anodyne extensions provide witnesses for a weak composition law and 
guarantee that the thin simplices are equivalences in a sense defined by this weak 
composition. 

This overture is dividing into three acts, each comprising one part of the 3-h mini 
course that generated these lecture notes. In the first, we explore how a simplicial 
set can be used to model the weak composition of an (00, 1)-category and consider 
the extra structure required to extend these ideas to provide a simplicial model 
of (00, 2)-categories. This line of inquiry leads naturally to the definition of a a 
complicial set as a stratified (read “marked”’) simplicial set in which composable 
simplices admit composites. 

In the second part, we delve into the historical motivations for this model for 
higher categories based on stratified simplicial sets. John Roberts proposed the 
original definition of strict complicial sets, which admit unique extensions along 
the elementary anodyne inclusions, as a conjectural model for strict w-categories 
[6]. Ross Street defined a nerve functor from w-categories into simplicial sets [7], 
and Dominic Verity proved that it defines a full and faithful embedding into the 
category of stratified simplicial sets whose essential image is precisely the strict 
complicial sets [9]. While we do not have the space to dive into proof of this result 
here, we nonetheless describe the Street nerve in some detail as it is an important 
source of examples of both strict and also weak complicial sets, as is explained in 
part three. 

In the final act, we turn our attention to those complicial sets that most accurately 
model (00, n)-categories. Their markings are saturated, in the sense that every sim- 
plex that behaves structurally like an equivalence, is marked. We present a variety of 
model structures, due to Verity, that encode the basic homotopy theory of complicial 
sets of various flavors, including those that are n-trivial, with every simplex above 
dimension n marked, and saturated. The saturation condition is essential for a 
conjectural equivalence between the complicial sets models of (00, n)-categories 
and other models known to satisfy the axiomatization of Barwick—Schommer-Pries 
[1], which passes through a complicial nerve functor due to Verity. This result will 
appear in a future paper. 
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2 Introducing Complicial Sets 


Infinite dimensional categories have morphisms in each dimension that satisfy a 
weak composition law, which is associative and unital up to higher-dimensional 
morphisms rather than on the nose. There is no universally satisfactory definition of 
“weak composition”; instead a variety of models of infinite-dimensional categories 
provide settings to work with this notion. 

A complicial set, nee. weak complicial set, is a stratified simplicial set, with 
a designed subset of “thin” marked simplices marked, that admits extensions 
along certain maps. Complicial sets model weak infinite-dimensional categories, 
sometimes called (00, co)-categories. By requiring all simplices above a fixed 
dimension to be thin, they can also model (co, )-categories for all n € [0, oo]. 

Strict complicial sets were first defined by Roberts [6] with the intention of 
constructing a simplicial model of strict w-categories. He conjectured that it should 
be possible to extend the classical nerve to define an equivalence from the category 
of strict w-categories to the category of strict complicial sets. Street defined this 
nerve [7], providing a fully precise statement of what is known as the Street—Roberts 
conjecture, appearing as Theorem 3.1. Verity proved the Street—-Roberts conjecture 
[9] and then subsequently defined and developed the theory of the weak variety of 
complicial sets [8, 10] that is the focus here. 

We begin in Sect. 2.1 by revisiting how a quasi-category (an unmarked simplicial 
set) models an (00, 1)-category. This discussion enables us to explore what would be 
needed to model an (00, 2)-category as a simplicial set in Sect. 2.2. These excursions 
motivate the definition of stratified simplicial sets in Sect.2.3 and then complicial 
sets in Sect.2.4. We conclude in Sect.2.5 by defining n-trivial complicial sets, 
which, like (oo, n)-categories, have non-invertible simplices concentrated in low 
dimensions. 

We assume the reader has some basic familiarity with the combinatorics of 
simplicial sets and adopt relatively standard notations, e.g., A|n] for the standard 
n-simplex and A*|[n] for the horn formed by those faces that contain the kth vertex. 


2.1 Quasi-Categories as (oo, 1)-Categories 


The most popular model for (oo, 1)-categories were first introduced by Michael 
Boardman and Rainer Vogt under the name weak Kan complexes [2]. 


Definition 2.1 A quasi-category is a simplicial set A so that every inner horn 
admits a filler 


A*{n] —> A Vn >=2,0<k<n. 


Pai 
é 
E 
. 
. 
Z 


A[n] 
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This presents an (00, 1)-category with: 


e Apo as the set of objects; 
e Aj, as the set of 1-cells with sources and targets determined by the face maps 


d| =source 


Ay Ao 
do=target 


and degenerate 1-simplices serving as identities; 
e A> as the set of 2-cells; 
e A3 as the set of 3-cells, and so on. 


The weak 1-category structure arises as follows. A 2-simplex 


0 ————_——_» 2 (1) 


provides a witness thath ~ gf. 


Notation 2.2 We adopt the convention throughout of always labeling the vertices 
of an n-simplex by 0,...,n to help orient each picture. This notation does not assert 
that the vertices are necessarily distinct. 

A 3-simplex then 


provides witnesses that h(gf) ~ hj ~ € = kf = (hg)f. 

The homotopy category of a quasi-category A is the category whose objects 
are vertices and whose morphisms are a quotient of A; modulo the relation f ~ g 
that identifies a pair of parallel edges if and only if there exists a 2-simplex of the 
following form: 


1 
oe WN 
a 
——_— 
Notation 2.3. Here and elsewhere the notation “=” is used for degenerate sim- 


plices. 
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Exercise 2.4 Formulate alternate versions of the relation f ~ g and prove that 
in a quasi-category each of these relations defines an equivalence relation and 
furthermore that these relations are all equivalent. 

The composition operation witnessed by 2-simplices is not unique on the nose 
but it is unique up to the notion of homotopy just introduced. 


Exercise 2.5 Prove that the homotopy category is a strict 1-category. 

A quasi-category is understood as presenting an (00, 1)-category rather than an 
(00, oo)-category because each 2-simplex is invertible up to a 3-simplex, and each 3- 
simplex is invertible up to a 4-simplex, and so on, in a sense we now illustrate. First 
consider a 2-simplex as in (2). This data can be used to define a horn A![3] > A 
whose other two faces are degenerate 


| — 2? 


\ 


0 + 3 


~ 


which can be filled to define a “right inverse” 8 in the sense that this pair of 2-cells 
bound a 3-simplex with other faces degenerate. Similarly, there is a “special outer 
horn”! A?[3] > A 


which can be filled to define a “left inverse” y. In this sense, a is an equivalence 
up to 3-simplices, admitting left and right inverses along the boundary of a pair of 
three simplices. 

This demonstrates that 2-simplices with a degenerate outer edge admit left and 
right inverses, but what if aw has the form (1)? In this case, we can define a horn 
A![3] > A horn 


h 


'Special outer horns A°[n] — A and A”[n] — A have first or last edges mapping to 1-equivalences 
(such as degeneracies) in A, as introduced in Definition 4.1 below. 
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whose 3rd face is constructed by filling a horn A![2] — A. In this sense, any 2- 
simplex is equivalent to one with last (or dually first) edge degenerate. 


Exercise 2.6 Generalize this argument to show that the higher-dimensional sim- 
plices in a quasi-category are also weakly invertible. 


2.2 Towards a Simplicial Model of (co, 2)-Categories 


Having seen how a simplicial set may be used to model an (00, 1)-category, it is 
natural to ask how a simplicial set might model an (oo, 2)-category. A reasonable 
idea would be interpret the 2-simplices as inhabited by not necessarily invertible 2- 
cells pointing in a consistent direction. The problem with this is that the 2-simplices 
need to play a dual role: they must also witness composition of 1-simplices, in which 
case it does not make sense to think of them as inhabited by non-invertible cells. The 
idea is to mark as “thin” the witnesses for composition and then demand that these 
marked 2-simplices behave as 2-dimensional equivalences in a sense that can be 
intuited from the preceding three diagrams. 

Then 3-simplices can be thought of as witnesses for composition of not- 
necessarily thin 2-simplices. For instance, given a pair of 2-simplices a and 6 with 
boundary as displayed below, the idea is to build a A?[3]-horn 


k f RON 
B > kg ~ 


> 3 0 > 3 


I2 
=> 
R 
* 


whose Oth face is a thin filler of the A'[2]-horn formed by g and k. The 2nd face, 
defined by filling the horn A?[3]-horn, defines a composite 2-simplex, which is 
witnessed by the (thin) 3-simplex. Note that because the Oth face is thin, its Ist edge 
is interpreted as a composite kg of g and k, which is needed so that the boundary of 
the new 2-cell agrees with the boundary of the pasted composite of B and a. Since 
the 3-simplex should be thought of as a witness to a composition relation involving 
the 2-simplices that make up its boundary, the three simplex should also be regarded 
as “thin.” 

A similar A'[3]-horn can be used to define composites where the domain of 
a is the last, rather than the first, edge of the codomain of f. It is in this way that 
simplicial sets with certain marked simplices are used to model (00, 2)-categories or 
indeed (00, n)-categories for any n € [0, oo]. We now formally introduce stratified 
simplicial sets before stating the axioms that define these complicial sets. 
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2.3 Stratified Simplicial Sets 


We have seen that for a simplicial set to model an infinite-dimensional category 
with non-invertible morphisms in each dimension, it should have a distinguished 
set of “thin” n-simplices witnessing composition of (n — 1)-simplices. Degenerate 
simplices are always thin in this sense. Furthermore, the intuition that the “thin” 
simplices are the equivalences, in a sense that is made precise in Sect. 4, suggests 
that certain 1-simplices might also be marked as thin. This motivates the following 
definition: 


Definition 2.7 A stratified simplicial set is a simplicial set with a designated sub- 
set of marked or thin positive-dimensional simplices that includes all degenerate 
simplices. A map of stratified simplicial sets is a simplicial map that preserves 
thinness. 


Notation 2.8 The symbol “~” is used throughout to decorate thin simplices. 
There are left and right adjoints 


(-)’ 
Strat —u-> sSet 
KL 
(-)F 


to the forgetful functor from stratified simplicial sets to ordinary simplicial sets, 
both of which are full and faithful. The left adjoint assigns a simplicial set its 
minimal stratification, with only degenerate simplices marked, while the right 
adjoint assigns the maximal stratification, marking all simplices. When a simplicial 
set is regarded as a stratified simplicial set, the default convention is to assign the 
minimal stratification, with the notation “(—)’” typically omitted. 


Definition 2.9 An inclusion U — V of stratified simplicial sets is: 


¢ regular, denoted U ~~, V, if thin simplices in U are created in V (a simplex is 
thin in U if and only if its image in V is thin); and 

¢ entire, denoted U —, V, if the map is the identity on underlying simplicial sets 
(in which case the only difference between U and V is that more simplices are 
marked in V). 


A standard inductive argument, left to the reader, proves: 


Proposition 2.10 The monomorphisms in Strat are generated under pushout and 
transfinite composition by 


{dA[n] >, A[n] | n> OF U {A[n] —. Aln], | n= 1, 


where the top-dimensional n-simplex in A[n]; is thin. 


Exercise 2.11 Prove this. 
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2.4 Complicial Sets 


A stratified simplicial set is a simplicial set with enough structure to talk about 
composition of simplices. A complicial set is a stratified simplicial set in which 
composites exist and in which thin witnesses to composition compose to thin 
simplices, an associativity condition that will also play a role in establishing their 
equivalence-like nature. The following form of the definition of a (weak) complicial 
set, due to Verity [10], modifies an earlier equivalent presentation due to Street [7]. 
Verity’s modification focuses on a particular set of k-admissible n-simplices, thin n- 
simplices that witness that the kth face is a composite of the (k + 1)th and (k — 1)th 
simplices. 


Definition 2.12 (k-Admissible n-Simplex) The k-admissible n-simplex is the 
entire superset of the standard n-simplex with certain additional faces marked thin: a 
non-degenerate m-simplex in A*[n] is thin if and only if it contains all of the vertices 
{k—1,k,k + 1} 1/2 [n]. Thin faces include: 


e the top dimensional n-simplex 

¢ all codimension-one faces except for the (k — 1)th, kth, and (k + 1)th 

* the 2-simplex spanned by [k — 1,k,k + 1] when 0 < k < nor the edge spanned 
by [k—1,k,k + 1] M [n] when k = O ork =n. 


Definition 2.13 A complicial set is a stratified simplicial set that admits extensions 
along the elementary anodyne extensions, which are generated under pushout and 
transfinite composition by the following two sets of maps: 


i. The complicial horn extensions 
A‘n] o, An] for n>1,0<k<n 
are regular inclusions of k-admissible n-horns. An inner admissible n-horn 
parametrizes “admissible composition” of a pair of (n — 1)-simplices. The 
extension defines a composite (n — 1)-simplex together with a thin n-simplex 


witness. 


An] ——> A 
mi 


2 
ed 
# 
a 
Pa 
Z 


A*{n] (3) 
ii. The complicial thinness extensions 
A‘in! —, A*{(n]” for n>1,0<k<n, 


are entire inclusions of two entire supersets of A*[n]. The stratified simplicial set 
A*{nJ' is obtained from A*[n] by also marking the (k — 1)th and (k + 1)th faces, 
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while A*{n] has all codimension-one faces marked. This extension problem 


AK ny’ —? A 


7 
a 
red 
2 
rs 
2 


An)" (4) 


demands that whenever the composable pair of simplices in an admissible horn 
are thin, then so is any composite. 


Definition 2.14 A strict complicial set is a stratified simplicial set that admits 
unique extensions along the elementary anodyne extensions (3) and (4). 


Example 2.15 (Complicial Horn Extensions) To gain familiarity with the ele- 
mentary anodyne extensions, let us draw the complicial horn extensions in low 
dimensions, using red to depict simplices present in the codomain but not the 
domain and “~” to decorate thin simplices. The labels on the simplices are used 
to suggest the interpretation of certain data as composites of other data, but recall 
that in a (non-strict) complicial set there is no single simplex designated as the 
composite of an admissible pair of simplices. Rather, the fillers for the complicial 
horn extensions provide a composite and a witness to that relation. 


A'Q] >, A" a ad 
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e For A*[4] <, A?[4] the non-thin codimension-one faces in the horn define the 
two 3-simplices with a common face displayed on the left, while their composite is 
a 3-simplex as displayed on the right. 


AN. <p 
7 


It makes sense to interpret the right hand simplex, the 2nd face of the 2-admissible 
4-simplex, as a composite of the 3rd and Ist faces because the 2-simplex 


is thin. 


2.5 n-Trivialization and the n-Core 


We now introduce the complicial analog of the condition that an (00, oo)-category 
is actually an (co, m)-category, in which each r-cell with r > n is weakly invertible. 


Definition 2.16 A stratified simplicial set X is n-trivial if all r-simplices are 
marked for r > n. 

The full subcategory of n-trivial stratified simplicial sets is reflective and 
coreflective 


tty 


aN 
Strat,1. <> Strat 
Ko 


corey, 


in the category of stratified simplicial sets. That is n-trivialization defines an 
idempotent monad on Strat with unit the entire inclusion 


XO, tr,X 
of a stratified simplicial set X into the stratified simplicial set tr,X with the same 


marked simplices in dimensions 1, ...,, and with all higher simplices “made thin.” 
A complicial set is n-trivial if this map is an isomorphism. 
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The n-core core,X, defined by restricting to those simplices whose faces above 
dimension n are all thin in X, defines an idempotent comonad with counit the regular 
inclusion 


core,X >, X. 


Again, a complicial set is n-trivial just when this map is an equivalence. As is always 
the case for a monad-comonad pair arising in this way, these functors are adjoints: 
tr, <1 core,. 

The subcategories of n-trivial stratified simplicial sets assemble to define a string 
of inclusions with adjoints 


tr tt—-1 
Or ms mS 
sSet > Stratos, > Strata ++ Strat@—pt A> Stratis. --- Strat 


core} 
corey—1 


that filter the inclusion of simplicial sets, considered as maximally marked stratified 
simplicial sets, into the category of all stratified simplicial sets. 


Exercise 2.17 Show that the two right adjoints restrict to complicial sets to define 
functors that model the inclusion of (co, — 1)-categories into (co, n)-categories 
and its right adjoint, which takes an (oo, )-category to the “groupoid core,” an 
(co, n — 1)-category. 


Remark 2.18 By contrast, the left adjoint, which just marks things arbitrarily, does 
not preserve complicial structure; this construction is too naive to define the “freely 
invert n-arrows” functor from (00, n)-categories to (00, n — 1)-categories.” 


Exercise 2.19 Show that a 0-trivial complicial set is exactly a Kan complex with 
the maximal “(—)#” marking. 


Exercise 2.20 Prove that the underlying simplicial set of any 1-trivial complicial 
set is a quasi-category. 

Conversely, any quasi-category admits a stratification making it a complicial 
set. The markings on the 1-simplices cannot be arbitrarily assigned. At minimum, 
certain automorphisms (endo-simplices that are homotopic to identities) must 
be marked. More to the point, each edge that is marked necessarily defines an 
equivalence in the quasi-category. But it is not necessary to mark all of the 
equivalences. 


>For instance, if A is a naturally marked quasi-category, that is 1-trivial, then its zero trivialization 
is not a Kan complex (because we have not changed the underlying simplicial set) but its groupoid 
core is (by a theorem of Joyal). 
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Example 2.21 Strict n-categories define n-trivial strict complicial sets, with unique 
fillers for the admissible horns, via the Street nerve, which is the subject of the next 
section. 

In the third part of these notes, we argue that the complicial sets that most closely 
model (co, n)-categories are the n-trivial saturated complicial sets, in which all 
equivalences are marked. In the case of an n-trivial stratification, the equivalences 
are canonically determined by the structure of the simplicial set. One bit of evidence 
for the importance of the notion of saturation discussed below is the fact that the 
category of quasi-categories is isomorphic to the category of saturated 1-trivial 
complicial sets (Example 4.19). 


3 The Street Nerve of an w-Category 


The Street nerve is a functor 
N: w-Cat — sSet 


from strict w-categories to simplicial sets. As is always the case for nerve construc- 
tions, the Street nerve is determined by a functor 


CG: > w-Cat. 


In this case, the image of [n] € A is the nth oriental @,,, a strict n-category defined 
by Street [7]. The nerve of a strict w-category C is then defined to be the simplicial 
set whose n-simplices 


NC, := hom(@,, C) 


are w-functors @, — C. There are various ways to define a stratification on the 
nerve of an w-category, defining a lift of the Street nerve to a functor valued in 
stratified simplicial sets. One of these marking conventions turns Street nerves of 
strict w-categories into strict complicial sets, and indeed all strict complicial sets 
arise in this way. This is the content of the Street—-Roberts conjecture, proven by 
Verity, which motivated the definition of strict complicial sets. 


Theorem 3.1 (Verity) The Street nerve defines a fully faithful embedding 
w-Cat > Strat 
of w-categories into stratified simplicial sets, where an n-simplex G,, — C in NC is 


marked if and only if it carries the top dimensional n-cell on G,, to an identity in C. 
The essential image is the category of strict complicial sets. 
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In Sect. 3.1, we introduce strict w-categories, and then in Sect. 3.2 we introduce 
the orientals. In Sect.3.3, we then define the Street nerve and revisit the Street— 
Roberts conjecture, though we leave the details of its proof to [9]. At the conclusion 
of this section, we look ahead to Sect. 4.1, which explores other marking conven- 
tions for Street nerves of strict n-categories. In this way, the Street nerve provides 
an important source of examples of weak, as well as strict, complicial sets. These 
are obtained by marking the equivalences and not just the identities in NC, the 
consideration of which leads naturally to the notion of saturation in a complicial 
set, which is a main topic for the final section of these notes. 


3.1 w-Categories 


Street’s “The algebra of oriented simplexes” [7] gives a single-sorted definition of 
a (strict) n-category in all dimensions n = 1,...,q@. In the single-sorted definition 
of a l-category, an object is identified with its identity morphism, and these 0-cells 
are recognized among the set of 1-cells as the fixed points for the source and target 
maps. 


Definition 3.2 A 1-category (C, s, t, *) consists of 


* aset C of cells 

¢ functions s,t:C = C so that ss = ts = s and ft = st = t (a target or source has 
itself as its target and its source). 

* afunction *:C xc C — C from the pullback of s along t to C so that s(a * b) = 
s(b) and t(a * b) = t(a) (the source of a composite is the source of its first cell 
and the target is the target of the second cell). 


and so that 


* s(a) = t(v) = v implies a * v = a (right identity) 
* u=s(u) = t(a) implies u * a = a (left identity) 
* s(a) = t(b) and s(b) = t(c) imply a * (b * c) = (a * b) * c (associativity). 


The objects or 0-cells are the fixed points for s and then also for ¢ and conversely. 


Definition 3.3 A 2-category (C, 50, to, *0, 51, f1, *1) consists of two 1-categories 
(C,50,to,*0) and (C,51,t1,*1) 


so that 


* Siso = SO = SoS) = Soli, to = tos: = tot; (globularity plus 1-sources and 
1-targets of points are points) 

* so(a) = to(b) implies 51 (a *o b) = (a) *0 51(b) and t)(a *o0 b) = f(a) *o t1(b) 
(1-cell boundaries of horizontal composites are composites). 
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© si(a) = (bd) and s,(a’) = t,(b’) and so(a) = to(a’) imply that 
(a * b) *o (a *, D') = (ao ’) *1 (b ¥0 b’) 


(middle four interchange). 
Identities for *9 are 0-cells and identities for *; are 1-cells. 


Definition 3.4 An w*-category’ consists of 1-categories (C, Sp, tn, *n) for each 
n €@ So that (C, Sin, tins *m> Sns tn, €n) iS a 2-category for each m < n. The identities 
for *,, are n-cells. An w+ -functor is a function that preserves sources, targets, and 
composition for each n. 

An w-category is an w* -category in which every element is a cell, an n-cell for 
some n. Every wt -category has a maximal sub w-category of cells and all of the 
constructions described here restrict to w-categories. 

An n-category is an w-category comprised of only n-cells. This means that the 
1-category structures (C, Si, tm, *m) for m > n are all discrete. 


Example 3.5 The underlying set functor wt -Cat — Set is represented by the free 
w* -category 2,, on one generator,* whose underlying set is 


(2x @) U {a}. 


The element w is the unique non-cell, while the objects (0, 7) and (1,7) are n-cells, 
respectively the n-source and n-target of w: 


S,(@) = (0,n) and ¢,(@) = (1,n). 
An m-cell is necessarily its own n-source and n-target for m < n; thus: 
Sn(€,m) = t,(€,m) = (€,m) form <n, 
while: 
S,(€,m) = (0,n) and t,(€,m) = (1,n) forn <m. 
The identity laws dictate all of the composition relations, e.g.: 
@ *, (0,n) = w = (1,n) *, @. 


Using 2,, one can define the functor w*-category [A, B] for two wt -categories 
A and B: elements are w*-functors A x 2,, > B. 


3Street called these “w-categories” but we reserve this term for something else. 


In personal communication, Ross suggests that there may be something wrong with this example, 
but I do not see what it is. 
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Exercise 3.6 Work out the rest of the definition of the w* -category [A, B] and prove 
that w+ -Cat is cartesian closed. 


Theorem 3.7 (Street) There is an equivalence of categories 
(w* -Cat)-Cat + w*-Cat 
which restricts to define an equivalence 
(n-Cat)-Cat = (1 + n)-Cat 


for eachn € 0, @].° 


Proof The construction of this functor is extends the construction of a 2-category 
from a Cat-enriched category. Let @ be a category enriched in w*-categories. 
Define an wt -category C whose underlying set is 


C:= Un veoor¢Olu, v). 


The 0-source and 0-target of an element a € G(u, v) are u and v, respectively, and 
0-composition is defined using the enriched category composition. The n-source,n- 
target, and n-composition are defined using the (n — 1)-category structure of the 
w* -category Gu, v). 

Conversely, given an wt-category C, the associated w*-category enriched 
category @ can be defined by taking the 0-cells of C as the objects of @ defining 
Gu, v) to be the collection of elements with 0-source u and 0-target v, using the 
operations (Sy, tn, *n) for n > 0 to define the wt -category structure on G(u, v). 


3.2. Orientals 


The nth oriental ©, is a strict n-category with a single n-cell whose source is the 
pasted composite of (n — 1)-cells, one for each of the odd faces of the simplex A[n], 
and whose target is a pasted composite of (n—1)-cells, one for each of the even faces 
of the simplex A[n]. The orientals @,, can be recognized as full sub w-categories 
of an w-category @,, the free w-category on the w-simplex A[w], spanned by the 
objects that correspond to the vertices of A[n]. The precise combinatorial definition 
of @,, is rather subtle to state, making use of Street’s notion of parity complex, which 
we decline to introduce in general. Before defining the orientals as special cases of 
parity complexes, we first describe the low-dimensional cases. 


5Recall that in ordinal arithmetic 1 + w = w. 
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The orientals G), |, Oo, ... are w-categories, where each @, is an n-category. 
In low dimensions: 


(n=0) Qo is the w-category with a single 0-cell: 
0 
(n=1) Gis the w-category with two 0-cells 0, 1 and a 1-cell: 
0 ——> 1 


(n=2) @, is the w-category with three O-cells 0,1,2 and four 1-cells as 


displayed: 
1 
{01,12} 
ae” 2 


02 


( 


Note that only two of these are composable, with their composite the 1-cell 
denoted by {01, 12}. The underlying 1-category of @2 is the non-commutative 
triangle, the free 1-category generated by the ordinal [2]. 

There is a unique 2-cell 


whose 0-source is 0 and whose 0-target is 2, and whose |-source is 02 and whose 
1-target is {01, 12}. We can simplify our pictures by declining to draw the free 
composites that are present in @, as they must be in any w-category. Under this 
simplifying convention, @ is depicted as: 


(n= 3) Similarly @3 has four 0-cells, abbreviated 0,1,2,3; has the free category 
on the graph [3] as its underlying 1-category, with six atomic |-cells and five 
free composites; has four atomic 2-cells plus two composites; and has a 3-cell 
from one of these composites to the other. Under the simplifying conventions 
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established above, @3 can be drawn as: 


1 2 1 —> 2 


JEN - AN 


0 > 3 


Definition 3.8 (The nth Oriental, Informally) The nth oriental is the strict n- 
category ©, whose atomic k-cells corresponding to the k-dimensional faces of 
A[n] (the non-degenerate k-simplices, which can be identified with (k + 1)-element 
subsets of [n]). The codimension-one source of a k-cell is a pasted composite of 
the odd faces of the A[k]-simplex, while the codimension-one target is a pasted 
composite of the even faces of the k-simplex. 

If Sis a subset of faces of A[n] write S~ for the union of the odd faces of simplices 
in S and write St for the union of even faces of simplices in S. Write 5; for the k- 
dimensional elements of S and |S|, for the elements of dimension at most k. 


Definition 3.9 (The nth Oriental, Precisely) The k-cells of the n-category @,, are 
pairs (M, P) where M and P are non-empty, well-formed, finite subsets of faces of 
A[n] of dimension at most k so that M and P both move M to P. Here a subset S of 
faces of A[n] is well-formed if it contains at most one vertex and if for any distinct 
elements x 4 y, x and y have no common sources and no common targets. A subset 
S moves M to P if 


M=(PUS-)\St and P=(MUS*)\S. 


If (M, P) is a m-cell, the axioms imply that M,, = P,,. The k-source and k-target 
are given by 


5 (M, P) := (\M|x,Mi U | Ple-1) 
t.(M, P) := (\M|x-1 U Px, | Pld) 


and composition is defined by 
(M, P) *x (N,Q) := (MU (N\Nx), (P\Px) U Q). 
Example 3.10 The oriental @4 has a unique 4-cell given by the pair 


M = {01234, 0124, 0234, 012, 023, 034, 04, 0} 
P = {01234, 0123, 0134, 1234, 124, 234, 014, 01, 12, 23, 34, 4}. 


Exercise 3.11 Identify the source and target of the unique 4-cell in 4. 


Exercise 3.12 Show that @,, has a unique n-cell. 


66 E. Riehl 


The orientals satisfy the universal property of being freely generated by the faces 
of the simplex, in the sense of the following definition of free generation for an 
o@-category. 


Definition 3.13 For an w-category C, write |C|, for its n-categorical truncation, 
discarding all higher-dimensional cells. The w-category C is freely generated by a 
subset G C C if for each w-category X, n € w, n-functor |C|, > X, and map GN 
|C|n+1 — X, compatible with n-sources and targets there exists a unique extension 
to an (n + 1)-functor |C|,41 > X. 


GN|Cla41 —3 X 
Ney 
ICln+1 Sn] |b 
Sn} in 


|Cln ———> X 


Theorem 3.14 (Street) The category G,, is freely generated by the faces of A|n]. 
Exercise 3.15 Use this universal property to show that the orientals define a 
cosimplicial object in w-categories 


CG: \ > w-Cat. 


This cosimplicial object gives rise to the Street nerve, to which we now turn. 


3.3. The Street Nerve as a Strict Complicial Set 


Definition 3.16 The Street nerve of an w-category C, is the simplicial set NC 
whose n-simplices are w-functors 7, > C. 


Example 3.17 (Street Nerves of Low-Dimensional Categories) 


i. The Street nerve of a 1-category is its usual nerve. 

ii. The Street nerve of a 2-category has 0-simplices the objects, 1-simplices the 
1-cells, and 2-simplices the 2-cells a:h = gf whose target is a specified 
composite 


0 ———_——_> 


1 
Yar, 
; 2 


The 3-simplices record equations between pasted composites of 2-cells of the 
form 
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1 2 1 —+> 2 


ZOoN, - LS, 


This simplicial set is 3-coskeletal, with a unique filler for all spheres in higher 
dimensions. 


In general: 


Theorem 3.18 (Street) The nerve of an n-category is (n + 1)-coskeletal. 
The Street nerve can be lifted along U: Strat + sSet by choosing a stratification 
for the simplicial set NC. 


Definition 3.19 In the identity stratification of the Street nerve of an w-category 
C, an n-simplex in NC is marked if and only if the corresponding w-functor @, > C 
carries the n-cell in @, to a cell of lower dimension in C. That is, in the identity 
stratification of NC, only those n-simplices corresponding to identities are marked. 

The identity stratification defines a functor w-Cat — Strat. This terminology 
allows us to restate the Street—-Roberts conjecture more concisely: 


Theorem 3.20 (Verity) The Street nerve with the identity stratification defines a 
fully faithful embedding 


w-Cat “> Strat 


of w-categories into stratified simplicial sets, with essential image the category of 
strict complicial sets. 


Example 3.21 


i. If C is a 1-category, the identity stratification turns NC into a 2-trivial strict 
complicial set with only the identity (i.e., degenerate) 1-simplices marked. 

ii. If C is a 2-category, the identity stratification turns NC into a 3-trivial strict 
complicial set with only the degenerate 1-simplices marked and with a 2-simplex 
marked if and only if it is inhabited by an identity 2-cell, whether or not there 
are degenerate edges, e.g.,: 


1 
f g 
ae tN 
——_— 
0 7 2 
An interesting feature of the complicial sets model of higher categories is that 
strict w-categories can also be a source of weak rather than strict complicial sets, 


simply by choosing a more expansive marking convention. We begin the next 
section by exploring this possibility. 
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4 Saturated Complicial Sets 


In the previous section, we defined the Street nerve of an w-category C, a simplicial 
set NC whose n-simplices are diagrams @,, — C indexed by the nth oriental. We 
observed that this simplicial set becomes a strict complicial set if we mark precisely 
those diagrams @,, — C that carry the n-cell of @, to a cell of dimension less than 
nin C (i.e., to an identity). 

One of the virtues of the complicial sets model of weak higher categories is the 
possibility of changing the stratification on a given simplicial set if one desires a 
more generous or more refined notion of thinness, corresponding to a tighter or 
looser definition of composition. The identity stratification of NC is the smallest 
stratification that makes this simplicial set into a weak complicial set, but we will 
soon meet other larger stratifications that are more categorically natural. 

In Sect. 4.1, we begin by looking in low dimensions for limitations on which 
simplices can be marked in a complicial set, and discover that any marked 1-simplex 
is necessarily an 1-equivalence, in a sense that we define. In Sect. 4.2, we introduce 
the higher-dimensional generalization of these notions. We conclude in Sect. 4.3 
by summarizing the work of Verity that establishes the basic homotopy theory of 
complicial sets of various flavors. 

To construct weak complicial sets from nerves of strict w-categories, the 
stratification on the Street nerve is enlarged, but in other instances refinement 
of the markings is desired. For example, Verity constructs a Kan complex of 
simplicial cobordisms between piecewise-linear manifolds. Because the underlying 
simplicial set is a Kan complex, it becomes a weak complicial set under the 0-trivial 
stratification where all cobordisms (all positive-dimensional simplices) are marked. 
Other choices, in increasing order of refinement, are to mark the h-cobordisms 
(cobordisms for which the negative and positive boundary inclusions are homotopy 
equivalences), the quasi-invertible cobordisms (the “equivalences”’), or merely the 
trivial cobordisms (meaning the cobordism “collapses” onto its negative and also its 
positive boundary). 


4.1 Weak Complicial Sets from Strict w-Categories 


To explore other potential markings of Street nerves of strict w-categories, we first 
ask whether it is possible to mark more than just the degenerate 1-simplices. 

If f is a marked edge in any complicial set A, then the A?[2]-horn with Oth face 
f and Ist face degenerate is admissible, so f has a right equivalence inverse. A dual 
construction involving a A°[2]-horn shows that f has a left equivalence inverse. 


1 1 
~ f= f= Soe 
Ps le 0S 
SM 


0 ————— 2 0 ——— 2 (5) 
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The elementary thinness extensions imply further than these one-sided inverses are 
also marked, so they admit further inverses of their own. 


Definition 4.1 A 1-simplex in a stratified simplicial set is a 1-equivalence if there 
exist a pair of thin 2-simplices as displayed 


Note the notion of 1-equivalence is defined relative to the 2-dimensional 
stratification. 


Remark 4.2 There are many equivalent ways to characterize the 1-equivalences 
in a complicial set A. We choose Definition 4.1 because of its simplicity and 
naturality, and because this definition provides a homotopically well-behaved type 
of equivalences in homotopy type theory; see [3, 2.4.10]. 

The elementary anodyne extensions displayed in (5) prove: 


Proposition 4.3. Any marked I-simplex in a complicial set is a 1-equivalence. 
This result suggests an alternate stratification for nerves of 1-categories: 


Proposition 4.4 If C is a 1-category then the 1-trivial stratification of NC with the 
isomorphisms as marked I-simplices defines a complicial set. 

Depending on the 1-category there may be intermediate stratifications where only 
some of the isomorphisms are marked (the set of marked edges has to satisfy the 2- 
of-3 property) but these are somehow less interesting. 


Exercise 4.5 Prove Proposition 4.4. 

Let us now consider the degenerate edges, the thin edges, and the 1-equivalences 
as subsets of the set of l-simplices in a complicial set A. In any stratified 
simplicial set, the degenerate 1-simplices are necessarily thin. In a complicial set 
A, Proposition 4.3 proves that the thin 1-simplices are necessarily 1-equivalences, 
but there is nothing in the complicial set axioms that guarantees that all equivalences 
are marked. We introduce terminology that characterizes when this is the case: 


Definition 4.6 A complicial set A is 1-saturated if every 1-equivalence is marked. 
If a 1-trivial complicial set is 1-saturated then it is saturated in the sense of 
Definition 4.15 below. From the definitions, it is easy to prove: 


Proposition 4.7 If C is a strict 1-category, there is a unique saturated 1-trivial 
complicial structure on NC, namely the one in which every isomorphism in C is 
marked. Moreover, this is the maximal I-trivial stratification making NC into a 
complicial set. 


Exercise 4.8 Prove this. 
To build intuition for higher dimensional generalizations of these notions, next 
consider the Street nerve of a strict 2-category as a 2-trivial stratified simplicial set. 
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As the notion of 1-saturation introduced in Definitions 4.1 and 4.6 depends on the 
markings of 2-simplices, it makes sense to consider the markings on the 2-simplices 
first. If only identity 2-simplices are marked, then the |-saturation of NC is as before: 
marking all of the 1-cell isomorphisms in the 2-category C. But we might ask again 
whether a larger stratification is possible at level 2. 

In any complicial set, consider a thin 2-simplex a with Oth edge degenerate. From 
a one can build admissible A'[3] and admissible A3[3]-horns admitting thin fillers: 


\ 
7 
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So again we conclude that any thin 2-simplex of this form is necessarily an 
“equivalence” up to thin 3-simplices, in the sense of the displayed diagrams. 
Informally, a complicial set is 2-saturated if all 2-simplices that are equivalences 
in this sense are marked. A precise definition of saturation that applies in any 
dimension appears momentarily as Definition 4.15. It follows that: 


Proposition 4.9 If C is a strict 2-category, there is a unique saturated 2-trivial 
complicial structure on NC, in which the 2-cell isomorphisms and the 1-cell 
equivalences are marked. Moreover, this is the maximal 2-trivial stratification 
making NC into a complicial set. 

Unlike the 1-trivial saturated stratification on the Street nerve of a 1-category 
described in Proposition 4.7, the 2-trivial saturated stratification on the Street nerve 
of a 2-category described in Proposition 4.9 describes a weak and not a strict 
complicial set. 


4.2 Saturation 


To define saturation in any dimension, it is convenient to rephrase the definition of 
1-saturation as a lifting property. The pair of thin 2-simplices 


1 1 
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define the 3rd and Oth faces of an inner admissible A![3]- or A?[3]-horn that fills to 
define a thin 3-simplex 


h h 


This 3-simplex defines a map A[3]eq — A, where A[3]eq is the 3-simplex given a 
1-trivial stratification with the edges [02] and [13] also marked. 


Proposition 4.10 A complicial set A is I-saturated if and only if it admits exten- 
sions along the entire inclusion of A[3]eq into the maximally marked 3-simplex: 


A[3]eq ——> A 
a 


7 
? 
¥ 
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# 
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Exercise 4.11 Prove this. 

There are similar extension problems that detects saturation in any dimension, 
which are defined by forming the join of the inclusion A[3].g <>. A[3]* with 
simplices on one side or the other. 


Definition 4.12 (Join and Slice) The ordinal sum on A; extends via Day convo- 
lution to a bifunctor on the category of augmented simplicial sets called the join. 
Any simplicial set can be regarded as a trivially augmented simplicial set. Under 
this inclusion, the join restricts to define a bifunctor 


sSet x sSet > sSet 


so that A[n] * A[m] = A[n + m+ 1]. More generally, an n-simplex in the join A * B 
of two simplicial sets is a pair of simplices A[k] > A and A[n —k — 1] > B for 
some —1 < k < n. Here A[—1] is the trivial augmentation of the empty simplicial 
set, in which case the functors A[—1] * — and — * A[—1] are naturally isomorphic 
to the identity. 

The left and right slices of a simplicial set A over a simplex o: A[n] > A are the 
simplicial sets 0 \\A and A/o whose k-simplices correspond to diagrams 


A[k| ——> o\A <w> A[n] ——> Al[n] x A[k] A 
A[k] ——> A/o <> A[n] ——> Alk] x A[n] ——> A/o 
a 
a (6) 


See [4] for more. 
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Definition 4.13 (Stratified Join) The simplicial join lifts to a join bifunctor 


Strat x Strat > Strat 


in which a simplex A[n] + A*B, with components A[k] > A and A[n—k-—1] > B, 
is marked in A « B if and only if at least one of the simplices in A or B is marked. 
More details can be found in [9]. 


Exercise 4.14 Define a stratification on the slices 0\A and A/o over an n-simplex 
a: A[n] — A so that the correspondence (6) extends to stratified simplicial sets. 


Definition 4.15 A complicial set is saturated if it admits extensions along the set 
of entire inclusions 


{A[m] * A[B]eq * A[n] >. A[m] « A[3]* * A[n] | n,m > —1}. 


In fact, it suffices to require only extensions 


A[3]eq * A[n] ——- A Aln] * A[3]eq — 3 A 
AB] « Afr] An] * A[3} 


along inclusions of one-sided joins of the inclusion A[3]eq <>e A[3]’ with an n- 
simplex for each n > —1, and as it turns out only the left-handed joins or right- 
handed joins are needed. 

By Proposition 4.10, the n = —1 case of Definition 4.15 asserts that every 1- 
equivalence in A, defined relative to the marked 2-simplices and marked 3-simplices, 
is marked. By Proposition 4.10 again, the general extension property 


oO 


A[n] ——> Al3]eq * A[n] 4 A “ws A[3]eq ——> A/o 
| [7 
ABT « Ala] AB} 


asserts that every 1-equivalence in the slice complicial set A/o is marked. 

At first blush, Definition 4.15 does not seem to be general enough. In the case of a 
vertex o: A[0] — A, 1-equivalences in A/o define 2-simplices in A whose [01]-edge 
is a 1-equivalence. In particular, a generic 2-simplex 
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with no |-equivalence edges along its boundary, does not define a 1-equivalence in 
any slice complicial set. However, there are admissible 3-horns that can be filled to 
define the pasted composites of a with ly and 1, respectively: 


in sa 


12 
xX 
a 
09 
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By the complicial thinness extension property, if any of a, &, or & are marked, then 
all of them are. 


Exercise 4.16 Generalize this “translation” argument to prove that any n-simplex 
in a complicial set is connected via a finite sequence of n-simplices to an n-simplex 
whose first face is degenerate and an n-simplex whose last face is degenerate in such 
a way that if any one of these simplices is thin, they all are. 


Definition 4.17 In an n-trivial complicial set, an n-simplex o: A[n] — A is an n- 
equivalence if it admits an extension 


oO 


A[n] ——3 A 
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2 
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along the map A[n] <> A[B]eq * A[n — 2] whose image includes the edge [1, 2] of 
A[3]eq and all of the vertices of A[n — 2]. 


Remark 4.18 The set of n-equivalences identified by Definition 4.17 depends on the 
marked (n + 1)-simplices, which is the reason we have only stated this definition 
for an n-trivial complicial set. The n-equivalences in a generic complicial set are 
characterized by an inductive definition, the formulation of which we leave to the 
reader. 


Example 4.19 (Quasi-Categories as Complicial Sets) Expanding on the work of 
Sect. 2.1, a quasi-category has a unique saturated stratification making it a compli- 
cial set: namely the |-trivial saturation where all of the 1-equivalences are marked. 
This is the “natural marking” discussed in [5]. Conversely, any 1-trivial saturated 
complicial set is a quasi-category. So quasi-categories are precisely the 1-trivial 
saturated complicial sets. 
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Each simplicial set has a minimum stratification, with only degeneracies marked. 
Because the definition of saturation is inductive, each simplicial set also has a 
minimum saturated stratification. Larger saturated stratifications also exist (e.g., 
the maximal marking of all positive-dimensional simplices). It is more delicate 
to describe how the process of saturating a given complicial set interacts with the 
complicial structure: adding new thin simplices adds new admissible horns which 
need fillers. What is more easily understood are model structures whose fibrant 
objects are complicial sets of a particular form, a subject to which we now turn. 


4.3 Model Categories of Complicial Sets 


The category of stratified simplicial sets is cartesian closed, where the cartesian 
product x is referred to as the Gray tensor product because this is the analogous 
tensor product in higher category theory.° We write “hom” for the internal hom 
characterized by the 2-variable adjunction 


Strat(A x B, C) = Strat(A, hom(B, C)) = Strat(B, hom(A, C)). 
Let 
I := {dA[n] — Al[n] | n = 0} U {A[n] S Alfn], | n = 0} 


denote the generating set of monomorphisms of stratified simplicial sets introduced 
in Proposition 2.10 and let 


J:= {An} o, A*n] | n> 1,k € [n]} U {A*[n]’ S, A*n]" |n >= 2,k € [n}} 


denote the set of elementary anodyne extensions introduced in Definition 2.13, 
the right lifting property against which characterizes the complicial sets. A com- 
binatorial lemma proves that the pushout product /XJ of maps in J with maps in 
J is an anodyne extension: that is, may be expressed as a retract of a transfinite 
composite of pushouts of coproducts of elements of J (here mere composites of 
pushouts suffice). As a corollary: 


Proposition 4.20 (Verity [10]) If X is a stratified simplicial set and A is a weak 
complicial set, then hom(X, A) is a weak complicial set. 

Verity provides a very general result for constructing model structures whose 
fibrant objects are defined relative to some set of monomorphisms K containing J. 


Note that in the theory of bicategories, the cartesian product plays the role of the Gray tensor 
product in 2-category theory, in the sense that there is a biadjunction between the cartesian product 
and the hom-bicategory of pseudofunctors, pseudo-natural transformations, and modifications. 
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Call a stratified simplicial set a K-complicial set if it admits extensions along each 
map in K. Suppose K is a set of monomorphisms of Strat so that 


i. every elementary anodyne extension is in K 


and moreover each of/all of the following equivalent conditions hold for each j € 
K: 


ii. Each element j of K is a K-weak equivalence: i.e., hom(j,A) is a homotopy 
equivalence’ for each K-fibrant stratified set. 

iii. hom(/, A) is a trivial fibration for each K-complicial set. 

iv. Each K-complicial set admits extensions along all the maps iXj for all i € J and 
JEK. 


Call a map that has the right lifting property with respect to the set K a K-complicial 
fibration. 


Theorem 4.21 (Verity [10]) Each set of stratified inclusions K satisfying the 
conditions (i)-(iv) gives rise to a cofibrantly generated model structure whose: 


¢ weak equivalences are the K-weak equivalences, 

* cofibrations are monomorphisms, 

¢ fibrant objects are the K-complicial sets, and 

¢ fibrations between fibrant objects are K-complicial fibrations. 


Moreover, such a model structure is monoidal with respect to the Gray tensor 
product. 


Proof Apply Jeff Smith’s theorem [10, 125]. 


Example 4.22. Theorem 4.21 applies to the minimal set of elementary anodyne 
extensions 


J:= {A*n] o, A*n] | n> 1,k € [n]} U {Any O, A*n]" | n= 2,k € [n]} 


defining the model structure for complicial sets. 


Example 4.23 Theorem 4.21 applies to the union of the minimal J with 
Ky := {Al[r] 3. Afr]: | r > n} 


defining the model structure for n-trivial complicial sets. 


Example 4.24 Theorem 4.21 applies to the union of the minimal J with 


K* := {A[m] * A[B]eq * A[n] — A[m] « A[3]* x A[n] | mn > —1} 


7Two maps f, g:X — A are homotopic if they extend to a map X x A[l1]* — A. If A is a weak 
complicial set, this “simple homotopy” is an equivalence relation. 
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defining the model structure for saturated complicial sets. 


Example 4.25 Theorem 4.21 applies to the union of the minimal J with both Ky" 
and K®* defining the model structure for -trivial saturated complicial sets. 

By Example 4.19, the n = | case of this last result gives a new proof of Joyal’s 
model structure for quasi-categories. 
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A Non-crossing Word Cooperad for Free M®) 
Homotopy Probability Theory chet 


Gabriel C. Drummond-Cole 


Abstract We construct a cooperad which extends the framework of homotopy 
probability theory to free probability theory. The cooperad constructed, which seems 
related to the sequence and cactus operads, may be of independent interest. 


1 Introduction 


The purpose of this paper is to provide a convenient operadic framework for the 
cumulants of free probability theory. In [4, 5], the author and his collaborators 
described an operadic framework for classical and Boolean cumulants. This frame- 
work involves a choice of governing cooperad, and in both the classical and Boolean 
cases, the choice is an “obvious” and well-studied algebraic object. Namely, for 
classical cumulants, the governing cooperad is the cocommutative cooperad, while 
for Boolean cumulants it is the coassociative cooperad. 

Extending this framework to free probability requires the construction of a 
governing cooperad with certain properties. The main construction of this paper is a 
cooperad, called the non-crossing word cooperad, satisfying these properties. As far 
as the author can tell, this cooperad is, at least to some degree, new. No well-studied 
cooperad (such as those in [21]) seems to satisfy the requisite properties. That said, 
there is clearly some sort of relationship between the newly constructed cooperad 
and the sequence [1, 10] and cactus [8, 9, 20] operads. This line of thinking is not 
pursued in this article beyond the remark at the end of Sect. 3. If it turns out that this 
cactus variant is well-known, that would be delightful—please let us know. 

Also, we make no attempt here to axiomatize the properties necessary to interface 
appropriately with free probability or to prove any uniqueness results. That is 
to say, there is every likelihood that this is the “wrong” cooperad. First of all, 
there is the near miss in terms of structure compared to the previously known 
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operads. In addition, there are at least two failures of parallelism between the 
classical and Boolean cases and the new case presented here. See the remark 
following Theorem 1. One possible explanation for these failures is that the correct 
framework requires operator-valued free cumulants, that is, free cumulants with a 
not necessarily commutative ground ring. This line of reasoning has been pursued 
in other work [2]. It would also be exciting to hear about other potential frameworks 
to bring free cumulants into the framework of this kind of operadic algebra, whether 
along the same rough lines as in this paper or not. 

The remainder of the paper is organized as follows. For convenience, we work 
with unbiased definitions of operads and cooperads, writing them in terms of finite 
sets and never choosing a particular ordered set. This is not usual in the literature 
although it should be familiar to experts. The paper begins with a review of this 
formalism. 

Next, we describe the kind of words we will use and construct two cooperads 
spanned by them. The first, the word cooperad, is auxiliary for our purposes 
although it may have independent interest. We construct the non-crossing word 
cooperad as a quotient of the word cooperad. After a brief review of necessary 
notions from homotopy probability theory and free probability theory, we apply the 
non-crossing word cooperad to the motivating question and show that it fits into the 
framework of homotopy probability theory. 


1.1) Conventions 


We will use the notation [7] to denote the set {1,...,7}. We work over a field K of 
characteristic zero. 


2 Unbiased Operads and Cooperads 


We will use an unbiased definition for operads and cooperads, as it significantly 
reduces the notation necessary to describe our structures at the cost of requiring 
a few explicit definitions rather than a reference. There are several distinct issues 
that one faces with cooperadic algebra in full generality, related to issues like 
conilpotency, 0-ary operations, and the “handedness” of the categories we generally 
work in. We will make several strong simplifying assumptions to avoid the most 
obvious pitfalls. 

Let Lin be either the category of vector spaces, the category of graded vector 
spaces, or the category of chain complexes over IK. We consider vector spaces as 
graded vector spaces concentrated in degree zero and graded vector spaces as chain 
complexes with zero differential without further comment. 
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2.1 Species and Plethysm 


Definition 1 A linear species is a functor from finite sets and their isomorphisms 
to Lin. A species is reduced if it takes value 0 on the empty set. 

All species will be linear in this paper. 

The unit species | has (S$) = K if |S| = 1 and I(S) = 0 otherwise, with the 
identity for every nonzero morphism. 

The coinvariant composition or coinvariant plethysm of two species F and G is 
the species F o G given by 


° — i a 
(Fo G)(S) on (Fn e@ev ) 


Sar teT 


The invariant composition or invariant plethysm of two species F and G is the 
species F o G given by 


= Laas =| 
(Fo G)(S) = lim (Fn e@ev ») 


SOT eT 


In both cases the limits and colimits are taken over the diagram category whose 
objects are maps out of S and whose morphisms are isomorphisms under S. 


Lemma 1 Let F be a species and let G be a reduced species. Then there is an 
isomorphism between F 6 G and F o G, defined below. 


Proof For a fixed set S, choose a set of representatives {f; : S > T7;}, one for each 
isomorphism type of surjection f : S — T in the diagram category defining both 
plethysms. This set is a fortiori finite because we have restricted to surjections. 

The invariant plethysm projects onto the defining factor 


(Fo G)(S); = F(T) ®@&) GFW). 


téT; 


Likewise, the coinvariant plethysm receives a map from (F o G)(S);. 
This collection of maps then determines both: 


1. a map from the invariant plethysm to the direct product [ [(F o G)(S); and 
2. a map from the direct sum €A(F o G)(S); to the coinvariant plethysm. 


But since the product is finite, the natural map from the sum to the product is 
invertible and so we can compose to get a map 


FéG= | [(Fo G(s); x BF GS); > FoG. 
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This overall composition is independent of the choices of representatives. Since G is 
reduced, this runs over all isomorphism types necessary to define both the invariant 
and coinvariant plethysm. Moreover, because we are working in characteristic zero, 
the map, for each fixed isomorphism class, is an isomorphism. Oo 

There are two points that require care. First of all, we should make sure that when 
we actually move between the two, that we consistently adhere to the particular 
choice of isomorphism outlined here. That is, there are two or three different 
normalizations of this isomorphism present in the literature. The others differ by 
something like a factor of |S|! or Br on each component of the product/sum above. 
Secondly, we do not have such a map when G is not reduced. 


Lemma 2 There are natural isomorphisms making linear species equipped with 
the unit species and coinvariant plethysm a monoidal category. There are natural 
isomorphisms making reduced linear species equipped with the unit species and 
invariant plethysm a monoidal category. 


Proof The left and right unitor isomorphisms can be constructed by direct compu- 
tation of the (co)limits involved. 

Colimits (and essentially finite limits) commute with tensor product. Then (F o 
G) o Hand F o (GoH) are both naturally isomorphic to 


colim (Fe ®®) Gg) @&)HF! 0) 


sotSu ueU 1€T 


Verifying that these natural isomorphisms satisfy the triangle and pentagon axioms 
is straightforward. The case of the invariant plethysm is basically the same. oO 


2.2. Operads and Cooperads 


Definition 2. An operad is a monoid in the monoidal category of linear species with 
coinvariant plethysm. A (reduced) cooperad is a comonoid in the monoidal category 
of reduced species with invariant plethysm. 
The data of an operad P = (P, 7, 4) consists of a species P equipped with maps 
n : | > P (the unit) and P o P AP (the composition). The composition must be 
associative and the unit must satisfy left and right unit properties. 

More explicitly, to specify a composition map out of the defining colimit of PoP 
it suffices to give a map out of each term with the appropriate equivariance. So for a 
map f : S — T, one can specify a map 


uy: P(T) ® &]) PF (0) > POS) 


teT 


and then define the composition map as the colimit of ju,. 


A Non-crossing Word Cooperad for Free Homotopy Probability Theory 81 


Similarly, the data of a cooperad C = (C,e, A) consists of a reduced species C 


equipped with maps e : C — J (the counit) and C occ (the decomposition). 
The decomposition must be coassociative and the counit must satisfy left and right 
counit properties. 

More explicitly, to specify a decomposition map into the defining limit of Co C 
it suffices to give a map into each term with the appropriate coequivariance. So for 
a surjection f : S —» T, one can specify a map 


Ay : C(S) > C(T) @&C(F1(9) 


teT 


and then define A as the limit of A;. 
In practice, the (co)equivariance and (co)unital conditions are easy to verify and 
the main thing to check is (co)associativity. 


Remark I The expression of operads as monoids in a monoidal category is due to 
Smirnov [16]; the dual picture was written down in [7]. In general, biased definitions 
are more common in the literature. Given a (co)operad in this unbiased definition, 
one can recover the data of a (co)operad under a more standard definition by 
restricting to the full subcategory containing only the objects [n]. 


2.3. Examples 


We shall use a few simple operads and cooperads. In all of the following, 


1. by definition all the species in the examples are reduced, and sets S are assumed 
to be non-empty. 
2. all units and counits are given by the identity map K — K for each singleton 
set S, 
. itis easy to verify (co)unitality and (co)equivariance, and 
4. it is a straightforward (potentially tedious) calculation to verify (co)associativity 
of the specified (co)composition. 


WwW 


Verifications of (co)unitality, (co)equivariance, and (co)associativity are omitted. 
Example 1 


1. The unit species I, along with the identity and the canonical isomorphisms |o | & 
| = lol, has both an operad and cooperad structure. We denote both of these 
by J. 

2. Let Com be the species with Com(S) = K for all S (and Com applied to all maps 
is the identity on K). We give this species an operad structure by specifying 


wp KO@QK>K 


teT 
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given by the natural identification. This is the commutative operad and is denoted 
Com. 

3. Similarly, we give the data Ay for a cooperad with underlying species Com. In 
this case as well, 


Ay: K>K@®K 


teT 


is the natural identification. This is the cocommutative cooperad and is denoted 
coCom. 
4. Let Ass be the species such that Ass(S) is the K-linear span of total orders on S: 


Ord(S) := Iso(S, [|S|]) . 


We will specify an operad with underlying species Ass. Given a surjection f : 
S — T, there is an embedding ty : Ord(T) x [] Ord(f~'(t)) > Ord(S) given by 


¢(exT]u)@=ywO+ Yo iol. 
a(<oa(f(s)) 


Define the composition map jf as the K-linear extension of tr. The resulting 
operad is the associative operad, denoted Ass. 

5. Finally, we specify a cooperad with the same underlying species Ass. The 
decomposition map 


Ay : K(Ord(S)) > K(Ord(T)) ® () K(Ord(f!(2)) . 


teT 
is again determined by ¢ by the equation 
Ar(a) = ys So.(exI 1) (0 x I] 2) . 
QT 


The resulting cooperad is the coassociative cooperad and is denoted coAss. 


2.4 Algebras and Coalgebras 


Now we move on to the discussion of algebras over operads and coalgebras over 
cooperads. The category Lin embeds into the category of (non-reduced) species as 
follows. Let V be an object in Lin. Then i(V) is the species with 1(V)(@) = V and 
t(V)(S) = 0 for nonempty S. 
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Definition 3 Let F be an species. The Schur functor associated to F is a functor 
Lin — Lin, defined by 


Vr> (For(V))@) . 


We will abuse notation and use the notation Fo for this functor. 

The Schur functor lo for the unit species | is naturally equivalent to the identity 
functor. Since the coinvariant plethysm is associative, the iterated Schur functor of 
two species is naturally isomorphic to the Schur functor of the plethysm: 


Fo(Go(V)) = (FoG)o(V). 
This implies the following. 


Lemma 3 /f the species F is equipped with an operad structure, the unit and 
composition induce a monad structure on the Schur functor F. 

If the reduced species F is equipped with a cooperad structure, the counit and 
cocomposition induce a comonad structure on the Schur functor F. 


Definition 4 Let # = (P,n, 4) be an operad. An algebra over Ff is an algebra 
over the monad f. This is the same as a Lin object V equipped with a morphism 
P o V + V compatible with the monad structure. 

Let C = (C, «, A) be a cooperad. A conilpotent coalgebra over C is a coalgebra 

over the comonad Co. This is the same as a Lin object V equipped with a morphism 
V — Co Vcompatible with the comonad structure. 
As is general for monads, the forgetful functor from the category of algebras over an 
operad P = (P, 7, 2) to Lin has a left adjoint, the free P-algebra functor, realized 
by the Schur functor and the monad structure of Po. We distinguish between the 
Schur functor Po between Lin and itself and the Schur functor Po between Lin and 
P-algebras. 

Similarly, the forgetful functor U from conilpotent coalgebras over a cooperad 
C = (C,e,A) to Lin has a right adjoint, the cofree conilpotent C-coalgebra 
functor, realized by the Schur functor and the comonad structure of Co. Again, 
we distinguish between the Schur functor Co between Lin and itself and the Schur 
functor Co between Lin and C-coalgebras. 

In any event, the adjunction above implies that a morphism of conilpotent C- 
coalgebras from some coalgebra X into C o V may be identified via this adjoint with 
a Lin morphism from the underlying Lin-object of X to V. 

In general, the adjunction Homyjn(UX, V) > Home -coalgebras(X,C 0 V) is realized 
by taking a Lin-morphism f to the composite 


coalgebraic structure map 


Cof 
Co (UX) —>CoV 


and the inverse map is given by taking a coalgebra map to its composite with the 
counit applied to V: 


UX > U(CoV) F=CoVo>loVEV. 
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2.5 Automorphisms of Cofree Coalgebras 


We record a characterization of automorphisms of cofree coalgebras in terms of 
this adjunction. We call a cooperad (or a species, by abuse of notation) strongly 
coaugmented if it is reduced and takes value K on a singleton. A strongly 
coaugmented cooperad C accepts a map from the cooperad J which fits into the 


following diagram 
d 
lL ————_ TI 
Cc 
which is necessarily unique. 
For a species C, given a Lin map f : Co V — V and a finite set S we let fs denote 
the restriction 


colim C(S) @ V®5 + Co vi V. 
ut 


Then we have the following. 


Lemma 4 Let C = (C,¢, A) be a strongly coaugmented cooperad. Let V be an 
object of Lin. A morphism f : U(C 0 V) = CoV = Vis adjoint to a coalgebra 
automorphism C o V + C 0 V if and only if fs is an isomorphism when |S| = 1. 


Proof Let fj and g be composable morphisms from C o V to itself with composite 
h= go ve Write their adjoints from U(C o V) to V as f, g, and h. Then by using 
the above characterization of the adjunction, one can calculate that for S a singleton, 
we have hs = gs o fs (identifying V with C(S) @ V). This shows the necessity of the 
condition. 

To show sufficiency, we can proceed by induction on the size of the finite sets in 
the colimit definining the Schur functor. Let us be a little more explicit for the left 
inverse to f. 

Since we want h to be the identity, we should have hs = 0 for |S| > 1. The 
explicit formula for is contains the term gso0( 7 5) plus a sum of terms each of which 
involves only fs and gsv for some S” strictly smaller than S. Then by invertibility of 
fi this suffices to define gs recursively. A similar procedure defines a right inverse. 
A priori the formulas defining the right inverse are different but existence of both 
one-sided inverses forces them to be equal. Oo 
We conclude the section with a few remarks inessential to the flow of the paper. 


Remark 2 


1. The proof above explicitly uses the fact that our species are reduced and strongly 
augmented. In more generality, as long as there is some filtration with good 
properties (often called weight grading) the same argument works. 
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2. Algebras over Ass (respectively Com) are the same thing as associative (associa- 
tive and commutative) algebra objects in Lin, justifying the notation. 

3. The reader may have noticed a failure of parallelism, where the coalgebras are 
conilpotent but the algebras have no dual adjective. This failure of parallelism 
occurs because we have only used coinvariant Schur functor. Even in our 
restricted setting, the more natural notion for coalgebras over a cooperad would 
involve an invariant Schur functor. As we are interested only in conilpotent 
coalgebras, the construction here is preferable. 


3 Words and Their Cooperads 


3.1 Words 


This section establishes some basic definitions and lemmas about words. 

A word w is a nonempty finite sequence of elements from a set S. In this context, 
S is called the alphabet and elements of S or the sequence w are called letters. 

The word w is pangrammatic if it contains each letter from the alphabet S. 


Definition 5 The word w is reduced if it has no subword of the form aa and either 
is length one or has different first and last letters. 

The reduction W of the word w is the unique minimal length word obtained by 
repeated reduction by 


1.0... ...4... 
a...dPa... 
In the second case, a must be the first and last letter of w; this relation is not a “local” 
move on subwords. 


Definition 6 The word w is non-crossing if it never contains 
..d...b...a...b... 


for distinct a and b in S. 
A word is crossing unless it is non-crossing. 


Remark 3 A map of sets f : S — T induces a map from words in S$ to words in T, 
which will be also denoted by f. 


Definition 7 Let w be a word on the alphabet T and let S be a subset of the alphabet 
T which contains at least one letter of w. Then w|S, called the word restricted to S, 
is the word obtained by deleting all letters not in S. 

If a word w is pangrammatic then w can be restricted to any nonempty subset of the 
alphabet and the result is pangrammatic. 
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The following lemmas about reduction, restriction, and words induced by 
functions, are immediate. 


Lemma 5 Let w be a word on the alphabet S and let f be a map of sets S — T. 
Then f (w) = f(w). 


Lemma 6 Let w be a word on the alphabet T and let S be a subset of T containing 
at least one letter from w. Then W|S = w|S. 


Lemma 7 Let w be a word on the alphabet R, let f be amap of sets R — S, and let T 
be a subset of S containing at least one letter of f(R). Then f (w| f—'(T)) = f(w)|T. 
In general, we do not have f(w|S) = f(w)|f(S) unless S = f—!f(S). 


3.2 The Word Cooperad 


Now we construct a cooperad spanned by a class of words. In Sect. 3.3, we construct 
a second, closely related cooperad which will be our main point of interest. As stated 
in the introduction, there is some relationship between the cooperads constructed 
here and the sequence and cactus operads. As the relationship is not entirely 
clear, the following is a self-contained presentation. There is a remark about the 
connection at the end of Sect. 3. 


Definition 8 The word species is the species W constructed as follows. To a finite 
set S, the functor W assigns the K-vector space spanned by pangrammatic reduced 
words on S. We define the structure necessary to make this species a cooperad, the 
word cooperad W, showing coassociativity in Proposition | below. 

The decomposition map W — W oc W can be specified, as discussed in Sect. 2, 
by defining A; for each surjection f : S —» T. We define A; as follows. 


Ar(w) = fw) ® &) wif . 


teT 


The counit map é, for |S| = 1, takes the unique word in W(S) to 1 € J(S). 
Checking equivariance with respect to both isomorphisms S —> S’ and isomor- 


phisms T — T” under S is straightforward, so the decomposition map A is 
well-defined. 


Example 2 Let S = {a1,a2,a3} and let w = aaza1a3. Then the limit of interest 
can be specified in terms of five choices of T and a surjection. S — T. These are: 


¢ the constant map fo : S > {bo}, 

* the three maps fj : S > Tj = {bj,b;} which take a; and a; to bj and a, to by, 
and 

* the map fy = S > T3 = {b,, by, b3} which takes a; to Jj. 
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Then Aw is (represented by) the sum of Ag, over these five choices of f,. That is: 


Aw = bo® Ww 


b13b2® ( a1a3 @ a 


+ 
_—_—C" lo 
bi bo 
+ bi b73b1b3@ | a, ® ara; 
—— 
by bo3 
+ bibobs@ {| a @ a ®@ @ 
— 
by by b3 


Proposition 1 The decomposition map and the counit map give W = (W,¢, A) 
the structure of a cooperad. 


Proof It suffices to show coassociativity holds separately on each individual factor 


; sks : =\Ai= . ‘ eo Sys f 8 
in the limit making up WoWoW. Given a word w in S and surjections S > T —> U, 
we have the following two compositions of decompositions: 


(A, @ id) Ay(w) = g(FO)) ®@ WFO |g") ® BR wif 'O 
ueU teT 


and 


( e®& Sr Agr(w) 


ueU 


=sfWM 28H [fWlGAIW) ® & wleA Wf oO 


ueU t€g—!(u) 


= sf) ®@QFWIGN7TW) ®@ RB wlGA TOMO - 


uEeU teT 


To show coassociativity, we will show that the terms in the product match up 
individually. This means that there are three easy verifications to make. First, it 
is a direct application of Lemma 5 that 


s(f(w)) = gf). 
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Second, using Lemmas 5-7, we see 


fw |e Ww =fMI|g = fl(gh!W) = fwl(gA-"W) . 


Finally, using Lemma 6 again, we see that 


wlhsATBONF TO = WBA" (8O) IFO = wif" - 


We omit the verification of counitality. Oo 


3.3 The Non-crossing Word Cooperad 


Definition 9 The non-crossing species N assigns to the set S the K-vector space 

spanned by pangrammatic reduced non-crossing words on S. Similarly, the crossing 

species X assigns to S the span of pangrammatic reduced crossing words on S. 
There is a natural inclusion of X into W whose quotient is isomorphic to N. 


Proposition 2 The quotient map W — N makes the non-crossing species a 
quotient cooperad of the word cooperad. 


Proof X(1) is zero dimensional so the counit descends to the quotient. 

Let w be an arbitrary crossing word in the alphabet S. Then it is only necessary 
to show that A(w) is in the kernel of the map Wo W — NON. The word w contains 
the pattern ...a...b...a...b... for distinct a and b in S. Consider Af(w) for 
some surjection f : S > T. If f(a) 4 f(b) then f(w) and hence its reduction f(w) is 
crossing. On the other hand, if f(a) = f(b) then f|f~!f(a) and hence its reduction 
f\f—'f(@) is crossing. Therefore A(w) is contained in X o W + Wo X. Oo 


Definition 10 We call NV = (N,«, A), where € and A are induced by the quotient 
map W — N, the non-crossing word cooperad. 
The following is a direct calculation. 


Lemma 8 Let w be a pangrammatic non-crossing word on the alphabet T and let 
S be a subset of T. Then w|S is non-crossing. 


Corollary 1 The decomposition map of the non-crossing word cooperad applied 
to the word w is the limit of Ay (w), where A;*(w) is equal to Ay(w) if f(w) is 
non-crossing and 0 if f(w) is crossing. 


Remark 4 Both of the operads constructed here clearly have some relationship to 
the sequence operad [10] and cactus operad [8, 20]. This is perhaps easiest to see 
with the very clean presentation in [6]. There the authors describe two operads 
whose underlying species differ from those considered here only by allowing words 
to begin and end with the same letter. 
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From either a cactus or sequence perspective, the subspecies specified by 
this additional condition forms a suboperad. For surjections, which are described 
combinatorially, the condition itself probably gives the best description. For cacti, 
one can say that it is the suboperad of cellular chains of spineless cacti where the 
global root coincides with some intersection of lobes. 

Based on this, a naive guess might be that the cooperads here are duals of 
appropriate suboperads of cacti or sequences. However, the decomposition is not 
dual to the composition map of sequences or cacti, at least not in terms of the 
most straightforward identification of linear basis elements. In fact, a little further 
thought shows that the straightforward identification of words with themselves could 
not possibly have been a dual isomorphism. This is because the cacti and sequence 
operads are graded (in fact differential graded) and so a dual presentation would 
respect the grading. But it is easy to trace the induced “grading” on the (non- 
crossing) word cooperad and see that in fact it is only a filtration, not actually a 
grading because the decomposition maps are not homogeneous with respect to it. 

There is still some hope that the word cooperads are dual to (the underlying 
operads in vector spaces) of some suboperads of cacti or sequences, but this filtration 
result shows that this could only be possible if the “natural” basis for the cooperads 
constructed here is actually inhomogeneous with respect to the grading. So the 
relationship, should it exist, must use some subtler identification. Ben Ward has 
pointed out that the suboperad of “generic” cacti, where no more than two cactus 
lobes can meet at a point, is dual to an appropriately defined subcooperad of the 
non-crossing word cooperad. This corresponds to taking only leading terms in the 
filtration and constitutes an encouraging sign. 

It is also possible that both of these cooperads, along with cacti and sequences, 
are mutual specializations of some common ancestor, a sort of ur-operad/cooperad 
of words but do not directly relate to one another without passing through this 
ancestor. 


4 Review of (Homotopy) Probability Theory 


This section consists of the glue directly connecting what we have set up to our 
main application. First we review an operadic framework for homotopy probability 
theory, and then recall the free cumulants, which govern free independence in non- 
commutative probability theory. 


4.1 Review of Homotopy Probability Theory 


We recall in a few words the setup of homotopy probability theory in operadic terms. 
Homotopy probability theory was introduced by Park [14] as a simplification 
of his algebraic model for quantum field theory where Planck’s constant plays no 
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role. The most complete reference is Park’s monograph [15], which differs in both 
notation and definitions from this paper but agrees in spirit with what is here. 

One of Park’s motivations was to generalize and properly axiomatize (algebraic) 
probability spaces in terms of homotopy algebra. The following is a “classical” 
definition before generalization (see, for example, [11]). 


Definition 11. A non-commutative probability space (respectively, a commutative 
algebraic probability space) is a unital associative (unital commutative associative) 
K-algebra V equipped with a unit-preserving linear map E from V to K. We assume 
no further compatibility between the linear map and the algebra structure. The 
elements of V are called random variables and the map E is called the expectation. 


Remark 5 Since commutative algebraic probability spaces most typically arise as 
measurable functions on a measure space they are often defined to satisfy additional 
analytic properties that we will ignore here. See e.g., [17]. 

Two basic ingredients of the motivation to generalize this definition come from 
physics, where the random variables are the observables in a quantum field theory. 

First of all, usually a field theory possesses physical symmetries. For symmetries 
of the classical action, this is an old and well-known part of the BV-BRST formalism 
that can be dealt with by introducing so-called ghosts. This amounts to replacing the 
linear space of observables with a chain complex. 

There is another kind of symmetry that may come into play, namely symmetry of 
the expectation. In particular, we only expect closed elements in the complex to be 
observables, and we expect boundaries in the chain complex to be trivial observables 
(in well-behaved cases, the converse should also be true, at least morally). This 
symmetry of the expectation is probably less understood and analyzed in these 
terms than symmetry of the action. See [15, Section 6] for some discussion of this 
point. 

In the following definition, a unital version of a definition in [4], we stick to the 
associative framework, but there is clearly a commutative variation. 


Definition 12 A unital associative homotopy probability space is a unital graded 
associative K-algebra equipped with a differential which kills the unit and a unit- 
preserving chain map to the ground field. 

A unital associative homotopy probability space concentrated in degree zero is 
precisely a non-commutative probability space as defined above. 

However, this definition cannot capture the full subtlety of the observables in a 
quantum field theory. Usually, the symmetries of the action are not compatible with 
the product, so that the product of observables may not be observables (the product 
of closed elements may not be closed). Instead, the product may need to be “cor- 
rected” in some way to be fully defined. Homotopy probability theory can be traced 
back to Park’s observation of this problem and a potential solution for it in [13]. 

One way to deal with the problem of correcting the classical product is via 
homotopy algebra, which gathers together these corrections into a coherent package. 
But this leads naturally to an algebraic generalization where there is not a single 
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product out of which many products can be built, but rather a binary product, an 
independent trilinear product, and so on. Again, this point of view is espoused at 
much greater length and in more detail in [15]. Following Park, here we take a 
broad view and treat this system of corrections as a black box, defining the algebraic 
structure as minimally as possible. 

The following definition defines our spaces of random variables or observables 
along with mock products, which basically don’t need to satisfy any algebraic 
identities or respect the differential. See Sect.2.5 for the definition of strong 
coaugmentation and the notation below. 


Definition 13 Let C be a strongly coaugmented species.A C-correlation algebra is 
a chain complex V equipped with a degree zero linear map (not necessarily a chain 
map) gy : Co V > V such that, for |S| = 1, we have 


VECoeVSCoVv-5V 


is the identity. 
Next, we encode the expectation. 


Definition 14 Let C be a strongly coaugmented species. Fix a C-correlation algebra 
A. An A-valued homotopy C-probability space is a C-correlation algebra (V, gy) 
equipped with 


1. a map 7 of chain complexes A — V, called the unit, such that gy o Cn = 10 ga 
and 

2. amap E of chain complexes from V to A, called the expectation, such that Eon = 
ida. 


The conditions on the maps 7 and E are equivalent to the commutativity of the 
following diagram. 


PA ida 
CoA — > A ——>A 


“| A 


CoV — V/V 
QV 


Remark 6 Definitions 13 and 14 provide definitions for homotopy probability 
theory over an arbitrary strongly coaugmented species. The case of the species 
Ass was addressed in [4]; the case of the species Com was addressed in [3, 5]. 
The specialization of the definition given here to the appropriate cooperads is not 
equivalent to the definitions given there. Rather, the definition here is more general. 
See Remark 2 of [5]. Park [15] addresses the cocommutative case at a roughly 
comparable level of generality. 
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In order to define C-correlation algebras and C-probability spaces as above, the 
only structure on C is that of a species. From a probabilistic point of view, this 
structure should be taken as insufficient, because it includes no choice of regime 
to decide on independence. Independence is a critical feature in probability theory. 
So-called cumulants gather the information of a probability space in a way that 
facilitates the study of independence; the cumulant of a sum of independent random 
variables is the sum of the individual cumulants. In order to include a notion of 
independence in the probability spaces under consideration, we shall endow the 
species C with additional structure, namely that of a cooperad. 

This article is only intended to establish a relationship between the noncrossing 

word cooperad and free cumulants. It is not intended to establish a full homotopy 
probability theory in the free setting. Because of this, the recollection below may 
be too terse for some. Therefore, regardless of any differences in definitions, the 
interested or puzzled reader is advised to consult the references above (especially 
the monograph [15]) for more details about homotopy probability theory. 
Now let C = (C,¢é, A) be a strongly coaugmented cooperad and let V be an 
A-valued homotopy C-probability space. The C-cumulant morphism is the C- 
coalgebra map K (or its adjoint K : Co V — A) that fits into the following diagram 
of C-coalgebras (well-defined because ¢, is an automorphism by Lemma 4): 


PA 
CoA —=+CodA 


A 
Ke | E=CoE (1) 


CoV —> CoPv. 
ov 


Example 3 


1. We reinterpret a unital associative homotopy probability space (V, 7, £) in our 
current framework. Since the underlying species of Ass and coAss are the 
same, the associative algebra structure map Ass o K — K makes K into a Ass- 
correlation algebra (and similarly for V). 

Because the unit 7 is an algebra map and the expectation E respects 7, the 
conditions of Definition 14 are satisfied and we thus have the data of a K- 
valued homotopy Ass-probability space. The coAss-cumulant morphism K is 
made up of the so-called Boolean cumulants of the non-commutative (homotopy) 
probability space. That is, Kj, is the nth Boolean cumulant. This is essentially 
the main example of [4]. 

2. Now assume V is as above but also commutative. Then it is a commutative homo- 
topy probability space in the sense of [5]. Again this is supposed to generalize a 
classical definition. If V is concentrated in degree zero and satisfies two simple 
inequalities, then it is an algebraic probability space in the sense of [17]. 
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As above, the identification of the underlying species of Com and coCom gives 
maps ~x and gy which are defined as in the previous example: Como K > K 
(and likewise for V). Altogether then, this is the data of a K-valued homotopy 
Com-probability space. The coCom-cumulant morphism K_ encapsulates 
the so-called classical cumulants of the classical algebraic (or homotopy 
commutative) probability space. This is essentially the main example of [5]. 


Remark 7 


1. The definitions of correlation algebras and probability spaces only required a 
species, but the cumulant morphism uses the cooperadic structure in a fundamen- 
tal to extend the correlation algebra structure to a morphism of cofree coalgebras. 

2. The cumulants of a probability space (whether classical, Boolean, or free) can be 
defined combinatorially in terms of Mobius inversion using an appropriate poset 
of partitions. One can view the encapsulation of the cumulants of a probability 
space in terms of operadic algebra as a sort of algebraic enrichment of this 
combinatorial data, where the choice of cooperad corresponds to the choice of 
appropriate type of partition. 


4.2 Review of Free Cumulants 


The correct notion for independence in many non-commutative contexts is free 
independence, discovered by Voiculescu [18] (or see the historical survey [19]) and 
studied by many others since then. We briefly recall free cumulants. See [12] for a 
quick overview and [11] for a more detailed introduction to free cumulants and their 
connection to free probability theory in general. 


Definition 15 A non-crossing partition of N is a surjective map f from [n] to [k] 
such that: 


1. (ordering) if i < j then min(f~'(i)) < min(f7'(j)) and 
2. (non-crossing) f(1,2,...N) is a non-crossing word in [k]. 
We call k the size of f. 


Definition 16 ({11, 11.1]) Let V be a unital K-algebra, let (0,),>1 be a sequence of 
functionals V@" “S K, and let f be a non-crossing partition of N of size k. Then the 


multiplicative extension o¢ : V®% — K is defined as 


k 
of(ar ®-:-®@ Gn) = [ Lev-wi@-) . 


i=1 


Here ay-1() is the tensor product a;, @ «+: ® Gj, -— where ji,...,J|¢—-1(g| 18 the 


lal 


restriction a),...,dn,|f—' (i. 
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Definition 17 ({11, 11.4 (3)]) Let (V, E) be a non-commutative probability space. 
The free cumulants of V are the unique functions {xy} whose multiplicative 
extension satisfies the defining equation 


E(a, +++ an) = Wa @--: ® an) 
j 


as f ranges over non-crossing partitions. 


5 The Non-crossing Word Cooperad and Free Probability 
Theory 


Finally, we relate non-commutative probability spaces to N-correlation algebras and 
homotopy N-probability spaces and show that the N-cumulant morphism of a K- 
valued homotopy N-probability space recovers the free cumulants defined above. 


Definition 18 We define a map w of species from the non-crossing species N to the 
underlying species Ass of the associative operad (defined in Example 1). Under the 
map y, a word w in the letters {w1,..., wjsj goes to the order f,, where f,(wi) = j 
if the subword of w which ends with the first occurrence of w; in w contains / letters 
from the alphabet. 
Now, as in the first example above, let V be a unital associative homotopy probability 
space. 

We can give both K and V the structure of N-correlation algebras by composing 
the map w with the structure maps of the associative algebras V and K: 


structure 


NoV-> Asse Voy 


structure 


NoK- > AssoK "S K. 


As before, since the map E preserves the unit and the unit is a map of associative 
algebras, they are compatible with this structure and the whole package is then the 
data of a K-valued homotopy N-probability space. 

Now we are ready for the main theorem. 


Theorem 1 Let (V, E) be a non-commutative probability space, viewed as above 
as a IK-valued homotopy N-probability space. 

Then the N-cumulant morphism K recovers the free cumulants of the probability 
space. 
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Proof Consider the defining diagram (1) of the cumulant morphism. By adjunction 
into vector spaces (or chain complexes), we may restrict the right half of the diagram 


without losing information, as follows. 


Nok Nok 
A 
Nov Nov 
ov 
0 
¢K 


NoV > V 


Vv 


Let wy be the word 1,..., N in the alphabet [N]. Define Ky : V°" — K in terms of 
the NV’-cumulant morphism as 


Ky(z) = K(wn ® 2). 


We will show that the map Ky is precisely the Nth free cumulant map. 
Apply the maps making up the bottom commutative square to the element of 


N o V represented by wy ® (v; @--- ® vy). The map ¢y is just multiplication and 
so the composition on the bottom and right sides of the square is 


E(uissuy) 
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Recall the vertical map K is defined as the extension of the N-cumulant morphism 
K:NoV- Kas follows: 


Ui 
No V ———_-+ NokK 


| he 


(NON) oV —— No(No/). 


Since N o (N o V) and N o V are defined as colimits (see Sect.2), in order to 


evaluate the overall composition N o V aus Nok = K, it suffices to evaluate 
on a choice of representatives. That is, let S be the (finite) set of surjections f from 
[N] to [M] such that i < j implies minf—'(i) < minf—!(j) (this set exhausts 
the isomorphism classes of surjections out of [N]). Then the following diagram 
commutes. The diagram may look intimidating but the right hand side is precisely 
what we are trying to compute while the left hand side just gives a concrete recipe 
for the calculation. 


NIN] @ ve™ 


| 


[I] | N@ @ & NG) | @ V2™ —~ (NEN)oV 


Ss t€[M] 
| UK 


DI NAM) @ & (NI) @ V9") | + No Nor) 


NoV =— NoV 


S te[M] 
Nok 
' Y 
GD (NM) @ K°™) ——____+ NoK = =NoK 
Ss 
v 
Y 
GD (Ass([M]) @ K°™) AssoKk “ 
Ss 
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Using the characterization from Corollary 1, we see that the contribution is 0 for a 
function f from [N] to [M] if f(ww) is crossing. Then the subset of functions from 
[N] to [M] which contribute to the overall composition coincides precisely with the 
set of functions from [N] to [M] which are non-crossing partitions. 

For a given partition, let us trace the contribution from the f factor in the left side 
composition. Explicitly, starting with wy @ V®", the first vertical map, restricted 
to the f factor takes this to 


Fw) ® &) wul F710 @ VO. 


te[M] 


The second vertical map is just a change of parenthesization on the factor. 

The third vertical map applies K to the factors wy|f—'() @ V@ ‘©. Because 
there is no repeated letter in wy, the reduction is trivial, and we can identify 
wy|f—!(¢) with wy|f—!(¢). Then there is an order-preserving isomorphism between 
f7*(¢) and [| f~!()|] which realizes K(wy|f—!() ® V2F') as 


Ky(wul f 1 @ V2). 


By construction the map y takes f(wy) to the identity order [M] — [M] and the 
final map in the vertical composition is then just the ordered product of the factors 
corresponding to f—'(f) for t in [M]. This product is then 


M 
[Twit *@ @ vor) 


t=1 


which is precisely the multiplicative extension of Ky of (Ki, K2,...). 
Thus the overall equation is then 


E(u, -+- vy) = D2 Kj (v1 @ + @ ww) 
- 


which demonstrates that Ky satisfy precisely the same definining equations as the 
free cumulants ky. oO 
To conclude the paper, we make two caveats about this approach. 


Remark 8 


1. First of all, this theorem only makes use of the N-cumulant morphism for very 
special non-crossing words, those of the form wy = 1,...,N. This means that 
there are many other “cumulants” in this context, not only the free cumulants. 
For example, applying the same methods with the word wy = 1,2,..., N—- 
1,N,N—1,...,3,2 yields the Boolean cumulants of the same non-commutative 
probability space. This may be seen either as a feature (flexibility in the method) 
or a bug (imprecision in the output). 
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More damning is the fact that this method does not seem to work at all 
in operator-valued free probability, where the ground ring is itself non- 
commutative. In our case, the right hand side of the formula relating expectations 
and cumulants was a product of individual cumulants «,. But in operator-valued 
free probability, the right hand side includes nested cumulants, like k2(ak(b) ® 
c). This kind of “tree-like” formula does not fit well in this formulism. However, 
operadic algebra is tailored to describe tree-like compositions and there is a 
somewhat different and more technical approach using these tools that works in 
the more general case. This approach is taken in the preprint [2]. 
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Endomorphisms of Lie Groups over ®) 
Local Fields ches 


Helge Gléckner 


Abstract Lie groups over totally disconnected local fields furnish prime exam- 
ples of totally disconnected, locally compact groups. We discuss the scale, tidy 
subgroups and further subgroups (like contraction subgroups) for analytic endo- 
morphisms of such groups. 


1 Introduction 


The scale s(a) € N of an automorphism (or endomorphism) a of a totally 
disconnected locally compact group G was introduced in the works of George Willis 
(see [57, 58, 60]). Following [58] and [60], the scale s(w) can be defined as the 
minimum of the indices! 


la(U) :a(U) NU, 


for U ranging through the set COS(G) of all compact open subgroups of G. 
Compact open subgroups for which the minimum is attained are called minimizing; 
as shown in [58] and [60], they can be characterized by certain ‘tidiness’ properties, 
and therefore coincide with the so-called tidy subgroups for a (the definition of 
which is recalled in Sect. 2). 

Besides the tidy subgroups, further subgroups of G have been associated to a 
which proved to be useful for the study of a, and for the structure theory in general 


‘If we wish to emphasize the underlying group G, we write sg(a) instead of s(a). 
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(see [1] and [60]). We mention the contraction group 
con (a) := \r €G: lim a"(x) = el 
noo 


and the parabolic subgroup par (a) of all x € G whose a-orbit (@"(x))neNny iS 
bounded in the sense that {a”(x):n € No} is relatively compact in G. It is also 
interesting to consider group elements x € G admitting an a-regressive trajectory 
(X—n)neN) Of group elements x_,, such that x) = x and a(x_,-1) = x—» for all n. 
Setting x, := a(x) for n € N, we then obtain a so-called two-sided a-orbit (xn) nez 


eos 
for x. The anti-contraction group con (a) is defined as the group of all x € G 
admitting an a-regressive trajectory (x—,)neN,) Such that 


lim x_, = e; 
noo 


the anti-parabolic subgroup par (a) is the group of all x € G admitting a bounded 
a-regressive trajectory. The intersection 


lev(@) = par (or) N par(w) 


is called the Levi subgroup of a; it is the group of all x € G admitting a bounded 
two-sided qa-orbit (see [1] and [60] for these concepts, which were inspired by 
terminology in the theory of linear algebraic groups). 

In this work, we consider Lie groups over totally disconnected local fields, 
like the field of p-adic numbers or fields of formal Laurent series over a finite 
field (see Sects.2 and 4 for these concepts). The topological group underlying 
such a Lie group G is a totally disconnected locally compact group, and the 
analytic endomorphisms a@:G -—> G we consider are, in particular, continuous 
endomorphisms of G. 

Our goal is twofold: On the one hand, we strive to give an exposition to 
Lie groups over local fields and their endomorphisms, for readers with varying 
backgrounds who wish to see examples for the theory of endomorphisms of totally 
disconnected groups developed in [60]. To this end, we also recall basic concepts 
concerning Lie groups over totally disconnected local fields, as far as required for 
the purpose. On the other hand, most of the text can be considered as a research 
article, as it contains results which are new (or new in the current generality), and 
which are proved here in full. Compare [21] for a broader (but more sketchy) 
introduction with a similar thrust, confined to the study of automorphisms. For 
further information on Lie groups over totally disconnected local fields, see [49] 
and the references therein, also [48] and [7]. Every p-adic Lie group has a compact 


Contrary to our conventions, the Lie groups in [7] are modelled on Banach spaces which need not 
be of finite dimension. 
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open subgroup which is an analytic pro-p-group; see [12, 13], and [48] for the theory 
of such groups, and Lazard’s seminal work [38]. For related studies in positive 
characteristic, cf. [35] and subsequent studies. 

Every group of K-rational points of a linear algebraic group defined over a 
totally disconnected local field K can be considered as a Lie group over K (see 
(39, Chapter I, Proposition 2.5.2]). We refer to [4, 30, 39], and [52] for further 
information on such groups, which can be studied with tools from algebraic 
geometry, and via actions on buildings (see [8] and later work). 

The Lie groups we consider need not be algebraic groups, they are merely K- 
analytic manifolds. Yet, compared to general totally disconnected groups, we have 
additional structure at our disposal: Every Lie group G over a totally disconnected 
local field K has a Lie algebra L(G) (its tangent space T,(G) at the neutral element 
e € G), which is a finite-dimensional K-vector space. If a: G — G is a K-analytic 
endomorphism, then its tangent map L(@) := T,(a) at e is a linear endomorphism 


L(a): L(G) > L(G) 


of the K-vector space L(G). It is now natural to ask how the scale and tidy subgroups 
for a are related to those of L(a). Guided by this question, we describe tidy 
subgroups and calculate the scale for linear endomorphisms of finite-dimensional 
K-vector spaces (which also provides a first illustration of the abstract concepts), 
see Theorem 3.6. For a: G — G an analytic endomorphism of a Lie group G over a 
totally disconnected local field IK, we shall prove that 


s(a) = s(L(@)) (1) 


if and only if the contraction group con (a) is closed in G (see Theorem 8.13, the 


main result), which is always the case if char(K) = 0 (by Corollary 6.7). If con (a) 
is closed, then 


sL@)= [I lle (2) 
J€t,....m} 
s.t. Ajlk=1 
in terms of the eigenvalues A1,..., A» of L(w)®xidg in an algebraic closure Kofk, 


where |.|x is the unique extension of the ‘natural’ absolute value on K specified 
in (9) to an absolute value on K (see Theorem 3.6). 

The text is organized as follows. 

After a preparatory Sect.2 on background concerning totally disconnected 
locally compact groups and totally disconnected local fields, we study linear 
endomorphisms of finite-dimensional K-vector spaces (Sect. 3). 

In Sect.4, we recall elementary definitions and facts concerning K-analytic 
functions, manifolds, and Lie groups. We then construct well-behaved compact open 
subgroups in Lie groups over totally disconnected local fields (see Sect. 5). 
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In Sect.6, we calculate the scale (and determine tidy subgroups) for a@ an 
endomorphism of a p-adic Lie group G. This is simplified by the fact that every 
p-adic Lie group has an exponential function, which provides a local conjugacy 
between the dynamical systems (L(G), L(@)) and (G, w) around the fixed points 0 
(resp., é). 

By contrast, analytic endomorphisms a: G —> G cannot be linearized in general 
if G is a Lie group over a local field of positive characteristic (see [21, 4.8.3] for 
a counterexample). As a replacement for a linearization, we use (locally) invariant 
manifolds (viz. local stable, local unstable, and centre manifolds) around the fixed 
point e of the time-discrete, analytic dynamical system (G, a). As shown in [18] and 
[19], the latter can be constructed as in the classical real case (cf. [32] and [56]). The 
necessary definitions and facts are compiled in Sect. 7. 

The following section contains the main results, notably a calculation of the scale 
for analytic endomorphisms a: G — G of a Lie group G over a totally disconnected 
local field, if con (a) is closed (see Theorem 8.13). We also show that if con (a) is 


closed, then con (a), lev(a@), and con (a) are Lie subgroups of G and the map 
con(w) x lev(w)x con(a) > con(a) lev(w) con(w) =: 2 


taking (a,b,c) to abc has open image {2 and is an analytic diffeomorphism (see 
Theorem 8.15). 

The final three sections are devoted to automorphisms with specific properties. 
An automorphism a: G — G of a totally disconnected, locally compact group G is 


. = . 
called contractive if G = con(@), ie., 


lim a(x) =e forallxeG 
n—>Co 


(see [50] and [26]). If 
(\a"(V) = {e} 


neZ 


for some identity neighbourhood V C G, then a is called expansive (see [23]), or 
also of finite depth in the case of compact G (see [59]). If 


eZ {a"(x):n€ Z} 


for each x € G \ {e}, then a@ is called a distal automorphism (cf. [42, 43]). Every 
contractive automorphism is expansive (see, e.g., [23]). 

If G is a Lie group over a totally disconnected local field K with algebraic 
closure IK and a:G —> G an analytic automorphism, then con (a) is open in G 
(resp., @ is expansive, resp., @ is distal) if and only if 


IAlk <1 
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(resp., |Alk 4 1, resp., |Alk = 1) for each eigenvalue 1 of the K-linear 
automorphism L(a) @x idg of L(G) ®x K obtained by extension of scalars from K 
to K (see Proposition 7.10 for details). 

Recall that every continuous homomorphism between p-adic Lie groups is ana- 
lytic, whence the Lie group structure on a p-adic Lie group is uniquely determined 
by the underlying topological group (see, e.g., [7]). Lazard [38] characterized p-adic 
Lie groups within the class of all totally disconnected, locally compact compact 
groups, and later many further characterizations were found (see [12]). 

Recent research showed that p-adic Lie groups are among basic building blocks 
for general totally disconnected groups in various situations, e.g. in the study of 
ergodic Z"-actions on locally compact groups by automorphisms (see [1 1]) and also 
in the theory of contraction groups (see [26]). In both cases, Lazard’s theory of 
analytic pro-p-groups was invoked to show that the groups in contention are p-adic 
Lie groups. Section 9 surveys results concerning contractive automorphisms. We 
give an alternative, new argument for the appearance of p-adic Lie groups, using the 
structure theory of locally compact abelian groups (i.e., Pontryagin duality) instead 
of the theory of analytic pro-p-groups. 

Section 10 briefly surveys results concerning expansive automorphisms. 

The final section is devoted to distal automorphisms and Lie groups of type R; 
we prove a criterion for pro-discreteness (Theorem | 1.2) which had been announced 
in [21, Proposition 4.54]. 

Further papers have been written on the foundation of [60]: Analogues of results 
from [1, 36], and [58] for endomorphisms of totally disconnected, locally compact 
groups were developed in [9]; the topological entropy /jop(@) of an endomorphism a 
of a totally disconnected, locally compact group G was studied in [14]. It was shown 
there that 


htop(@) = In s(x) (3) 


if and only if the so-called nub subgroup nub(q@) of @ (as in [60]) is trival (see [14, 


Corollary 4.11]); the latter holds if and only if con (a) is closed (as shown in [9, 
Theorem D]). In the current paper, we can do with the results from [60] and give 
Lie-theoretic proofs for results which can be generalized further (see [9]), by more 
involved arguments.* The results were obtained before those of [9], and presented 
in the author’s minicourse June 27—July 1, 2016 at the MATRIX workshop and 
in a talk at the AMSI workshop July 25, 2016.4 For complementary studies of 
endomorphisms of pro-finite groups, see [45]. 


Notably, we have the Inverse Function Theorem at our disposal. 

“Except for results concerning the scale on subgroups and quotients (Proposition 8.27) and the 
endomorphism case of Lemma 8.20, which were added in 2017. In the talks, I also confined myself 
to a proof of the equivalence of (a) and (b) in Theorem 8.13 when a is an automorphism, which is 
easier (while the theorem was stated in full). 
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Conventions We write N := {1,2,...} No := NU {0}, and Z := No U (-N). 
Endomorphisms of topological groups are assumed continuous; automorphisms of 
topological groups are assumed continuous, with continuous inverse. If we say that 
a mapping f is an analytic diffeomorphism (or an analytic automorphism), then also 
f_! is assumed analytic. If E is a vector space over a field K, we write End (E) for 
the K-algebra of all K-linear endomorphisms of E, and GL(E£) := Endg(£)* for its 
group of invertible elements. If L is a field extension of K, we let E, := E ®x L be 
the L-vector space obtained by extension of scalars. We identify E with E@ 1 C E, 
as usual. Given aw € Endx(E&), we let a, := a ® idy, be the endomorphism of £; 
obtained by extension of scalars. If K is an algebraic closure of K, we shall refer to 
the eigenvalues A € K of dg simply as the eigenvalues of a in K. Given n € N, 
we write M,,(K) for the K-algebra of n x n-matrices. If f:X — X is a self-map of a 
set X, we say that a subset Y C X is a-stable if a(Y) = Y. If a(Y) C Y, then Y is 
called a-invariant. If X is a set, Y C X a subset, f: Y — X a map and x € Y, we say 
that a sequence (x_,)nen, Of elements x, € Y is an f-regressive trajectory for x if 
f Q=n-1) = X—n for alln € No and xo = x. In this situation, we also say that x admits 
the f-regressive trajectory (x_,)neNo- If, instead, f is defined on a larger subset of X 
which contains Y but all x, are elements of Y, we call (x-n)nen) an f-regressive 
trajectory in Y. 


2 Some Basics of Totally Disconnected Groups 


In this section, we recall basic definitions and facts concerning totally disconnected 
locally compact groups and totally disconnected local fields. 


The Module of an Automorphism Let G be a locally compact group and B(G) be 
the o-algebra of Borel subsets of G. Let Ag: B(G) — [0, co] be a Haar measure 
on G, i.e., a non-zero Radon measure which is left invariant in the sense that 
AG(gA) = Ac(A) for all g € Gand A € B(G). It is well-known that a Haar measure 
exists, and that it is unique up to multiplication with a positive real number (cf. 
(28]). If a: G > Gis an automorphism, then also 


B(G) — [0, co], At> Ag(a(A)) 


is a left invariant non-zero Radon measure on G and hence a multiple of Haar 
measure: There exists A(a) > 0 such that Ag(a(A)) = A(a@)AG(A) for all 
A € B(G). If U C Gis a relatively compact, open, non-empty subset, then 


_ Agla(U)) 


A(a) = Ae) (4) 


(cf. [28, (15.26)], where however the conventions differ). We also write Ag(a) 
instead of A(@), if we wish to emphasize the underlying group G. 
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Remark 2.1 Let U be a compact open subgroup of G. If U C a(U), with index 
[a(U) : U] =: n, we can pick representatives g),...,%, € a(U) for the left cosets 
of U in a(U). Exploiting the left invariance of Haar measure, (4) turns into 


= [a(U): U). (5) 


_ Ac(a(U)) — Gy Ac(giV) 
A) = oa = Fe) 


If a(U) C U, applying (5) to a! instead of aw and w(U) instead of U, we obtain 
A(a') = [U: a(U)). (6) 


Tidy Subgroups and the Scale If G is a totally disconnected, locally compact 
group, a: G —-> Ganendomorphism and U a compact open subgroup of G, following 
[60] we write 


U_:= ( \ a "(U) = {xe U: (Vn € No) a"(x) € U}, 


nENo 


where a~"(U) means the preimage (a@”)~'(U). Let Uy be the set of all x € U 
admitting an a@-regressive trajectory (X—;)neN) in U. Then 


U,=()U, with 


neNo 
Up := U and Un4, := UNa(U,) forn € No; (7) 
moreover, U, and U_ are compact subgroups of G such that 
a(U_) GC U_ and a(U+)D U4 


(see [60]). The sets 


U__:= 'S a"(U_) and U4y4:= 'o a"(U+) 
nENo nE€No 


are unions of ascending sequences of subgroups, whence they are subgroups of G. 


2.2 If we wish to emphasize which endomorphism a is considered, we write U;.., 
U+, and U_., instead of U,, U+, and U_, respectively. 
The following definition was given in [60]. 


Definition 2.3 If U = UU_, then U is called tidy above for a. If U+4 is closed 
in G and the indices 


[w"* (U4) : a"(U4)] EN 
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are independent of n € No, then U is called tidy below for a. If U is both tidy above 
and tidy below for a, then U is called tidy for a. 
The following fact (see [60, Proposition 9]) is useful for our ends: 


2.4 U is tidy for a if and only if U is tidy above and U__ is closed in G. 
2.5 As shown in [60], a compact open subgroup U of G is minimizing for a (as 
defined in Sect. 1) if and only if it is tidy for a, in which case 


s(a) = [w(U) : w(U) NU) = [o(U+) : U4]. 


2.6 If @ is an automorphism of G, then simply (as in [58]) 


Ue = [| em. 


nENo 


Let us consider some easy special cases (which will be useful later). 


Lemma 2.7 Let a be an endomorphism of a totally disconnected, locally compact 
group G. 


(a) If V © Gis a compact open subgroup such that a(V) © V, then V is tidy, 
V_ = Vand s(a) = 1. 

(b) If V © Gis a compact open subgroup with V © a(V), then V is tidy above 
fora, and V4 = V. If, moreover, V is tidy, then s(a) = A(a). 

(c) Ifa is nilpotent (say a" = e) and U C Ga compact open subgroup, then 


fore) n—1 
VevLS/[ je *Oy=[()\e*O) (8) 
k=0 k=0 


is a compact open subgroup of G with a(V) C V. 
Proof 
(a) Since V C al(V), we have V C a *(V) for all k € No and thus 


Ves (je M=, 
k=0 


Hence V = V, V_ is tidy above. As the subgroup 


Va. =| Ja*vj=| jor’) 
k=0 k=0 
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contains V, it is open and hence closed. Thus V is tidy for a, by 2.4. Finally 
a(V) C V entails that s(@) = [a(V) : a@(V) NV] = 1. 
— 
=a(V) 

(b) Since V C a(V), every x € V has an a-regressive trajectory within V, whence 
x € V1. Hence V = V4, and thus V = V;V_ is tidy above. If V is tidy, then 
s(a) = [a(V) : a(V) N Vi = [a(V) : V] = A(@), using (5). 

(c) For integers k > n, we have a*(x) = e € U for all x € G, whence x € a~*(U) 
and thus a~*(U) = G. This entails the second equality in (8), and so V is 
compact and open. As w(U_) © U_, the final inclusion holds. oO 


2.8 If G is a totally disconnected, locally compact group and g € G, let 


Ip;G>G, xe gxg! 


be the corresponding inner automorphism of G. Given g € G, abbreviate s(g) := 
s(/,). Following [57], the mapping s: G — N so obtained is called the scale function 
on G. 


Local Fields Basic information on totally disconnected local fields can be found in 
many books, e.g. [55] and [34]. 

By a totally disconnected local field, we mean a totally disconnected, locally 
compact, non-discrete topological field K. 

Each totally disconnected local field IK admits an ultrametric absolute value |.| 
defining its topology, 1.e., 


(a) |t] => 0 for each t € K, with equality if and only if t = 0; 
(b) |st| = |s|- |t| for all s,t € K; 
(c) The ultrametric inequality holds, i.e., |s + t| < max{|s|, |t]} for all s,t € K. 


An example of an absolute value defining the topology of K is what we call the 
natural absolute value on K, given by |0|xK := 0 and 


Isl := Ax(m,) for x € K \ {0} (9) 


(cf. [55, Chapter II, §2]), where m,:K — K, y & xy is scalar multiplication by x 
and Ax(m,) its module. 

It is known that every totally disconnected local field K either is a field of formal 
Laurent series over some finite field (if char(K) > 0), or a finite extension of the 
field of p-adic numbers for some prime p (if char(IK) = 0). Let us fix our notation 
concerning these basic examples. 


5Note that if K is an extension of Q, of degree d, then |p|x = p~¢ depends on the extension. 
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Example 2.9 Given a prime number p, the field Q, of p-adic numbers is the 
completion of Q with respect to the p-adic absolute value, 


= p* fork € Zandn,me Z\ pZ. 


We use the same notation, |.|,,, for the extension of the p-adic absolute value to Q,. 
Then the topology coming from |.|, makes Q, a totally disconnected local field, 
and |.|, is the natural absolute value on Q,. Every non-zero element x in Q, can be 
written uniquely in the form 


oo 
x= ) ax pk 
k=n 


with n € Z, a, € {0,1,...,p— 1} and a, ¥ 0. Then |x|, = p~”. The elements of 
the form 7°, a,p* form the subring Z, = {x € Q,: |x|) < 1} of Q,, which is open 
and also compact, as it is homeomorphic to {0,1,...,p — 1}%° via ys ape 
(ak) KeNo- 

Example 2.10 Given a finite field F (with q elements), we let F(X)) C F” be the 
field of formal Laurent series pam a,X* with a, € F andn € Z. Here addition 
is pointwise, and multiplication is given by the Cauchy product. We endow F(X)) 
with the topology arising from the ultrametric absolute value 


oo 
a aX" 


k=n 


= q" if a, #0. (10) 


Then the set F[[X]] of formal power series )-?° axX* is a compact and open subring 
of F(X)), and thus F(X)) is a totally disconnected local field. Its natural absolute 
value is given by (10). 

Beyond local fields, we also consider some ultrametric fields (K, |.|). Thus K is 
a field and |.| an ultrametric absolute value on K which defines a non-discrete 
topology on K. For example, we shall repeatedly use an algebraic closure K of a 
totally disconnected local field K and exploit that an ultrametric absolute value |.| 
on K extends uniquely to an ultrametric absolute value on K (see, e.g., [47, 
Theorem 16.1]). The same notation, |.|, will be used for the extended absolute value. 
An ultrametric field (K, |.|) is called complete if K is a complete metric space with 
respect to the metric given by d(x, y) := |x— yl. 


Ultrametric Norms and Balls Let (K, |.|) be an ultrametric field and (£, ||.||) be 
a normed K-vector space whose norm is ultrametric in the sense that ||x + yl] < 
max{|[x||, |lyl|} for all x, y € E. Since |||] = |lx + y — yl] S max{||x + yl. Ilyllp. it 
follows that ||x + y|| = |lx|] if |ly|| < ||x|] and hence 


|x + yl] = ||x|| for all x, y € E such that ||y|] < ||x]. (11) 
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We shall use the notations 


BE (x) := {y € E: |ly—x|| <r} and 


B, (x) = {ye E:lly—al] <9 


for balls in E (with x € E, r € ]0, oof). The ultrametric inequality entails that B¥ (0) 


and B, (0) are subgroups of (E, +) with non-empty interior (and hence both open 
and closed). Specializing to E = K, we see that 


O := {ze K:|z| < 1} (12) 


is an open subring of K, its so-called valuation ring. If K is a totally disconnected 
local field, then O is a compact subring of IK (which is maximal and independent of 
the choice of absolute value). In this case, also the unit group 


O* = {ze O:|zZ| = 1} 


of all invertible elements is compact, as it is closed in O. 

An ultrametric Banach space over a complete ultrametric field is a normed space 
(E, ||.||) over K, with ultrametric norm ||.||, such that every Cauchy sequence in E 
is convergent. We shall always endow a finite-dimensional vector space E over a 
complete ultrametric field (KK, |.|) with the unique Hausdorff topology making it 
a topological K-vector space (see Theorem 2 in [6, Chapter I, §2, no.3]). Then 
E = K” (carrying the product topology) as a topological K-vector space, with 
m := dimx(£), entailing that there exists a norm ||.|| on E (corresponding to the 
maximum norm on K’”) which defines its topology and makes it an ultrametric 
Banach space. If (£.||.||z) and (F, ||.||-) are finite-dimensional normed spaces over 
a complete ultrametric field, then every linear map a: E — F is continuous (see 
Corollary 2 in [6, Chapter I, §2, no. 3]); as usual, we write 


lla@)lle 


Ile 


\loellop := su x € E\ {0}) € [0, cof 


for its operator norm. Then ||@(x)||7 < |l@llop||x||z and, if @ is invertible and E # 
{0}, then 


la(x)|l- = Tn |x|le forallx € E. 
||" llop 


Module of a Linear Automorphism We recall a formula for the module of a linear 
automorphism. 
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Lemma 2.11 Let E be a finite-dimensional vector space over a totally disconnected 
local field K and a € GL(E). Then 


n 


Ar(a) = |deta|x = | [laid (13) 


i=l 
where A,,...,An are the eigenvalues of « in an algebraic closure K of K. 


Proof See [7, Proposition 55 in Chapter III, $3, no. 16] for the first equality in (13). 
The second equality in (13) is clear if all eigenvalues lie in K. For the general case, 
pick a finite extension L of K containing the eigenvalues, and let d := [L : K] be 
the degree of the field extension. Then Az, (aL) = (Az(a))*. Since the extended 
absolute value is given by 


Ixlk = YAz(m,) for x €L \ {0} 


(see [34, Chapter 9, Theorem 9.8] or [47, Exercise 15.E]), the desired equality 
follows from the special case already treated (applied now to L). oO 


3 Endomorphisms of K-Vector Spaces 


Linear endomorphisms of vector spaces over totally disconnected local fields 
provide first examples of endomorphisms of totally disconnected locally compact 
groups, and their understanding is essential also for our discussion of endomor- 
phisms of Lie groups. 

Throughout this section, K is a totally disconnected local field, E a finite- 
dimensional K-vector space and a:E — E a K-linear endomorphism. We shall 
calculate the scale, determine the parabolic, Levi and contraction subgroups for a, 
and find tidy subgroups. 

Our starting point are ideas from [39, Chapter II, $1] concerning iteration 
of linear endomorphisms. Following [39], we shall decompose F into certain 
characteristic subspaces, which help us to understand the dynamics of a. 


3.1 If the characteristic polynomial py of a € Endx(£) splits into linear factors in 
the polynomial ring K[X], then E is the direct sum of the generalized eigenspaces 
for a. For p € [0, cof, let 


Ep 


be the sum of all generalized eigenspaces {v € E : (An € N)(Aidg — a)"(v) = 0} 
for eigenvalues A € K with |A|x = p; we call E, the characteristic subspace for p. 
By construction, 


E=@QBE,. (14) 


p=0 
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3.2 If wa € Endx(£) is arbitrary, we choose a finite extension field L of K such that 
Pw Splits into linear factors in L[X]. By 3.1, we have a decomposition 


E, = DEv)p 


p>0 
into characteristic subspaces for a. We call 
E, := (Et)p NE 


the characteristic subspace of E for p. If Ey € {0}, then p is called a characteristic 
value of a. Using the Galois Criterion, it can be shown that each (E,,), is defined 
over K, i.e., 


(Ex) p = (Ep) 


(see [39, Chapter II, (1.0)]). As a consequence, again (14) holds.° 
Remark 3.3 


(a) By construction, a(E,) C E, for each p > 0. 

(b) Eo = Unen, ker(@”) is the generalized eigenspace for the eigenvalue 0 (also 
known as the “Fitting 0-component”), and thus @|z, is a nilpotent endomor- 
phism. 

(c) For each p > 0, the restriction a|¢,:E, — Ep is an injective endomorphism of 
a finite-dimensional vector space and hence an automorphism. 

(d) The restriction of @ to the “Fitting 1-component” E59 := ps0 Ep is an 
automorphism, and 


E= Eo ® Eso. 
Thus 
S(a) = s(@|z))8(@|z.9)- (15) 


Since s(a|z,) = 1 by Lemma 2.7 (c) and (a), we deduce from (15) that s(a) = 
s(@|z,,)- 
Proposition 3.4 The scale s(a) of a € Endx(E) coincides with the scale s(a\|r.,) 


of the automorphism of the Fitting 1-component induced by a. oO 
For endomorphisms of p-adic vector spaces, this was already observed in [44]. 


SAs E, # {0} for only finitely many p > 0, we can identify the direct sum E = ® =o Ep with 
the direct product [] p>o Ep Whenever this is convenient. 
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We now recall from [19, Proposition 2.4] the existence of norms which are well- 
adapted to an endomorphism (see already [21, Proposition 4.29] for automorphisms; 
cf. [39, Chapter II, Lemma 1.1] for a similar, weaker result, also valid for R and C). 


Lemma 3.5 There exists an ultrametric norm ||.|| on E which is adapted to a@ in the 
following sense: 


(a) ||.|| is a maximum norm with respect to the decomposition (14) of E into the 
characteristic subspaces for a; 

(b) [lolz llop < 1; and 

(c) Forall p > Oand v € Ep, we have ||a(v)|| = pllv|l. 


Tf e € ]0, 1] is given, then ||.|| can be chosen such that \|c| gp \lop < &. Oo 
As before, in the following theorem we write E, for the characteristic subspace for 
p > 0 with respect to a. 


Theorem 3.6 Leta € Endg(E£) be an endomorphism of a finite-dimensional vector 
space E = K" over a local field K. Let ||.|| be a norm on E which is adapted to a. 
Then the following holds: 


(a) The ball BE (0) is a compact open subgroup of (E, +) which is tidy for a, for 
each r €]0, oof. 
(b) We have 


con(#) = Ea := Ep, con(a) = Ex: := Ep. 
p<l p>l 


par(a) = E<1:=€DE,, par(a) = Ex = PDEy, 


pl p21 
and lev(a) = E\. 
(c) The scale of a is given by 
s@)= |] lx. (16) 
JEMl,....m} 
Sut. lAjlk=1 
where Aj,...,Am are the eigenvalues of og in an algebraic closure K of K, 


with repetitions according to algebraic multiplicities. 
(d) S(a) = s(Q|p.5) = s(a|z.,) = s(@|z,,) = A(@lz.,) = A(a|z,,). 
Proof We endow vector subspaces of E with the induced norm. 
(a) Since E admits the Fitting decomposition E = Eo ® Exo into Ep and Eso which 


are a-invariant vector subspaces and 


BY (0) = BE°(O) x BF?°(0), 
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we need only check that B“°(0) is tidy for «|, and B£>° (0) is tidy for a|z,,. The 
first property holds by Lemma 2.7, since a(B“°(0)) € B¥°(0) by Lemma 3.5 (b). 
To check the second property, after replacing aw with a|-,,, we may assume that a 
is an automorphism. Thus, let us consider a € GL(E) and verify that 


U := BE(0) =| [B;’(0) 


p>0 


is tidy for aw. For each k € Z, have 


a*(BF(0)) =] [BO 


p>0 


using Lemma 3.5 (c). Hence 


U,=()a'(u) =[] Br’) and U_=()a*(U) = [] BO) 17) 
k=0 


p= k=0 0<p<1 


(where we used 2.6), entailing that U = U; + UL is tidy above for a. Since 


Ua 3=| je*U)=| [| Bee) = bas BPO) 
k=0 


0<p<l 


is closed in E, we deduce with 2.4 that U is tidy. 

(b) is obvious from Lemma 3.5 (a), (b), and (c). 

(c) Since Uy = [],5) BY (0) = Bee! (0) is a compact open subgroup of (E+1, +) 
such that Ui C a(U+), using 2.5 and (5) we obtain 


s(@) = [a(U4) : U4] = A(@|z,,). 


As the A; with |A;|x > 1 are exactly the eigenvalues of a|z,, in K, Lemma 2.11 
yields the desired formula. 7 

Eigenvalues A; with |Aj|k = 1 are irrelevant for the product in (c). Using 
Lemma 2.11, we deduce that also s(~) = A(a|z,,). The first equality in (d) 
holds by Proposition 3.4. Note that BY" (0) and B&>1(0) are tidy for a|z., 
and a@|p,,, respectively, and are inflated by the latter. The third and fourth 
scales in the formula therefore coincide with the corresponding modules, by 
Lemma 2.7 (b). oO 


(d 


Ww 


Corollary 3.7 Let a be a linear endomorphism of a finite-dimensional vector 
space E over a totally disconnected local field K. Let F be an a-invariant vector 
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subspace of E and 
@:E/F>E/F, x+Fra(xy+F 
be the induced linear endomorphism of the quotient space E/F. Then 
SE(@) = Sp(a|r)Sz/r(@). (18) 


Proof The eigenvalues of a in an algebraic closure K of K are exactly the eigenval- 
ues of a|-, together with those of @. Hence (18) follows from Theorem 3.6(c). O 
For basic concepts concerning Lie algebras (which we always assume of finite 
dimension),’ see [7, 31], and [49]. 


Lemma 3.8 /f g is a Lie algebra over a totally disconnected local field IK and 


a:g — ga Lie algebra endomorphism, then con (a), con (a), par (a), par (a), 


and lev(a) = con (a@)N con (a) are Lie subalgebras of g. 


Proof Vf x and y are elements of con (a) (resp., of par (a)), then w(x) and a”"(y) 
tend to 0 as n — o (resp., the elements form bounded sequences), entailing that 
also 


aw” ([x, y]) = [a"(x), a"(y)] 


tends to 0 (resp., is bounded). Hence [x,y] € con (a) (resp., [x,y] € par (a)). 
If x and y are elements of con (a) (resp., of par (a)), then we find an a-regressive 
trajectory (x¥-n)nen, for x and an a-regressive trajectory (y—n)nen) for y such 
that x_, — O and y_, — 0 as n — of (resp., (X=n)neNo and (—n)neNy are 
bounded sequences). Then ([x—=n, y—n])neny iS an a@-regressive trajectory for [x, y], 
since 


([X=n—1, V—n—1]) = [@ = n-1), @(—n—-1)] = [Xn yn] = for alln € No. 


Moreover, [x~-n,y-n] — 0 as n — oo (resp., the sequence ([x_,,¥—n])neno iS 
bounded), showing that [x, y] € con (a) (resp., [x, y] € par («)). Oo 
The following lemma will be used in Sect. 11. 

Lemma 3.9 Let E be a finite-dimensional vector space over a totally disconnected 
local field IK and a € GL(E) be an automorphism such that |A|x = 1 for all 


eigenvalues of a in an algebraic closure K of K. Then the subgroup (a) generated 
by a is relatively compact in GL(E). 


7Except for the Lie algebras of analytic vector fields mentioned in Sect. 4. 
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Proof If K has characteristic p > 0, then it suffices to show that w”” generates a 
relatively compact subgroup for some n € No, since (a) is contained in the finite 
union 


of cosets of the compact group K := (a"). We may therefore assume that the 
characteristic polynomial py € K[X] of a is separable over K. Let L C K be a 
finite field extension of K which is Galois and such that p, splits into linear factors 
in L[X]. Then @ has a unique multiplicative Jordan decomposition 


A= Ap OC Ay = Ay OA 


such that (a@,)_ € GL(E_) is diagonalizable and (@,), € GL(EL) is unipotent (see 
[4, Theorem I.4.4]). Let O be the valuation ring of L and O% be its compact group 
of invertible elements. Since |A|x = 1 for all eigenvalues A € LC K of at, (which 
coincide with those of @), we have A € ©* and deduce that (a), generates a 
relatively compact subgroup L of GL(E,). Identify GL(£) with the closed subgroup 
{B € GL(Ez): B(E) C E} of GL(EL). Then (a) is contained in the compact 
subgroup L N GL(E) and hence relatively compact in GL(E). Now (a,)i generates 
a relatively compact subgroup of GL(E), by [15, Lemma 4.1]. Hence a, generates 
a relatively compact subgroup of GL(£), by the preceding argument. Since 


(a) € (an) o (Qu), 


we see that (a) is relatively compact. Oo 


4 Analytic Functions, Manifolds and Lie Groups 


The section compiles definitions and elementary facts concerning analytic functions, 
manifolds, and Lie groups over totally disconnected local fields, which we shall 
use without further explanation. The section ends with two versions of the Inverse 
Function Theorem, which will be essential in the following. 


Analytic Manifolds and Lie Groups Given a totally disconnected local field 
(K, |.|) and x € N, we endow K” with an ultrametric norm ||.|| (the choice of norm 
does not really matter because all norms are equivalent; see [47, Theorem 13.3)). 


If a € Nj is a multi-index, we write |a| := a +--+ + a,. Confusion with the 
absolute value |.| is unlikely; the intended meaning of |.| will always be clear from 
the context. If a € Nj and y = (y1,..., yn) € K”, we abbreviate y® := yf! --- y%", 


as usual. Compare [49] for the following concepts. 
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Definition 4.1 Given an open subset U C K",a map f: U > K" is called analytic® 
(or K-analytic, if we wish to emphasize the ground field) if it is given locally by a 
convergent power series around each point x € U, i.e., 


fat+y)= > ay forall ye B"(0), 


n 
aeNg 


with a, € K” and some r > 0 such that BX(x) C U and 


> Ilaall 7! < 00. 


nA 
aéeNg 


Compositions of analytic functions are analytic [49, Theorem, p.70]. We can 
therefore define an m-dimensional analytic manifold M over a totally disconnected 
local field KK in the usual way, as a Hausdorff topological space M, equipped with 
a maximal set </ of homeomorphisms ¢: Us — Vg from open subsets Us C M 
onto open subsets Vy C KK” such that the transition map y o ¢ | is analytic, for all 
ow ew 

In the preceding situation, the homeomorphisms ¢ € are called charts for M, 
and is called an atlas. 

A map f:M — N between analytic manifolds is called analytic if it is continuous 
and ¢ of o w_! (which is a map between open subsets of K’ and K") is analytic, 
for all charts @: Ug — Vg © KK" of N and charts yw: Uy > Vy CK” of M. 

If (M, Hy) and (N, xy) are analytic manifolds of dimension m and n, respec- 
tively, then M x N with the product topology is an (m + n)-dimensional analytic 
manifold, with the atlas containing {@ x w:¢ € Gy, Ww € Hy}. 

Every open subset U of a finite-dimensional K-vector space E can be considered 
as an analytic manifold, endowed with the maximal atlas containing the global chart 
idy: U — U. Notably, we can speak about analytic functions 


f:UuU-V 


if U and V are open subsets of finite-dimensional normed K-vector spaces E and F, 
respectively. Any such function is totally differentiable at each x € U, and we write 


fQ@:E>F (19) 


for its total differential. Deviating from (19), we write f’(x) = 4 aol * +) if 
E = K, as usual (which is f’(x)(1) in the notation of (19)). 


8Tn other parts of the literature related to rigid analytic geometry, such functions are called locally 
analytic to distinguish them from functions which are globally given by a power series. 
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A Lie group over a totally disconnected local field K is a group G, equipped with 
an analytic manifold structure which turns the group multiplication 


UgiGxGoG, (x,y) xy 


and the group inversion ng: G > G, x > x7! into analytic mappings. 

Lie groups over Q, are also called p-adic Lie groups. Besides the additive groups 
of finite-dimensional K-vector spaces, the most obvious examples of K-analytic Lie 
groups are general linear groups. 


Example 4.2 GL,(IK) = det~'(K*) is an open subset of the space M,,(K) & k* 
of n x n-matrices and hence is an n-dimensional K-analytic manifold. The group 
operations are rational maps and hence analytic. 

More generally, one can show (cf. [39, Chapter I, Proposition 2.5.2]): 


Example 4.3 Every (group of K-rational points of a) linear algebraic group defined 
over K is a K-analytic Lie group, viz. every subgroup G < GL, (KK) which is the set 
of joint zeros of a set of polynomial functions M,,(IK) — K. For instance, SL, (K) = 
{A € GL, (IK): det(A) = 1} is a K-analytic Lie group. 


Remark 4.4 See Example 8.26 (first mentioned in [21, Remark 9.7]) for a Lie 
group G over K = F,(X)) which is not a linear Lie group, i.e., which does not 
admit a faithful, continuous linear representation G + GL, (KK) for any n. We shall 
also encounter a p-adic Lie group which is not isomorphic to a closed subgroup of 
GL, (Q,) for any n € N (Example 10.3). 


Remark 4.5 The analytic manifolds and Lie groups we consider need not be 
second countable topological spaces. Notably, arbitrary discrete groups (countable 
or not) can be considered as (0-dimensional) p-adic Lie groups, which is natural 
from the point of view of topological groups. 

All the Lie groups and manifolds considered in these notes are analytic and 
finite-dimensional. For smooth Lie groups modelled on (not necessarily finite- 
dimensional) topological vector spaces over a topological field, see [2, 20] and the 
references therein. 


Tangent Vectors, Tangent Spaces, and Tangent Maps Tangent vectors can be 
defined in many ways. We choose a description which corresponds to the so-called 
“geometric” tangent vectors in the real case. If M is an m-dimensional analytic 
manifold over a totally disconnected local field K and p € M, let us say that two 
analytic mappings 


y: BX(0) —M = and n: BK (0) > M 


°Compare [5, 7, 49], also [2] for the following facts (although in different formulations). 
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with y(0) = (0) = p are equivalent (and write y ~, n) if 


($0 y)'(0) = (on)'(0) (20) 


for some chart ¢: U > V of M around p (i.e., with p € U); here ¢,5 > 0. Then (20) 
holds for all charts around p (by the Chain Rule), and we easily deduce that ~, is 
an equivalence relation. The equivalence classes [y] with respect to ~, are called 
tangent vectors for M at p. The set T,(M) of all tangent vectors at p is called the 
tangent space of M at p. We endow it with the unique vector space structure making 
the bijection 


T,(M) > K", [y] > @oyy) 


a vector space isomorphism for some (and hence every) chart ¢ of M around p. The 
union 


T(M) := |) 7,(M) 


pEM 


is disjoint and is called the tangent bundle of M. If f:M — N is an analytic map 
between analytic manifolds, we obtain a linear map 


T,(f): Ty(M) > Tr) (N), [vy] [fo] 
called the tangent map of f at p. The map T(f): T(M) — T(N) taking v € T,(M) 


to T,(f)(v) is called the tangent map of f. If also K is an analytic manifold over K 
and g: K — M an analytic mapping, then 


T(f og) = TY) Tg) (21) 
as both mappings take a tangent vector [y] € T(K) to [fo go y]. If U is an open 
subset of a finite-dimensional vector space E, we identify T(U) with U x E using 
the bijection 


T(U) > UxE, [y] (y(0), y'(0)). (22) 


If U is as before, M an analytic manifold and f: M — U an analytic map, we write 
df for the second component of the map 


T(f): TM) > TU) = Ux E, 
using the identification from (22). Thus 


df (lvl) = (fe v)'(0). 
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If U and V are open subsets of finite-dimensional K-vector spaces E and F, 
respectively, and f: U — V is an analytic map, then T(f): T(U) — T(V) is the 
mapping 


UxXE>VXxF, (x,y) (FQ), df y)) 


with df (x, y) =f’ (x)()). 


Submanifolds and Lie Subgroups Let M be an m-dimensional analytic manifold 
over a totally disconnected local field K andn € {0,1,...,m}. A subset N C M is 
called an n-dimensional submanifold of M if, for each p € N, there exists a chart 
og: U > V C K” of M around p such that 


g(U NN) = VN (R" x {0}). 
Identifying K” x {0} C K” with K” via (x, 0) & x, we get a homeomorphism 
oy = blunn: UN N > VN (RK" x {0}) C R”. 


Then N is an n-dimensional analytic manifold in a natural way, using the topology 
induced by M and the maximal atlas containing all of the maps gy. Using this 
manifold structure, the inclusion j: N — M is analytic. For each p € N, the tangent 
map 7,(j):T,(N) — T,(M) is injective, and will be used to identify 7,(N) with 
the image of 7,(j) in T,(M). Moreover, for each analytic manifold K, a mapping 
f:K — Nis analytic if and only if jof: K — M is analytic. We say that a subgroup H 
of a Lie group G over K is a Lie subgroup if it is a submanifold. By the preceding 
fact, the submanifold structure then turns the group operations on H into analytic 
mappings and thus makes H a Lie group. 


Lemma 4.6 Let G be a Lie group over a totally disconnected local field KK, of 
dimension m. A subgroup H © Gis a Lie subgroup of dimension n if and only if there 
exists a chart: U > V C K” of G around e such that (UNH) = VN (K" x {0}). 


Proof The necessity is clear. Sufficiency: For each h ¢€ 4H, the mapping 
dni hU > V, xt (h"!x) is a chart for G such that ,(hU N H) = ¢(UN H) = 
VN (K" x {0}). Oo 
The Lie Algebra Functor An analytic vector field on an m-dimensional K- 
analytic manifold M is a mapping X: M — T(M) with X(p) € T,(M) for all p € M, 
which is analytic in the sense that its local representative 


X= dboXog!:V > Kk" 


is an analytic function for each chart 6: U > V C K” of M. The set ¥°(M) of all 
analytic vector fields on M is a K-vector space, with pointwise addition and scalar 
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multiplication. Given X, Y ¢ ¥°(M), there is a unique vector field [X, Y] ¢ V°(M) 
such that 


[X, Y]¢ = dYg ° (idy, X) = dX¢ ° (idy, Yo) 


for all charts ¢: U — V of M, and [., .] makes Y° (M) a Lie algebra. 

If G is a K-analytic Lie group, then its tangent space L(G) := T,(G) at the 
identity element can be made a Lie algebra via the identification of v €¢ L(G) with 
the corresponding left invariant vector field vg on G given by ve(g) := TA,(v) for 
g € Gwith left translation 1,:G > G,x +> gx (noting that the left invariant vector 
fields form a Lie subalgebra of Y°(G)). Thus 


[v, w] := [ve, we](e) for v,w € L(G). 


If «: G > His an analytic group homomorphism between K-analytic Lie groups, 
then the tangent map L(a) := T.(a): L(G) — L(A) is a linear map and actually a 
Lie algebra homomorphism (cf. [7, Chapter HI, §3, no. 8] and Lemma 5.1 on p. 129 
in [49, Part II, Chapter V.1]). An analytic automorphism of a Lie group G is an 
invertible group homomorphism @: G — G such that both w and a! are analytic. 
For example, each inner automorphism /, of G is analytic. As usual, we abbreviate 
Ad, := L(y). 

Since I, 0 J, = Ign for g,h € G, we have Adgn = Ad, o Ady by (21). In Sect. 11, 
we shall use the continuity of the adjoint representation of G on its Lie algebra 
g := L(G). Even more is true (see Definition 8 in [7, Chapter II, §3, no. 12] and the 
lines preceding it): 


4.7 The map Ad: G > Aut(g) € GL(g), g +> Adg is analytic. 


Ultrametric Inverse Function Theorems Since small perturbations do not change 
the size of a given non-zero vector in the ultrametric case (see (11)), the ultrametric 
inverse function theorem has a nicer form than its classical real counterpart. Around 
a point p with invertible differential, an analytic map f behaves like an affine-linear 
map (its linearization). If the differential at p is an isometry, then also f is isometric 
on a p-neighbourhood. 

In the following two lemmas, we let K be a totally disconnected local field and 
|.| be an absolute value on K defining its topology. We fix an ultrametric norm |].|| 
on a finite-dimensional K-vector space E and write 


Iso(E, ||.|) = ta € GL(E): (Vx € E) la) = lel} 
for the group of linear isometries. It is well-known that Iso(£, ||.||) is open in GL(Z) 


(see, e.g., [16, Lemma 7.2]), but we shall not use this fact. Given x € E and 
r > 0, we abbreviate B,(x) := B(x). The total differential of f at x is denoted 
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by f’(x). The ultrametric inverse function theorem (for analytic functions) subsumes 
the following!?: 


Lemma 4.8 Let f: U — E be an analytic map on an open subset U C Eandx € U 
such that f' (x) € GL(E). Then there exists r > 0 such that B,(x) C U, 


f(Biy)) = fly) +f )B,(0) forall y € B,(x) and t € ]0, r], (23) 


and f|z,): B(x) — f(B,(x)) is an analytic diffeomorphism. If f'(x) € Iso(E, ||.|), 
then r can be chosen such that B,(x) C U, 


FB(y)) = BAf(y)) forally € B(x) and t € ]0,r], (24) 


and f |p,(.): B-(x) > B,(f(x)) is an isometric, analytic diffeomorphism. Oo 
It is useful that r can be chosen uniformly in the presence of parameters. As a 
special case of [16, Theorem 7.4 (b)’], an ‘ultrametric inverse function theorem with 
parameters’ is available!': 


Lemma 4.9 Let F be a finite-dimensional K-vector space, P C F and U C E be 
open, f:P x U — E be a K-analytic map, p € P and x € U such that f(x) € 
Iso(£, ||.||), where fp := f(p,): U — E. Then there exists an open neighbourhood 
Q © Pofp andr > 0 such that B,(x) C U, 


Sq(By)) = faly) + B(0) (25) 


and fq|B,(y) is an isometry, for all g € QO, y € B,(x) and t € ]0, 7]. Oo 


5 Construction of Small Open Subgroups 


It is essential for our following discussions that Lie groups over totally disconnected 
local fields have a basis of identity neighbourhoods consisting of compact open 
subgroups which correspond to balls in the Lie algebra. In this section, we explain 
how these compact open subgroups can be constructed. 

Let G be a Lie group over a totally disconnected local field K and |.| be an 
absolute value on K defining its topology. Fix an ultrametric norm ||.|| on g := L(G) 
and abbreviate B,(x) := B(x) for x € g and t > 0. Let 


g:U>V 


104 proof is obtained, e.g., by combining [16, Proposition 7.1(aY and (b)’] with the inverse 
function theorem for analytic maps from [49, p.73], recalling that analytic maps are strictly 
differentiable at each point (in the sense of [5, 1.2.2]), by [5, 4.2.3 and 3.2.4]. 

'lTo achieve that falp,() is an isometry for all g € Q, note that [16, Lemma 6.1 (b)] applies to all 
of these functions by [16, p. 239, lines 7-8]. 
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by an analytic diffeomorphism from an open identity neighbourhood U C G onto 
an open 0-neighbourhood V C g, such that #(e) = 0 and 


db|q = idg. (26) 


5.1 After shrinking U (and V), we may assume that U is a compact open subgroup 
of G. Then 


bviVxXVOV, wy xty:= 6(6 (OG '(y)) 


is a group multiplication on V with neutral element 0 which turns V into an analytic 
Lie group and ¢ into an isomorphism of Lie groups. It is easy to see that the first 
order Taylor expansions of multiplication and inversion in (V, *) at (0,0) and 0, 
respectively, are given by 


x*y =x+ty+-:: (27) 


and 
x) = x45 (28) 


(compare [49, p. 113]). Applying the Ultrametric Inverse Function Theorem with 
Parameters (Lemma 4.9) to the maps (x, y)  x* y and (x, y)  y*x around (0, 0), 
we find R > 0 with Br(0) € V such that 


x* BO) = x+B,(0) = B,(0) *x (29) 


for all x € Br(O) and t € ]0, R] (exploiting that both relevant partial differentials are 
id, and hence an isometry, by (27)). Notably, (29) entails that 


B,(0) * B,(O) = B,(0) for each t € JO, R], 
whence y_! € B,(0) for each t € ]0, R] and y € B,(0). 
Summing up (with B, := B,(0)): 


Lemma 5.2 (B,,*) is a group for each t € |0,R] and hence Be = | (B;) is a 
compact open subgroup of G, for each t € |0, R]. Moreover, B; is anormal subgroup 
of (Br, *), whence B? is normal in Bp. oO 
Thus small balls in g correspond to compact open subgroups in G. 


Remark 5.3 (29) entails that the indices of B; in (Br, +) and (Br, *) coincide (as 
the cosets coincide), for all t € ]0, R]. 


5.4 Now consider an analytic endomorphism a:G — G, or, more generally, an 
analytic homomorphism 


a:Go > G 
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defined on an open subgroup Go C G. For the domain U of ¢, assume that U C Go. 
After shrinking R (if necessary) we may assume that 


a (BR) CU, (30) 
whence an analytic homomorphism 
B= 0a Of '|ag: Br > V (31) 
can be defined such that 
Bogle = boas. (32) 
As a consequence of (26), we have 
B'(0) = L(@). (33) 


For a:G — G an analytic automorphism and ||.|| adapted to L(a), we shall see in 
Sect. 8 that the groups BY := p |(B,) are tidy for w and t € ]0, R] close to 0, as long 


as con (a) is closed (and also the case of w: Go — G will be used). This motivates 
us to calculate the displacement indices for the compact open subgroups Be CG. 


Lemma 5.5 Let G be a Lie group over a totally disconnected local field, Go be 
an open subgroup of G and a:Go — G an analytic homomorphism which is an 
analytic diffeomorphism onto an open subgroup a(Go) of G. Let ¢ be as before, |\.|| 
be adapted to L(a), and R be as in 5.4. Then there exists ty € \0, R] such that 


[a (B®) : a(B?) N B®] = s(L(a)) forall t € }0, to]. 


Proof Let B be as in (31). By (33) and the Ultrametric Inverse Function Theorem 
(Lemma 4.8), there is fo € ]0, R] with L(a)(B,.) C Br such that 


(poao ')(B,) = L(a)(B,) 
for all t € ]0, fo] and hence 
o(B}) = 6! (L(a)(B,)). (34) 
Given t € 0, fo], there exists 6 € ]0, ¢] such that Bg C L(a)(B,). Then 


s(L(a)) = [L(a)(B,) : L(a)(B,) 9 Bi] 


[L(a)(B;) : Bo] 


= VB) nB, By ORY 
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[L(w)(B,) : Bo] 


= T@@)nB,: Bo 7 SR) 


a (BY) : BY 
= eae = [a(B?) : (BP) 9 BP] 
[a(B;) 1B; : Ba] 
using Remark 5.3 for the third equality; to obtain the final equality, (34) was used 
and the fact that ¢: Bt — (Bp, *) is an isomorphism. Oo 
The following lemma shows that different choices of @ do not affect the Be for 
small t (as long as the norm is unchanged). 


Lemma 5.6 Let M be an analytic manifold over a totally disconnected local 
field K, E be a finite-dimensional K-vector space, and ||.|| be an ultrametric norm 
on E, Let p € M and ¢;:U; — Vj, forj € {1,2}, be an analytic diffeomorphism 
from an open neighbourhood U; of p in M onto an open 0-neighbourhood V; © E 
such that $(p) = 0. If ddi|r,(m) = d¢2|r,(m), then there exists ¢ > O with 
BE(0) C Vi N V2 such that 


; ‘(BF (0)) = ¢;' (BY (0)) for all t € ]0, €]. 


Proof The map h := ¢2 0 $7 !:¢,(U; MN Ur) > d2(U; M U2) is an analytic 
diffeomorphism between open 0-neighbourhoods in E. Since To(h) = idz,z), we 
have h'(0) = idg, which is an isometry. Thus, the Ultrametric Inverse Function 
Theorem provide ¢ > 0 with B2(0) C ¢)(U; M Up) such that A(BE(0O)) = 
BE (0) for all ¢ € ]0,e]. Notably, B2(0) C $)(U; NM U2) and ¢7'(BF(0)) = 
$3" (b2(b; '(BE(O)))) = oy !(BE (0). o 


6 Endomorphisms of p-Adic Lie Groups 


In this section, we first recall general facts concerning p-adic Lie groups which go 
beyond the properties of Lie groups over general local fields already described. In 
particular, we recall that every p-adic Lie group has an exponential function, and 
show that contraction groups of endomorphisms of p-adic Lie groups are always 
closed. We then calculate the scale and describe tidy subgroups for endomorphisms 
of p-adic Lie groups. 


Basic Facts Concerning p-Adic Lie Groups For each n € N, the exponential 
series )-7o 9 pat converges for matrices A in some 0-neighbourhood V in the 
algebra M,,(Q,) of n x n-matrices and defines an analytic mapping exp: V — 
GL, (Q,). More generally, every analytic Lie group G over Q, has an exponential 
function (see Definition 1 and the following lines in [7, Chapter III, §4, no. 3]): 


6.1 An analytic map expg: V > G on an open Z,-submodule V C g := L(G) 
is called an exponential function if exp,(0) = e, To(expg) = idg (identifying 
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To(g) = {0} x g with g via (0, v) b v) and 


expg((s + fx) = expg(sx) expg (tx) 


for all x € U and s,t € Zp. 


6.2 Since To(expg) = idg, after shrinking V one can assume that exp,(V) is 
open in G and expg is a diffeomorphism onto its image (by the Inverse Function 
Theorem). After shrinking V further if necessary, we may assume that exp,(V) is 
a subgroup of G (cf. Lemma 5.2). Hence also V can be considered as a Lie group. 
The Taylor expansion of multiplication with respect to the logarithmic chart expg. 
is given by the Baker-Campbell-Hausdorff (BCH-) series 


1 
Ley = AP aR (35) 


(all terms of which are nested Lie brackets with rational coefficients), and hence x* y 
is given by this series for small V (see Proposition 5 in [7, Chapter III, $4, no. 3] and 
proof of Proposition 3 in [7, Chapter II, §7, no. 2], also [49]). If * is given on all of 
V x V by the BCH-series, we call exp,(V) a BCH-subgroup of G. 
Next, let us consider homomorphisms between p-adic Lie groups. 


6.3 If a:G — H is an analytic homomorphism between p-adic Lie groups, we 
can choose exponential functions expg: Vg — G and expy: Vy — H such that 
L(a).Vg © Vy and 


expy OL(@)|v, = 0 expg (36) 


(see Proposition 8 in [7, Chapter II, §4, no. 4], also [49]). 
The following classical fact (see Theorem 1 in [7, Chapter III, §8, no. 1], also [49]) 
is important: 


6.4 Every continuous homomorphism between p-adic Lie groups is analytic. 

As a consequence, there is at most one p-adic Lie group structure on a given 
topological group. As usual, we say that a topological group is a p-adic Lie group 
if it admits a p-adic Lie group structure. Closed subgroups of p-adic Lie groups are 
Lie subgroups (see Theorem 2 in [7, Chapter III, §8, no. 2] or [49]), finite direct 
products and Hausdorff quotient groups of p-adic Lie groups are p-adic Lie groups 
(see Proposition 11 in [7, Chapter III, §1, no. 6], also [49]). 


Closedness of Ascending Unions and Contraction Groups Another fact is vital: 


Lemma 6.5 Every p-adic Lie group G has an open subgroup which satisfies the 
ascending chain condition on closed subgroups. As a consequence, \|),cx Hn is 
closed for each ascending sequence H, © Hy © --: of closed subgroups of G. 


Proof See, e.g. [21, Propositions 4.19 and 4.20]; cf. also step 1 of the proof of [54, 
Theorem 3.5]. oO 
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Two important applications are now described. 


Corollary 6.6 Let a be an endomorphism of a p-adic Lie group G and V be a 
compact open subgroup of G. If V is tidy above for a, then V is tidy. 


Proof The subgroup V-- = Unen, & "(V_) is an ascending union of closed 
subgroups of G and hence closed, by Lemma 6.5. Thus V is tidy, by 2.4. oO 
The second application of Lemma 6.5 concerns contraction groups. For automor- 
phisms, see already [54, Theorem 3.5 (ii)]. 


Corollary 6.7 Let G be a p-adic Lie group. Then the contraction group con (a) is 
closed in G, for each endomorphism a: G — G. 


Proof Let Vj > V2 > -:+ be a sequence of compact open subgroups of G which 
form a basis of identity neighbourhoods (cf. Lemma 5.2). Then an element x € G 


belongs to con (a) if and only if 
(Wn EN) (Am EN) (Vk >m) atk(x) € Vp. 


Since a*(x) € V, if and only if x € a*(V,), we deduce that 


con(a) = ()J ()o*,). 


n€N mEN k>m 


Note that Wn := Unen() — a—*(V,) is an ascending union of closed subgroups 


of G and hence closed, by Proposition 6.5. Consequently, con (o) = (hew Wa is 
closed. Oo 


Remark 6.8 We shall see later that also con (a) is always closed in the situation 
of Corollary 6.7 (see Theorem 8.15). Alternatively, this follows from the general 
structure theory (see [9, Proposition 10.4]). 


Scale and Tidy Subgroups The following lemma prepares the construction of 
tidy subgroups in p-adic Lie groups, and can also be re-used later when we turn 
to Lie groups over general local fields. As two endomorphisms are discussed 
simultaneously in the lemma, we use notation as in 2.2. 


Lemma 6.9 Let G and H be totally disconnected, locally compact topological 
groups, a:G — Gand B:H — H be endomorphisms, U C Gand V C H be 
subsets and w:V — U be a bijection. Assume that there exists a compact open 
subgroup B © H such that B C V, B(B) C V, the image W := w(B) is a compact 
open subgroup of G, and 


aowv|p = Wo Bip. (37) 
Write By := By 2, B- := B_p, Wy := Wy. and W_ := W_.q. Then 


W(By) = Wy, W(B-)=W_- and (B(B+)) = a(Wy). 
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Proof We define By := By,g and W, := Wha forn € No as in 2.2. Then B, C B for 
each n € No, by construction. We show that 


w(Bn) = Wr (38) 


for all n € No, by induction. The case n = 0 is clear: we have w(Bo) = y(B) = 
W = Wo. Now assume that (38) holds for some n. Since B, C B, we have B(B,) C 
V. Using that y is injective, (37), and the inductive hypothesis, we see that 


(Basi) = W(BBn) OB) = W(BBn)) O W(B) = a (Br) OW 
= a(W,,) AW = Wa+i. 
Thus (38) holds for all n € No. Since wy is injective, we deduce that 


né€No n€No né€No 


As By C B, using (37) also y(B(B+)) = a(W(B+)) = a(W +) follows. Finally, for 
n € No let B_, be the set of all x € B such that B*(x) € B for all k € {0,1,...,n}, 
and W_,, be the set of all w € W such that a*(w) € W for all k € {0,1,...,n}. We 
claim that 


W(B_n) = W_, forall ne No. (39) 


Since BL = (\neNo B_, with B_, C B C V forall n € No, using the injectivity of y 
we then get 


y(B_) = wv ‘a By] = () w(B_-n) = () W_, = WL. 
n€No n€No n€No 
It only remains to prove the claim. It suffices to show that 
W(B-n) S Won (40) 
for all n € No, as the arguments can also be applied to G, a, H, B, W—!, W, and B in 
place of H, 6, G, a, w, B, and W, respectively. In fact, (37) implies that a(W) C U, 


enabling us to compose the functions in (37) with y—! on the left. Composing also 
with (y|)”)—! on the right, we find that 


yloalw = Bow '|w. (41) 
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We now prove (40) by induction, starting with the observation that (Bo) = 
w(B) = W = W. If (39) holds for some n € No, let x € B41). Then 
w(x) € W(B) = W and B/(B(x)) = BT!) © B forj € {0,1,...,n} shows 
that B(x) € B_,, whence a(W(x)) = w(B(x)) € W_, by induction. Hence 
w(x) € {w € Wia(w) € Wp} = W_a4y. Oo 

We are now ready to calculate the scale and find tidy subgroups for endomor- 
phisms of p-adic Lie groups. It is illuminating to look at this easier case first, before 
we turn to endomorphisms of Lie groups over general local fields. Of course, the 
p-adic case is subsumed by the later discussion, but the latter is more technical 
as techniques from dynamical systems (local invariant manifolds) will be used 
as a replacement for the exponential function, which provides a local conjugacy 
between the linear dynamical system (L(G), L(a)) and (G,qa) in the case of an 
endomorphism @ of a p-adic Lie group G, and thus enables a more elementary 
reasoning. 


Preparations If G is a p-adic Lie group and a@:G — G an endomorphism, then 
there exists an open subgroup V of (L(G),+) which is a BCH-Lie group with 
BCH-multiplication *, and an exponential function expg: V — U which is an 
isomorphism from the Lie group (V, *) onto a compact open subgroup U of G, 
as recalled above. Fix a norm ||.|| on g := L(G) which is adapted to L(a); after 
shrinking V, we may assume that 


V = BR(0) (42) 


for some R > 0. Abbreviate B, := BP? := B#(0) for t > 0. Applying 6.3 
and Lemma 5.2 to @ := (expg)!:U — V, we find r € ]0,R] such that 
B? := og |(B,) = exp,(B;) is a compact open subgroup of G for all t € ]0,7] 
and, moreover, 


L(a)(By) GV and) expg oL(@)|z, = a 0 exDg |z,, (43) 


whence a(B?) C U in particular. Let gay -= @ pelo,1[ Jo be the indicated sum of 
characteristic subspaces with respect to L(a), and g>1 := @ p=1 Jp: Since 


g<1 =con(L(a)) and gs; = par(L(a)) 


are Lie subalgebras of g (see Theorem 3.6 (b) and Lemma 3.8) and * is given by the 
BCH-series, we see that 


BS! := B,O ge; and B82! := B.N g>1 


are Lie subgroups of (B,,*) with Lie algebras g<; and g>1, respectively. After 
shrinking R if necessary, we may assume that 


x BP™' = x + BP*' forall x € BZ" and t € JO, RI, (44) 
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see Remark 5.3 (which applies with gs, in place of g and id: B?=' —> Bf*' in place 
of ¢). Now the mapping 


B=! x Bas! + B,, (x,y) Re x*y 
has the derivative 
G1X9<1 > 9 Gy)rexty (45) 
at (0,0), which is an isometry if we endow g<; and g>; with the norm induced 
by ||.|| and use the maximum norm thereof on the left-hand side of (45). Hence, 
by the Ultrametric Inverse Function Theorem (Lemma 4.8), after shrinking r (if 
necessary) we may assume that 


Bo! «BE! = B, forall r€ J0,7. oe 


With notation as before, we have: 


Theorem 6.10 Jf «a is an endomorphism of a p-adic Lie group G, then 
so(@) = sq (L(@)) 


holds and B? is tidy for a, for all t € }0, r]. 


Proof Let t € ]0,r]. Applying the isomorphism expg:(V,*) — U to both sides 
of (46), we see that 


exp, (BP=') expg(B8*!) = BP. (47) 


In view of (43), we can apply Lemma 6.9 to G, a, H := (g,+), B := L(a), w= 
eXpg, Bi= B®, and W := B®. Hence 


(BP) + := (BP) 40 = expg((B8)+,g) and (B?)_ := (BP)_. = expg((BS)_.g). 
Now 


(BP)4.6 =Br=' and (Bf), = BEN @B gp 2 Bi" 
pE [0,1] 


(cf. (17)), whence 


(BP), = expg(BP=') and (B?)_ > expg(B?*). 
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Combining this with (47), we find that 
BY > (B?)+(Br)— 2 expg(Bi*") expg(Bi') = BY 


and thus B? — (BY), (B°)_, i.e., B? is tidy above for a and thus tidy for a, by 
Corollary 6.6. Note that L(a)| ps: (BP, *) —> (V,*) is a group homomorphism, 
as * is given by the BCH-series. Hence B((B8)+) = L(a)(B?=') is a subgroup 
of the group (VM g>1, *), which contains (B?)+ 5 = BS=' as a subgroup. Since 
expg:(V, *) — U is an isomorphism of groups and cosets of balls coincide in the 
groups (VN g>1, +) and (VM g>1, *) (see (44)), we obtain 


s(L(a)) = [L(a)B?*!: BP") wart. + 
= [L(a) BP": BE="] wart. * 
= [exp,(L(a)(B;=')): expg(B;=')] 
= [a (exp, (B7=')): expg(B?=')] 


= [a((BP) +): (BP) 4] = s(@), 


which completes the proof. iE 


Remark 6.11 For automorphisms of p-adic Lie groups, the calculation of the scale 
was performed in [15]. 


7 Invariant Manifolds Around Fixed Points 


As in the classical real case, (locally) invariant manifolds can be constructed around 
fixed points of time-discrete analytic dynamical systems over a totally disconnected 
local field (see [18] and [19]). We shall use these as a tool in our discussion of 
analytic endomorphisms of Lie groups over such fields. In the current section, we 
compile the required background. 


Definition 7.1 Let E be a finite-dimensional vector space over a totally discon- 
nected local field K, which we endow with its natural absolute value |.|xK. Let 
a: E — E be |k-linear. Given a € ]0, oo], we call 


Ea= De ad B= C— #, 


pE([0,al pé€ ja,co[ 


the a-stable and a-unstable vector subspaces of E with respect to a, using the 
characteristic subspaces E,, with respect to a (as in 3.2). We call Ej (i.e., E, with 
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p = 1) the centre subspace of E with respect to a. A linear endomorphism a of E is 
called a-hyperbolic if a € |A|x for all eigenvalues A of a in an algebraic closure K, 
ie., if E, = {0} and thus 


E= Fea ® Ea. 


Now consider an analytic manifold M over a local field K, an analytic mapping 
f:M — M, a fixed point p € M of f and a submanifold N C M such that p € N. 
Given a > 0, decompose 


T,(M) i T,(M) <a ® T)(M)a ® T,(M) >a 


with respect to the endomorphism T,(f) of T,(M), as in Definition 7.1. For our 
purposes, special cases of concepts in [18] and [19] are sufficient: 


Definition 7.2 


(a) Ifa € JO, 1] and 7,(f) is a-hyperbolic, we say that the submanifold N is a local 
a-stable manifold for f around p if T,(N) = T,(M) <a and f(N) CN. 

(b) We say that N is a centre manifold for f around p if T,(N) = T,(M); and 
SIN) =N. 

(c) Ifb = 1 and T,(f) is b-hyperbolic, we say that N is a local b-unstable manifold 
for f around p if T,(N) = T,(M)s» and there exists an open neighbourhood P 
of p in N such that f(P) C N. 


We need a fact concerning the existence of local invariant manifolds. 


Proposition 7.3 Let M be an analytic manifold over a totally disconnected local 
field K. Let f:M — M be an analytic mapping and p € M be a fixed point of f. 
Moreover, let a € ]0, 1] and b € [1, co[ be such that a # |A|x and b F |A|x for all 
eigenvalues A of Tpf in an algebraic closure K of KK. Finally, let \|.|| be a norm on 
E := T,(M) which is adapted to the endomorphism T,(f). Endow vector subspaces 
F C E with the norm induced by ||.|| and abbreviate BF := B' (0) for t > 0. Then 
the following holds: 


(a) There exists a local a-stable manifold W* for f around p and an analytic 
diffeomorphism 
os: Ws > Be 


for some R > 0 such that $;(p) = 0 holds, W(t) := b| (BE) is a local 
a-stable manifold for f around p for all t € \0, R), and dés|r, (ws) = ide... 

(b) There exists a centre manifold W° for f around p and an analytic diffeomor- 
phism 


E 
oc: WS — B;! 
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for some R > 0 such that $-(p) = 0 holds, W°(t) := 6 | (Br) is a centre 
manifold for f around p for allt € \0, R], and d¢c|r,(we) = idgy. 

(c) There exists a local b-unstable manifold W; for f around p and an analytic 
diffeomorphism 


du: Wi > BR? 
for some R > 0 such that $,(p) = 0, W}(t) := 7! (BP>*) is a local b-unstable 


manifold for f around p for all t € ]0,R], and ddx|7,(w#) = idg.,. 


Proof (a) and (c) are covered by the Local Invariant Manifold Theorem (see [19, 
p. 76]) and its proof. To get (b), let 6: U — V be an analytic diffeomorphism from 
on open neighbourhood U of p in M onto an open 0-neighbourhood V C E such that 
(p) = 0 and dé|z = idg. We can then construct centre manifolds for the analytic 
map 


pofod':d(UNf '(U))>V 


around its fixed point 0 with [18, Proposition 4.2] and apply $7! to create the 
desired centre manifolds for f. We mention that the cited proposition only considers 
mappings whose derivative at the fixed point is an automorphism, but its proof never 
uses this hypothesis, which therefore can be omitted. Oo 


Remark 7.4 Of course, we can use the same R > 0 in parts (a), (b), and (c) of 
Proposition 7.3 (simply take the minimum of the three numbers). 


Remark 7.5 Note that, since f(W;) © W%, we have a descending sequence 


Ws > f(W%) Df? (Ws) D+ 


in Proposition 7.3 (a). 


Lemma 7.6 After shrinking R in Proposition 7.3 (a) if necessary, we can assume 
that 


(\f"(W3) = tp} and Jim f"(x) = p_for all x € Wy. (48) 


né€No 


Proof Abbreviate F := E.,. The map 
h:= $5 of|ws 06, |: Bk > Bk 


is analytic, h(0) = 0, and h’(0) = T,(f)|r has operator norm ||h’(0)|lop < a. Choose 
€ > 0 so small that 


6 := ||A'(0)|lop te < 1. 
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Since h is totally differentiable at 0, we find r € ]0, R] such that 
\|(x) — h'(0)(x)|| < ellxl] for all x € BY. 


Then ||A(x)|| = A'(O)(&) +h) =A (O)@))Il_S (lh O) lop + €) [ll] = 4 la] for all 
x € BY, whence h(B) C Bf, C BY and 


A"(BE) © Bin, for alln € No. 


As a consequence, ()),cx, 4"(B) = {0}. Then Q := W3(r) = ¢,' (BY) is an open 
neighbourhood of p in W; such that (),,cy,f"(Q) = {p}. After replacing R with r, 
we have (48). oO 


Lemma 7.7 After shrinking R in Proposition 7.3 (b), we may assume that the map 
Slwew: W(t) > W°(#) is an analytic diffeomorphism for each t € 0, R]. 


Proof Abbreviate F := T,(M), = E|. The mapping 
h:= ¢¢ of |we o> ': Bh > Bh 


is analytic with h(0) = 0, and A’(0) = T,(f)|r is an isometry. By the Ultrametric 
Inverse Function Theorem, after shrinking R if necessary, we can achieve that h is 
an analytic diffeomorphism from By, onto Bk. Then also f|W° is a diffeomorphism. 
Since W°(f) is a centre manifold for allt € 10. R], we have f(W°(t)) = W°(1), es 
completes the proof. 


Lemma 7.8 We can always choose the open neighbourhood P around p in a local 
b-unstable manifold N © M (as in Definition 7.2 (c)) in such a way that, for each 
x € P\ {p}, there exists n € N such that x,f (x),...,f" (x) € P but f"(x) € N \ P. 


Proof To see this, excluding a trivial case,!* we may assume that the b-unstable 


subspace F := E,, := T,(M) » with respect to T,(f) is non-trivial. Let 6: U > V 
be an analytic diffeomorphism from an open neighbourhood U of p in N onto an 
open 0-neighbourhood V C T,(N) = F, such that @(p) = 0 and d¢|r,y) = idr. 
Then 


h:= bof opt: g(f-\(U) NU) > V 


is an analytic mapping defined on an open 0-neighbourhood, such that h’(0) = 
T,(f)|F is invertible and 


1 
———_ > b 
I[2’(0)~" Jlop 


Otherwise N is discrete and we can choose P = {p}. 
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Since h is totally differentiable at 0, there exists r > 0 with B’(0) in the domain D 
of h such that 


h(By(0)) SD, 
\|n(x) — h’(0)(x)|| < lal (49) 


for all x € BY (0) \ {0}, and f(P) C U with P := 6 !(B*(0)). Using (49) and (11), 
we deduce that 


ACI = [A O)@) + AG) — h'CO)ED)Il = [AO OI > Slr. 


as ||A(0)(x) |] = [A/C [Nop lll > Ble]. So, for all x € BY(0) \ {0}, there isn € N 
such that x, h(x), ...,"(x) are defined and in BY (0), but h"*!(x) € D\B* (0). Now P 
is a neighbourhood of p with the desired property. Oo 


Lemma 7.9 Let U be an open neighbourhood of p in M and ¢:U — V be an 
analytic diffeomorphism onto an open 0-neighbourhood V © T,(M) =: E such that 
o(P) = 0 and dé|g = idg. After decreasing R in Proposition 7.3 (c) if necessary, 
we can always assume that Bi,(0) C V and the following additional property holds 
for allt € ]0,R|: 

Wi (0) is the set of allx € 6~|(BE(0)) =: B® for which there exists anf -regressive 
trajectory (X—n)neNo in Be with x9 = x, such that 


lim b"¢(x_,) = 0. (50) 
noo 
Then lim x_» = p in particular, and x_, € W;(t) for alln € No. 
noo 


Proof As before, abbreviate B? := B? (0) and BP = BE (0) for t > 0. There is 
r > 0 such that B? C V and f(@7!(B£)) C U, whence an analytic map 


h:= of og '|pge:By > E 
can be defined with h(0) = 0 and h'(0) = T,(f). Fort € JO, 7], let I) be the set 
of all ze BE for which there exists an h-regressive trajectory (Z~n)neN, in BE with 
Zo = z such that 


lim_b"||z~n|| = 0. (51) 
noo 


By [18, Theorem B.2] and the proof of Theorem 8.3 in [18], after shrinking r we 
may assume that I) is a submanifold of B? and 


¢ (1) 
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a local b-unstable submanifold of M for each t € ]0,r]; and, moreover, there is an 
analytic map 


pi: BE>’ > Bex 
(called ¢ there) with j4(0) = 0 and 
w'(0) =0 (52) 
such that 
T, = {(u(y), y):y € B&*} for all t € ]0, 7], 
identifying E = Ezy ® Esy with Ee, x Ex». Hence 


vB’ > 61h), yr '(uy),y) 


is an analytic diffeomorphism, and thus also v~!: v(BE>’) — B®>» is an analytic 
diffeomorphism. As a consequence of (52), we have 


d(v')le., = idz., . 


Since, like W} = $7! ar”), also #!(I.) = v(B®>*) is a local b-unstable manifold 
for f, [18, Theorem 8.3] shows that there exists a subset Q C Wj v(BE>*) which is 
an open neighbourhood of p in both W;‘ and v(BF>»). Hence, there exists t > 0 with 
tT < min{R,r} such that Wi(r) C Q and v(B%>*) C Q. Since Q is a submanifold 
of M, the manifold structures induced on Q as an open subset of W;/ and v(B2>*) 
coincide. By Lemma 5.6, after shrinking t if necessary we may assume that 


Wr) = 6, (Br) = VY BP) = oT) 


for all t € ]0, t]. Let t € ]0, 7] andx € BY. 

If x ¢ p '(J}), then there exists an h-regressive trajectory (Z-n)neNy in BY with 
Zo = (x) and b"||z_,,|| > 0. Now, for m € No, the sequence (z—n—m)neNy iS an 
h-regressive trajectory for z_, in B¥ such that 


b"\|z-n—m || = ae ea ee || >0 


as n — oo and thus z_,, € I. As a consequence, ($7! (zn) neNo is an f-regressive 
trajectory in Wi(f) = $'(1}) such that d—!(zo) = x and b"||@(¢~'(z_n))|| = 
b"||z~n|| > 0asn > oo. 

Conversely, assume there exists an f-regressive trajectory (x—n)neNy 1n a with 
Xo = x and (50). Then (¢(x_n))nen, is an h-regressive trajectory in BE such that (51) 
holds, whence $(x) = $(xo) € I, and thus x € @! (I). 
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Summing up, the conclusion of the lemma holds if we replace R with t. Oo 
Let us consider a first application of invariant manifolds. 


Proposition 7.10 Let a be an analytic automorphism ofa Lie group G over a totally 
disconnected local field IK. Let IK be an algebraic closure of IK. Then we have: 


(a) con (w) is open in G if and only if |A|\K < 1 for each eigenvalue 4 of L(a) in K. 

(b) @ is expansive if and only if |A|x 4 1 for each eigenvalue X of L(c) in K. 

(c) a is a distal automorphism if and only if |A|K = | for each eigenvalue d of L(a) 
in K. 


Proof (c) If |A|x < 1 for some A, choose a € ]0, 1] such that a > |A|x and L(q) is 
a-hyperbolic. Then G has a local a-stable manifold W # {e} for w around e, which 


can be chosen such that W C con (a) (see Lemma 7.6). Since w”(x) — e for all 
x € W \ {e}, we see that a is not distal. 

If |Alx > 1 for some A, then again we see that a is not distal, replacing a with 
a! and its iterates in the preceding argument. 

If |Alk = 1 for each 4, then g := L(G) coincides with its centre subspace 
with respect to L(@), whence every centre manifold for @ around e is open in G. If 
x € G \ {e}, then Proposition 7.3 (b) provides a centre manifold W for a around e 
such that x ¢ W. Since a”"(W) = W for all n € Z and a” is a bijection, we must 
have a” (x) ¢ W for alln € Z. As a consequence, the set {@”(x):n € Z} (and hence 
also its closure) is contained in the closed set G \ W. Thus e ¢ {a@"(x):n € Z} and 
thus a is distal. 

The proofs for (b) and the implication “=” in (a) are similar and again involve 
local invariant manifolds, see [23, Proposition 7.1] and [19, Corollary 6.1 and 
Proposition 3.5], respectively. 

(a) To complete the proof of (a), assume that |A|k < 1 forall A. Choose a € 0, 1[ 
such that a > |A|x for all A. Then g = g<, with respect to L(a). Let W* and the 
analytic diffeomorphism ¢,:Ws —> BR(0) be as in Proposition 7.3 (a). Then W% 
is open in G. By Lemma 7.6, after shrinking R (if necessary) we can achieve that 
wee con (a). Thus con (a) is an open identity neighbourhood in G and hence 


con (w) is open, being a subgroup. Oo 


8 Endomorphisms of Lie Groups over K 


In this section, we formulate and prove our main results concerning analytic 
endomorphisms of Lie groups over totally disconnected local fields. 


Some Preparations 


Definition 8.1 Let a@ be an endomorphism of a totally disconnected, locally 
compact group G. We say that G has small tidy subgroups for a if each identity 
neighbourhood of G contains a compact open subgroup of G which is tidy for a. 


Endomorphisms of Lie Groups over Local Fields 139 


For a an automorphism, the existence of small tidy subgroups is equivalent to 


closedness of con (a) (see [1, Theorem 3.32] for the case of metrizable groups; 
the general case can be deduced with arguments from [36]). The following result 
concerning endomorphisms is sufficient for our Lie theoretic applications. 


Lemma 8.2. Let a be an endomorphism of a totally disconnected, locally compact 
group G. 


(a) If G has small subgroups tidy for a, then con (a) is closed. 
(b) If con(a) is closed and a compact open subgroup U of G satisfies 


U_ = (con(a) N U_)(Uz NU_) (53) 


and is tidy above, then U is tidy for a. Hence, if con (a) is closed and each 
identity neighbourhood of G contains a compact open subgroup U which 
satisfies (53) and is tidy above for a, then G has small tidy subgroups. 


Proof 
(a) Let Aa) be the set of all tidy subgroups for a. If Aa) is a basis of identity 


neighbourhoods, then 


con(a) = {x € G: lim a(x) = e} 
noo 


II 


{xe G: (WU € Ha)) (Am)(Wn => m) a" (x) € U} 
| 


?xEU—— 


= fi) Ces 


UE Fa) 


which is closed. = 
(b) Assuming that U_ = (con(a) N U_)(Uz M U_), let us show that 


U__ = con(a)(Uy. NU_). (54) 


If (54) holds, then U__ is closed (as con (aw) is assumed closed and U+ M UL_ is 
compact). Hence U will be tidy for a (by 2.4), and also the final assertion is then 
immediate. 

The inclusion “D” in (54) is clear. To see that the converse inclusion holds, let 
x € U__. Then w(x) € U_ for some n. As UL = (con (a) N U_)(U4 N U_) by 
hypothesis, we have 


a"(x) = yz forsome y€ con (a) and some z € U4 M UL. 
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Since a(U4 NM U_) = U4 U_, find w € U4 NM U_ such that z = a" (w). Then 
w(xw7!) = y €con(q), entailing that xw~! € con (a) and thus x = (xw7!)w € con 
(a)(Us M U_). Thus U__ ¢ con (a) (U4. MN U_); the proof is complete. oO 


Remark 8.3 With much more effort, it can be shown that closedness of con (a) 
is always equivalent to the existence of small tidy subgroups, for every endomor- 
phism @ of a totally disconnected, locally compact group G (see [9, Theorem D]). 
Lemma 8.2, which is sufficient for our ends, was presented at the AMSI workshop 
July 25, 2016 (before the cited theorem was known). 

We need a result from the structure theory of totally disconnected groups. 


Lemma 8.4 Let a be an endomorphism of a totally disconnected, locally compact 
group Gand V © G be a compact open subgroup which is tidy above for a. Then 
s(a) divides [a(V) : a(V) M Vj. Oo 
Proof As in [60, Definition 5], let “7 be the subgroup of all x € G for which there 
exist y € V4 andn,m € No such that a’”(y) = x anda”(y) € V_. Let Ly be the 
closure of Yy in G, 


V := {x € VixLy C LyV} 


(as in [60, (7)]) and W := Vig: Then V isa compact open subgroup of G which is 
tidy above for a and 


[a(V) : a(V) NV] = [a(V) :a(V) NV] (55) 


(see [60, Lemma 16]). Moreover, W is a compact open subgroup of G which is 
tidy for a, by the third step of the ‘tidying procedure’ (see [60, Step 3 following 
Definition 10]). Let W_; := WMa!(W) and V_; := VM a7!(V). Then the left 
action 


VaxY¥— ¥, (v, w(W 9 W_1))  vw(Wy N W_1) 


of V4 on Y := W,/(W+ M W_.1) is transitive (as the map ¢ defined in the proof 
of [60, Proposition 6 (4)] is surjective). The point W_ M W_; € Y has stabilizer 
ViN We W_ = Vi OM W_1. Hence 


s(@) = [a(W) : a(W) AW) = [We 2 We We] = |Y| = [Vn 2 VR Wed], 
(56) 


using tidiness of W for the first equality, [60, Lemma 3 (1) and (4)] for the second 
and the orbit formula for the V+-action for the last. Since V+ M W_ contains V+ 
V_, as a subgroup, using [60, Lemma 3] again we deduce that 


[o(V) :a(V) OV] = [V4 2 VE NV_1] 


= (V4. ian al Ww_i][V+ al W_\ Ve AV_y]. (57) 
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Substituting (55) and (56) into (57), we obtain 


[a(V) : a(V) AV] = s(@) [V4 We 2 V4 NVA], (58) 


which completes the proof. oO 


Scale and Tidy Subgroups If a@:G — G is an analytic endomorphism of a Lie 
group G over a local field K, we fix a norm ||.|| on its Lie algebra g := L(G) := 
T.(G) which is adapted to the associated linear endomorphism L(a) := T,(a) of g. 
Let K be an algebraic closure of K. In the proof of our main result, Theorem 8.13, 
we want to use Lemma 5.5 to create compact open subgroups B® of G. To get more 
control over these subgroups, we now make a particular choice of @. 


8.5 Pick a € ]0, 1] such that L(@) is a-hyperbolic and a > |A|x for each eigenvalue 
A of L(a) in K such that |A|x < 1. Pick b € [1, co[ such that L(@) is b-hyperbolic 
and b < |A|x for each eigenvalue A of L(a) in K such that |A|x > 1. With respect 
to the endomorphism L(a), we then have 


G<1 =Gea and gs; = gs», 


entailing that 


9 = 9<a ® 91 @ G>b- (59) 


We find it useful to identify g with the direct product geq X gi X gs»; an element 
(x, y, z) of the latter is identified with x + y+z€g. 

Let W*, W°, and W; be a local a-stable manifold, centre-manifold, and local 
b-unstable manifold for a around p := e in M := G, respectively, R > 0 and 


ds: Wi > BR“(0), bc: WS > BR‘ (0), 
as well as ¢$,:W —> Bz(0) be analytic diffeomorphisms as described in 


Proposition 7.3. We abbreviate BY := B/(0) whenever F is a vector subspace of g. 
Using the inverse maps 


Vat, ; w2=o, y ad So); 
we define the analytic map 
by: BS = BS x BY x BE’ > G, (wy, 2) Wy Ve( Wal. 
Then Tow = idg by (27) and the properties of dé;, dé, and dd, described in 


Proposition 7.3 (a), (b), and (c), respectively, if we identify To(g) = {0} x g with 
g as usual, forgetting the first component. By the Inverse Function Theorem, after 
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shrinking R if necessary, we may assume that the image WS W°W; of y is an open 
identity neighbourhood in G, and that 


yw: BR > WiW°w; (60) 
is an analytic diffeomorphism. We define 
gi=w (61) 


with domain U := WSW°W% and image V := Bj. After shrinking R further if 
necessary, We may assume that ¢ and R have all the properties described in 5.1 and 
Lemma 5.2. 


8.6 In the following result and its proof, ¢ and R are as in 8.5. We let B; := BP C g 
and the compact open subgroups 


BP =o! (BP) = (BP) = Ws(B8)We(BP )Yu(BPr?) = Wa W"()W5 (0) 


of G for t € ]0, R] be as in Lemma 5.2 (using notation as in Proposition 7.3). The 
multiplication *: Br x Br > Bris asin 5.1. 
We shrink R further (if necessary) to achieve the following: 


Lemma 8.7 After shrinking R, we can achieve that Wi(t) = $7'(B?°’) is a 
subgroup of G for all t € \0, R| and W°(t) = ¢-'(Bf') normalizes W;(t). 


Proof Let ¢, R and further notation be as in 8.5 and 8.6; notably, V = BR. Using 
Lemma 7.9 with M := G,f := a@ and p := e, we see that, after shrinking R if 
necessary, we may assume the following condition (*) for all t € ]0, R]: 

W(t) is the set of all x € B® = Wi()W°(t)W5(t) for which there exists an 
a-regressive trajectory (X—n)neN, in B? with x9 = x such that 


lim b"||¢(x-n)|| = 0 
noo 


(and then x_, € W;(t) for all n € No). As the analytic map 


eVxVoOVGCg, GyPxty! 


is totally differentiable at (0,0) with g(0,0) = 0 and g’(0,0)(x,y) = x—y, after 
shrinking R if necessary we may assume that 


lx ey! — ax + yl] S max{|la], [lyll} 


for all x, y € Br = V and thus 
lx *y || = |x-y + @e yt -x+4+y)ll 


< max{|x— yl], [lx 7! — «+ yl]} < maxt lal], [lyll}, (62) 
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using the ultrametric inequality. By definition, e € W(t). Hence Wi (t) will be a 
subgroup of G for all t € ]0, R] if we can show that xy~! € Wi(#) for all x, y € Wi(2). 
Let (X—n)neNy and (y—n)neN, be @-regressive trajectories in B? such that x9 = x, 
yo = y and 


B" |b On) ||." O-n)|| > 0 asin oo. 
Then (x—,y~!)neNy is an a-regressive trajectory in the group B? with xoVvo a 
and 


b'lb@nyy II = b" (Qn) * b(n)! I| < max{b"||@(n)||, b"]o On) ||} > 0, 


using that ¢: U — (Br, *) is a homomorphism of groups, and using the esti- 
mate (62). Thus xy"! € W;(0), by (*). 

We now show that, after shrinking R if necessary, W;/(t) is normalized by W°(R) 
for all t € ]0, R]. To this end, consider the analytic map 


hivxVoVv, (xy)Rexxyexl, 


For x € V, abbreviate h, := h(x, .). Since ho = idy, we see that h,(0) = id, which 
is an isometry. By the Ultrametric Inverse Function Theorem with Parameters, after 


shrinking R we can achieve that h,: Bk > B is an isometry for all x € B?. Hence, 
using that h,(0) = 0, 


IIx *y * x7" || = ||Ar(y)|| = lll] for all x,y € BR. (63) 


If x € W°(R), t € J0,R] andy € W(t), let (—n)neny) be an a@-regressive trajectory 
in B® such that yo = yand b"||h(y_n)|| > 0 asin > oo. Since a(W°(R)) = W°(R), 
we can find an a-regressive trajectory (x—»)neNn, in W°(R) such that x9 = x. Recall 
from Lemma 5.2 that B? is a normal subgroup of Bi. Hence Gap nen, is an 


—1 


a-regressive trajectory in BE such that xoyoxp! = xyx7! and 


b" || (X—ny—nX =p) || = BIG @—n) * 6O—n) * $n)" || = b"]GO-n)|| > 0 


as n — oo, using that ¢ is a homomorphism of groups and (63). Thus xyx7! € 
W,, (0), by (*). Oo 


8.8 By Lemma 7.6, after shrinking R if necessary, we may assume that 


(\ o"(Ws) = {e} and lim @"(x) =e forall x € W). (64) 
noo 


né€No 


8.9 By Lemma 7.7, after shrinking R if necessary, we may assume that the map 
a| wey: W°(t) > W(t) is an analytic diffeomorphism for each t € ]0, R]. 
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8.10 By Lemma 7.9, after shrinking R if necessary, we may assume that, for each 
t € ]0,R], for each x € W;(t) there exists an a-regressive trajectory (X—n)neNo 
in W;(¢) such that x9 = x and 


lim x_, = é. 
noo 


In particular, W;'(t) C a(W; (2) for all t € ]0, R]. 


8.11 By Lemma 7.8, there exists an open neighbourhood P of e in Wy’ with a(P) C 
W; such that, for each P \ {e}, there exists n € No such that w"(x) ¢ P. After 
shrinking P, we may assume that P = W/(r) for some r € ]0, R]. 

The next lemma will be applied later to A := W°(t), B := W;{(t) and C := a@(B). 


Lemma 8.12 Let G be a group, B C C © G be subgroups and A © G be a subset 
such that AB and AC are subgroups of G and CM AB = B. Then 


[AC : AB] = [C: B]. 


Proof The group C acts on X := AC/AB on the left via c’.acAB := c'acAB for 
c,c’ € C,a € A. To see that the action is transitive, let a € A andc € C. Since 
AC is a group, we have (ac)~! = a’c’ for certain a’ € A and c’ € C, entailing that 
ac = (c’)~!(a’)~! and thus acAB = (c')~'AB = (c’)~!.AB. The stabilizer of the 
point AB € X is CM AB = B. Now the Orbit Formula shows that the map 


C/B > X =AC/AB, cBt>cAB 


is a well-defined bijection. The assertion follows. Oo 
Using notation as before (notably ¢ as in (61) and as in 8.11), we have: 


Theorem 8.13 Let a be an analytic endomorphism of a Lie group G over a 
totally disconnected local field K. Then the scale s(a) divides the scale s(L(a)) 
of the associated Lie algebra endomorphism L(a). The following conditions are 
equivalent: 


(a) sc(a) = syq)(L(@)); 

(b) There is to € |0, r] such that the compact open subgroups B° = (B,, *) of G are 
tidy for a, for all t € ]0, to]; 

(c) Ghas small tidy subgroups for a; 


(d) The contraction group con (a) is closed. 


Proof The implication (b)=(c) holds as the compact open subgroups B® for t € 
]0, to] form a basis of identity neighbourhoods in G. The implication (c)=(d) is a 
general fact, see Lemma 8.2(a). 

(a)<>(b): We claim that there exists % € ]0,r] such that the compact open 
subgroups a have displacement index 


[a (B®): a(B?) N BY] = s(L(a)) for all t € JO, to]. (65) 
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If this is true, then the equivalence of (a) and (b) is clear. If w is an automorphism, 
then the claim holds by Lemma 5.5. For a an endomorphism, the argument is more 
involved. We first note that the product map 
m:Wi x Wx W, > Www, = BY 
is an analytic diffeomorphism as so is y (from (60)). Let ¢ € ]0, r]. Since 
a(W3 (1) W°(1)) S W3()W°(1), 

we have a” (W5(t)W°(t)) C WS(Q)W(t) C B° for all n € No and thus 

WiQW°(t) S (BP). (66) 


Since a(W°(t)) = W°(#) and each x € W;(t) has an a-regressive trajectory within 
W; (t) (see 8.10), we have 


W°(t)W3 (0) S (BP) +. (67) 

Thus Bf = W3(1)W°(t)Wi(t) © (BP)-(Bh)4 © BP, whence BP = (BP)_(Bf)+ 
and so B? = (BY)! = (BY) 4. (BY) is tidy above for a. 

Since B? = W*(t)W°(t)W; (t) is a group and (BY) 4. a subgroup, (67) implies that 


(BP) 4. = J,W°(t)Wi(1) 


with J, := (BP) 4. MN W5(t). Since mr is a bijection, a(VJ;) C a(W5(t)) C W(t) and 
a(W;(t)) © Wi (see 8.11)), the inclusion 


J,W° (t)Wi(t) = (BP) © a((BP) 4) = a) Wo (Na(Wi (0) 


entails that J, C a(J;), whence 


IS () at" (Sp) S () ae” (W2) = {e}, 


n€No n€No 


using (64). Thus J; = {e} and hence 
W°()W5() = (BP)+. (68) 
which is a subgroup. Also 


o((BP) +.) = W°(tho(Wi(1)) 
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is a subgroup, and 
a(W,(t) WOW, (OD) = W(t) 


since z is a bijection and a(W;(t)) © W; by 8.11. Hence, by [60, Lemma 5] and 
Lemma 8.12, 


[o((BP)4) : (BP) 4] 
= [W*(ha(Wi (1) : W°() Wi ()] 
= [a (W(t) : Wi). (69) 


[«(B?) : a(BP) 9 BP 


Applying now Lemma 5.5 to a@|wr): Wi (r) > Wy instead of a:Go — G and 
ul wir) instead of ¢, we see that there is f € ]0, r] such that 


[a(W() WO] = sL@lg.,) = sLO)|q-1) = s(L(@)) (70) 


for all t € ]O, fo], using Theorem 3.6 (d) for the penultimate equality. Combining (69) 
and (70), we get (65). 

(d) > (b): Recall that Bf is tidy above for all t € ]0, r]; from (66) and (67), we 
deduce that 


(BP), 9 (BP)_ > WC). (71) 
By (64) and (66), we have 
W3(1) © con(w) A (BP)_. (72) 


Since B° = WOW (Owe) and (B)_ is a subgroup of B® which contains 
W5(t)W°(t), we have 


(BP)_ = WS(t)W° (HL, 


with J, := (B?)_ M W; (2). Then I, = {e} as the existence of an element x € J, \ {e} 
gives rise to a contradiction as follows: Since I; C (BY)_, we must have a” (x) € B? 
for all n € No. However, by 8.11, there exists n € N such that a” (x) € W;} \ Wi(r) 


and thus a” (x) ¢ BY, which is absurd. Hence 
(B?)— = WNW"), (73) 


and thus (BY)_ = (con (a) N (B?) )((B?) ma) (B?) ). If con(«) is closed, we can 
now use Lemma 8.2, to see that B; is tidy for a, for all t € ]0, r]. 

Finally, as Be is tidy above for a, we deduce from Lemma 8.4 and (65) that s(@) 
divides [w(B®) : a(B?) M BY] = s(L(a)). o 
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Remark 8.14 Let us collect further information on the subsets W: 


“(t) and W“(t), for 
t €]0, r]. By (68) and (73), 


W°(t) = W(t) W°(t) A W(t) W(t) = (BP)_ 7 (BP) + 


is a compact subgroup of B®, for each t € ]0, r]. Now assume that Be is tidy for a. 
If we can show that 


con (a) M BP = con(w) N (BP)- = Wi(0), (74) 


then W3(t) is a compact subgroup of G, for all t € ]0,r]. Now, the first equality 
in (74) holds by [60, Proposition 11 (b)]. As for the second equality, the inclusion 


“D” holds by (72). Since con(@) ial (BP)_ is a subgroup of (BY) _ = Wi(t)W°(t) 
which contains W*(?), it is of the form 


con (a) A (BP) = W3(A)K; 


with K, := con (a) N (BY)_ N W(t). But K, = {e} since con (a) N W°(t) = fe}; 
to see the latter, let e A x € W(t). There is t € JO, ¢] such that x ¢ W(t). Since 
alweay: W(t) > W(t) is a bijection and a(W°(t)) = W*(rt) (see 8.9), we have 
a"(x) € W°(t) \ W°(r) for all n € No and thus a" (x) ¢ W°(r), showing that a” (x) 
does not converge to e in W“(f) as n — oo (and hence neither in G). 

Foliations of the ‘Big Cell’ 


Theorem 8.15 Let a be an analytic endomorphism of a Lie group G over a totally 


disconnected local field K. Ifcon (a) is closed in G, then also con (a) is closed and 
the following holds: 


(a) con (a), lev(a), and con (a) are Lie subgroups of G whose Lie algebras are 
con(L(@)), lev(L(@)), and con(L(a)), respectively; 


(b) 2 := con (a) lev(a) con (a) is an a-invariant open identity neighbourhood 
in G. The product map 


m:con(@) x lev(a) x con(a) + con(a) lev(a) con(a), (x,y,z) xyz 


is an analytic diffeomorphism. 
(C) lleva) and a|—_. are analytic automorphisms. 
con(a) 


Proof Openness of 82: Note first that 2. := con (a) lev(@) con (a) contains the 
open identity neighbourhood Be = Ws (r)W°(r)W; (r) encountered in the proof of 


Theorem 8.13, since W%(r) © con (a) by (64), Wi(r) © con (a) by 8.10 and 


W°(r) © lev(q) since W°(r) is compact and a-stable. As lev(@) normalizes con (a) 
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and con (a), both Py :=con (a) lev(a) and Py := lev(a) con (a) are subgroups 
of G. For each g € Py, the left translation Ag: G — G, x ++ gx is a homeomorphism 
which takes the identity neighbourhood S2 onto the g-neighbourhood 


gQ = gPy con(#) = Py con(a) = 2. 


Ifh € 2, then h = gk with g € Py andk € con (a). Now the right translation 
Px: G > G, x + xk is a homeomorphism which takes the g-neighbourhood 2 onto 
the neighbourhood 


Qk = Py con(a)k = Py Con(a) = 2 
of h = gk. Hence 2 is a neighbourhood of each h € §2 and thus (2 is open. 
Lie Subgroups The open subset Be = Wi(r) x W°(r) x Wi (7) of G has W3(r) as a 


submanifold. Since con (a) N B° = W%(r) (see (74)) is a submanifold, we deduce 


that con (a) is a Lie subgroup of G (cf. Lemma 4.6) which has W3(r) as an open 
submanifold; thus 


L(con(a@)) = Te(W3(r)) = g<a = con(L(q)). 


Recall from the proof of Theorem 8.13 that Be is tidy for a. Using the proof of [60, 
Proposition 19] for the first equality, we have 


lev(a) N B? = (BY), 9 (BY)_ = W(r), 


which is a submanifold of B?. Hence lev(a) is a Lie subgroup of G which has W“(r) 
as an open submanifold, and thus 


Lilev(@)) = gi = lev(L(@)). (75) 
Next, recall from [60, Proposition 11 (a)] that 
con (a) 1 BP < (BP). = W°(r)W5 (0). 
Since W;(r) © con (a), this entails that 


con (a) N BY = N,Wi(r) 


with N, := con (a) N W°(r). Let bik(a@) be the bounded iterated kernel of a and 
nub(a) be the nub subgroup (see [60] and [9]). Then bik(@) C nub(q@) and since 
a has small tidy subgroups by Theorem 8.13, we have nub(a@) = {e} (see [60]). If 
x € N,, then there exists an a-regressive trajectory (x¥—n)neN, Such that x9 = x and 


lim x_, = e. 
noo 
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On the other hand, since x € W°(r) which is a-stable, there exists an w-regressive 
trajectory (Y—n)neNo in W°(r) with yo = x. Then (x_ny_,)neNo iS an a-regressive 
trajectory such that {x_,y_}:n € No} is relatively compact. Thus x_,y—} € par (a) 
for each n € No and a"(x_ny_}) = e, whence x_,y_} € bik(w) C nub(a) = {e}. 


—n 


Hence (X—n)neny = (—n)neNo iS an &|we(y-regressive trajectory which tends to e as 
n — oo. As awe, is a distal automorphism of W°(r) (cf. Proposition 7.10), the 
latter is only possible if x = e. Thus N, = {e} and hence 


con(a) 9 BY = Wi(r), 


which is a submanifold of 2. Hence con (a) is a Lie subgroup of G with Lie algebra 
g>» = con(L(a)). 

is injective. Let a,a’ € con(a), b,b’ € lev(a), and c,c’ € con (q@) such that 
abc = a'b'c’. Then 


x:=(d)a = b'c'b"! € con(a)N par(a) € lev(a). 


There exists n € No such that a(x) € B®. Since x € lev(a), also a” (x) € lev(a) 
and thus 


a"(x) € (BY) 4 9 (BY) = WC"). 
Let y € W(r) such that a"(y) = a(x). Since W°(r) C lev(a), we then have 
(a’)~!ay~! € bik(w) © nub(a) = {e}, whence (a’)“!a = y € W°(r)N con (a) = 


{e}, using that @| we, is distal. 
Thus x = y = e and thus be = b'c’, whence 


(b')"'b = cc! € lev(a)N con(a). 


Let (z-n)neNo be an a-regressive trajectory with z = c’ c_!, such that z_, > eas 
n — oo. For each t € ]0,r], we have z_, € B® for some n € No, entailing that 


zn € BY M lev(w) = (BP)4 9 (BP)_ = W°(0) 


and thus c’c7! = a" (z_») € W°(t). Therefore 
dcle () B? = {e}, 
t€]0,r] 


whence c’ = c and hence also b’ = b. 
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x is a diffeomorphism. Since w is an analytic diffeomorphism, also 
[= Tl wsxwexwe: Wa x WS x Wy > Be 


is an analytic diffeomorphism. For (a, b,c) € con (a) x lev(a@)x con (a) =: Y, let us 
show that z is a local diffeomorphism at (a, b, c). It suffices to prove that the map 


hY¥>Q, (d’,b',c) n(aa', bb’, c’c) 


is a local diffeomorphism at (e, e, e). Since lev(~) normalizes con (a) and con (a) is 
a submanifold of G, the map 


B:con(a) > con(a), a’ + bo!a'b 


is an analytic diffeomorphism. Let Q C con (a) be an open identity neighbourhood 
such that 6(Q) C WS. Then the formula 


h(a',b’,c’) = ab u(B(a),b’,c)e_ for (a’, b’,c!) € @x WS x Wi 


shows that h is a local diffeomorphism at (e, e, e). 
To prove (c), note that y := @|lev(q) and 6 := a|— are local diffeomorphisms 


at e (by the Inverse Function Theorem), since L(y) = L(@)|,, and L(5) = L(@)|,., 
are automorphisms of the tangent spaces L(lev(a)) = g; and L(Con (a)) = gsi, 


respectively, at e. Since y and 6 are, moreover, bijective analytic endomorphisms, 
they are analytic automorphisms. Oo 


Remark 8.16 

(a) Note that also the groups P, and P, encountered in the preceding proof are Lie 
subgroups since z is an analytic diffeomorphism. 

(b) We mention that P, = par (a) and PY = par (a) (see [9, Lemma 13.1 (d) and 
(e)]). 


(c) Since z is an analytic diffeomorphism, we see that the “big cell” {2 can be 
foliated into right translates of con (a) parametrized by par (a), or alternatively 
into right translates of par (a), parametrized by con (a). Likewise, we can 
foliate @ into left translates of con (@) parametrized by par (a), or into left 
translates of par (@) parametrized by con (a). 

8.17 Consider an analytic map f: M — N between analytic manifolds over a totally 

disconnected local field IK. Recall from [49, Part I, Chapter IIT] that f is called an 

immersion if f locally looks like a linear injection around each point, in suitable 


charts (or equivalently, if T,,(f) is injective for all p € M). If G is a Lie group over 
a totally disconnected local field and H a subgroup of G, endowed with an analytic 
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manifold structure turning it into a Lie group and making the inclusion map H > G 
an immersion, then H is called an immersed Lie subgroup of G. 


Remark 8.18 


(a) If @ is an analytic automorphism of a Lie group G over a totally disconnected 
local field K and con (a) is not closed, then it is still possible to turn con (a) 
and con (a) into immersed Lie subgroups of G modelled on con (L(a)) and 
con (L(a)), respectively, such that | a) and a! =e are contractive 
analytic automorphisms of these Lie groups (see [19, Proposition 6.3 (b)]). 


(b) After this research was completed, it was shown in [22] that the ‘big cell’ 


wm 


@ :=con(q) lev(a) con(@) 


is open in G for each endomorphism @ of a totally disconnected locally compact 
group G. If Gis a Lie group over a totally disconnected local field and a: G > G 


an analytic endomorphism, then con (a), lev(~) and con (a) can be turned 
into immersed Lie subgroups con* (a), lev* (qa) and con* (a) of G modelled on 


con(L(a)), lev(L(a)) and con(L(a)), respectively, such that a induces analytic 
endomorphisms of the immersed Lie subgroups and the product map 


con* (a) x lev* (a) x con*(a) > 2, (a,b,c) abe 


is surjective and étale (i.e., a local diffeomorphism at each point), see [22]. 


Closedness of Contraction Groups We now mention a characterization and 
describe a criterion for closedness of contraction groups of endomorphisms. The 
next lemma is covered by [9, Theorem D and F]; for the case of automorphisms, see 
already [1, Theorem 3.32] (if G is metrizable). 

Lemma 8.19 Let a be an endomorphism of a totally disconnected locally compact 
group G. Then the contraction group con (a) is closed in G if and only if con (a) A 
lev(a) = {e}. Oo 
Lemma 8.20 Let ¢:G — H be an injective, continuous homomorphism between 
totally disconnected, locally compact groups and a:G — Gas well as B:H > H 
be endomorphisms such that Bo ¢ = goa. If con (B) is closed, then also con (a) 
is closed. 


Proof Using Lemma 8.19, we get 
$(con(a) M lev(a)) € con(B) M lev(B) = {e}. 


Thus con (a) M lev(a) = {e}, whence con (a) is closed (by Lemma 8.19). Oo 
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Proposition 8.21 For every totally disconnected local field IK, every inner auto- 
morphism of a closed subgroup G © GL, (KK) has a closed contraction group. 


Proof It suffices to show that each inner automorphism of GL, (IK) has a closed 
contraction group. Let e € GL,(K) be the identity matrix. Given g € GL,(K), 
consider the inner automorphism 


I,:GL,(K) > GL,(K), ht ghg™! 
and the vector space automorphism 
a:M,(K) > M,(K), At gAg™!. 


We know from Sect. 3 that con (a) is closed. Then V := GL, (K) — e is an a-stable 
0-neighbourhood in M,,(IK) and 


¢:V > GL,(K), ArA+e 
is a homeomorphism. Now J, o ¢ = ¢0 aly as 


1,($(A)) = g(A+ eg! = gAg'! +e = $(a(A)), 


i.e., @ is a topological conjugacy between the dynamical systems (V,a@|y) and 
(GL, (IK), Jz). Hence 


con(J,) = $(con(a) NV), 


which is closed in GL, (KK). oO 
Combining Lemma 8.20 and Proposition 8.21, we get: 


Corollary 8.22 [fa totally disconnected, locally compact group G admits a faithful 
continuous representation m:G — GL, (KK) over some totally disconnected local 
field IK, then every inner automorphism of G has a closed contraction group. oO 


Remark 8.23 In particular, every group G of K-rational points of a linear algebraic 
group over a totally disconnected local field K is a closed subgroup of some 


GL, (IK), whence con(q@) is closed in G by Proposition 8.21 and so, for g € G 


s(g) = syq(Adg) = [] lAjlx (76) 
lAjlk=1 
in terms of the eigenvalues Aj,...,Am of Ad, in an algebraic closure K, repeated 


according to their algebraic multiplicities (by Theorems 8.13 and 3.6). For Zariski- 
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connected reductive K-groups, this was already shown in [1, Proposition 3.23]. See 
also [21, Proposition 4.48 and Remark 4.49]. 
The following result was announced in [25] (for automorphisms). 


Proposition 8.24 Let a be an analytic endomorphism of a \-dimensional Lie 
group G over a local field K, with Lie algebra g := L(G). If 


con(L(w)) = g, 


assume that \_) ker(a”) is discrete; ifcon (L(a)) 4 g, we do not impose further 


n€No 
hypotheses. Then con (a) is closed in G and thus s(a) = s(L(q@)). 


Proof Since g is a 1-dimensional K-vector space and 
g = con(L(a)) @ lev(L(a))® con(L(a)), 


we see that g coincides with one of the three summands. Let a, b, R, WS, W°, and 
W; be as in 8.5. 


If con (L(a@)) = g, then W% is a submanifold of G of full dimension 1 and hence 


open in G. By 8.8, we may assume that WS C con (a), after shrinking R if necessary, 


whence the subgroup con(@) is open and hence closed in G. 

If lev(L(@)) = g, then W° is open in G and we may assume that W°(ft) is a 
compact open subgroup of G for all t € ]0, RJ, after shrinking R if necessary. The 
bijective analytic endomorphism @| we: WS — W° is a local analytic diffeomorphism 
at e (by the Inverse Function Theorem) and hence an analytic automorphism of 
the Lie group W°. By Proposition 7.10(c), the automorphism awe is distal and 
hence 


con(w) N WS = con(alwe) = {e}. 


Thus con (a) is discrete, and hence closed in G. 

If con (L(a@)) = g, then W; is open and we choose an open neighbourhood P 
of e in W, as in Lemma 7.8 (with M := G, f := a, and p := e). Then 
con (a) = U 
fact, if x € con (a), then there exists mo € No such that w"(x) € P for all n > no. 
Then aw”? (x) = e, as we chose P in such a way that the a-orbit of each y € P \ {e} 
leaves P. 

In each case, the final assertion follows from Theorem 8.13. oO 


ker(a@”), which is discrete (and thus closed) by hypothesis. In 


nENo 


13Which is, of course, automatic if a is an automorphism. 
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Remark 8.25 If F is a field of prime order p, then G := (F[[X]],+) is a 1- 
dimensional Lie group over K = F((X)) and the left shift 


lee) ee) 
) nx" b> ) Qn+ 1x” 
n=0 n=0 


is an analytic endomorphism a of G, as it coincides with the linear (and hence 
analytic) map 


B:K>K, zwHX Tz 
on the open subgroup XF|[X]] of G. It is easy to see that con (a) = Gand 


con(@) = 'e ker(a”) 


né€No 


is the proper dense subgroup of all finitely supported sequences (see [9, 
Remark 10.5]). Since G is compact, s(@) = 1 holds. As L(a) = B with scale p (by 
Theorem 3.6 (c)), we have s(L(a@)) = p # s(a). 

A Non-closed Contraction Group We now describe an analytic automorphism a 
of a Lie group over a local field of positive characteristic such that con (a) is not 
closed. The example is taken from [21]. 


Example 8.26 Let F be a finite field, with p elements. Consider the set G := F” of 
all functions f: Z — F. Then G is a compact topological group under addition, with 
the product topology. The right shift 


a:GoG, a(f)(n):=f(n—-1) 


is an automorphism of G. It is easy to check that con (a) is the set of all functions 
f € F“ with support bounded below (i.e., there exists no € Z such that f(n) = 0 for 


all n < no). Thus con (a) is a dense, proper subgroup of G. 
Now G can be considered as a 2-dimensional Lie group over K := F((X)), using 
the bijection G > FI[X]] x FI[X]], 


fe (Syremen Sv 
n=1 n=0 


as a global chart. The automorphism of F[[X]]* corresponding to a coincides on the 
open 0-neighbourhood XF|[X]] x F[[X]] with the linear map 


B:K? > K*,  B(v,w) = (Xv, Xw). 
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Hence a@ is an analytic automorphism. Since con (a) is not closed, G cannot admit a 
faithful continuous representation G > GL, (K) for any n € N, see Corollary 8.22. 


The Scale on Closed Subgroups and Quotients For a an automorphism of a 
totally disconnected locally compact group G, the scale of the restriction a|_ to 
a closed a-stable subgroup H C G and the scale of the induced automorphism on 
the quotient group G/H (for normal H) were studied in [58]; some generalizations 
for endomorphisms were obtained in [9] (compare also [14], if a has small tidy 
subgroups). The following proposition generalizes a corresponding result for inner 
automorphisms of p-adic Lie groups established in [15, Corollary 3.8]. 


Proposition 8.27 Let G be a Lie group over a local field, a be an analytic 
endomorphism of G and H C G be an a-invariant Lie subgroup of G. Then the 
following holds: 


(a) If con(a) is closed, then sq(a|1) divides sq(a). 

(b) If H is a normal subgroup, con (a) is closed and also the induced analytic 
endomorphism @ of G/H has a closed contraction group con (@), then sg(a) = 
SH (@|4) S/H (@). 


Proof This is immediate from Theorem 8.13 and Corollary 3.7. oO 


When Homomorphisms Are Subimmersions Let f:/ — N be an analytic 
mapping between analytic manifolds over a totally disconnected local field K. 
Recall from [49, Part I, Chapter III] that f is called a submersion if f locally 
looks like a linear projection around each point, in suitable charts. If f locally 
looks like j o gq where g is a submersion and j an immersion (as in 8.17), then f 
is called a subimmersion. If char(IK) = 0, then an analytic map is a subimmersion if 
and only if 7,(f) has constant rank for x in some neighbourhood of each point 
p € M (see [49, Part HI, Chapter II, §10, Theorem in 4)]). As a consequence, 
every analytic homomorphism between Lie groups over a totally disconnected local 
field of characteristic 0 is a subimmersion. Analytic homomorphisms between Lie 
groups over local fields of positive characteristic need not be subimmersions, as the 
following example shows. 


Example 8.28 Let F be a finite field with p elements and K := F((X)). Since 
char(IK) = p, the Frobenius homomorphism 


aKoK,zr27 


is an injective endomorphism of the field K and an injective endomorphism of the 
additive topological group (K, +). If ~@ was a subimmersion then @, being injective, 
would be an immersion which it is not as a@’(z) = 0 for all z € K. Thus @ is not 


—> 
a subimmersion. Note that con (@) coincides with the subgroup XF|[X]], which is 
open; hence also ole is not a subimmersion. 
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It is not a coincidence that the endomorphism q@ in the preceding example is 


pathological also on con (a): If an endomorphism fails to be a subimmersion, then 
the trouble must be caused by its restriction to the contraction group: 


Corollary 8.29 Let a be an analytic endomorphism of a Lie group G over a local 


field IK of positive characteristic, with closed contraction group con (a). If B := 


ol Sz ) is a subimmersion, then a is a subimmersion. 
con(a@ 


Proof If B is a subimmersion, then the restriction of a to the open set 2 from 
Theorem 8.15 corresponds to the self-map 


=i _ 
a 7 ale i B c Ol vtay ante) 


—+ ~ 
of con (@) x lev(@)x con (a) whose second factor is an analytic diffeomorphism, 
and thus @ is a subimmersion. oO 


9 Contractive Automorphisms 


As shown in [26], p-adic Lie groups appear naturally in the classification of the 
simple totally disconnected contraction groups, and are among the building blocks 
for general contraction groups. We recall some of the results and give a new proof 
for the occurrence of p-adic Lie groups in the classification. 


Definition 9.1. An automorphism a of a Hausdorff topological group G is called 


contractive if con (a) = G. We then call (G, @) a contraction group. If, moreover, 
G is totally disconnected and locally compact, we say that (G,a) is a totally 
disconnected contraction group. An isomorphism between totally disconnected 
contraction groups (G, a) and (H, f) is a continuous group homomorphism ¢: G > 
H such that B of = goa. A totally disconnected contraction group (G, @) is called 
simple if G # {e} and G does not have closed a-stable normal subgroups other 
than {e} and G. 


Remark 9.2. Contraction groups con (a) of automorphisms arise in many contexts: 
In representation theory in connection with the Mautner phenomenon (see [39, 
Chapter II, Lemma 3.2] and (for the p-adic case) [54]); in probability theory on 
groups (see [27, 50, 51] and (for the p-adic case) [10]); and in the structure theory 
of totally disconnected, locally compact groups (see [1, 36], and [9]). 

If a locally compact group G admits a contractive automorphism @, then there 
exists an a-stable, totally disconnected, closed normal subgroup N C G such that 


G=NxG, 
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internally as a topological group, where G, is the identity component of G (see 
[50]). Thus (G,q@) is the direct product of the totally disconnected contraction 
group (N,a@|y) and the connected contraction group (Gz, a@|c,) (which is a simply 
connected, nilpotent real Lie group, as shown by Siebert). 


9.3 If F is a finite group and X a set, we write F™ for the group of all functions 
f:X — F whose support {x € X:f(x) # e} is finite. We endow F™ with the discrete 
topology. 

See [26, Theorem A] for the following result. 


Theorem 9.4 /f (G,q@) is a simple totally disconnected contraction group, then G 
is either a torsion group or torsion free. We have the following classification: 


(a) If G is a torsion group, then (G, a) is isomorphic to F-N) x F™ with the right 
shift, for some finite simple group F. 

(b) If G is torsion free, then (G,a) is isomorphic to (Q,)4 with a Q,-linear 
contractive automorphism for which there are no invariant vector subspaces, 
for some prime number p and some d € N. 


Conversely, all of these are simple contraction groups. 
To explain part (b) of the theorem, let us recall some concepts and facts. 


9.5 If x is an element of a pro-p-group G (i.e., a projective limit of finite p-groups), 
then Z — G,n +> x" is a continuous homomorphism with respect to the topology 
induced by Z, on Z, and hence extends to a continuous homomorphism 


g: Zy > G. 


As usual, we write x* := $(z) for z € Z,. If G is abelian and the group operation is 
written additively, we write zx := o(z). 


9.6 Let T := R/Z with the quotient topology. If G is a locally compact abelian 
group, we let G* := Homas(G, T) be its dual group, endowed with the compact- 
open topology; thus, the elements of G* are continuous homomorphisms £:G > T 
(see [28, 29, 53]). We shall use the well-known fact that the dual group Z(p®)* 
of the Priifer p-group is isomorphic to Z, (compare, e.g., [53, Exercise 23.2 and 
Theorem 22.6]). 


Some Ideas of the Proof of Theorem 9.4 As the closure C of the commutator 
group G’ is a-stable, closed and normal in G, we must have C = {e} (in which case 
G is abelian) or C = G, in which case G is topologically perfect. If G is abelian, 
then either G is torsion free, or G is a torsion group of prime exponent p: In fact, 
if G has a torsion element g ¥ e, then a suitable power g” is an element of order p 
for some prime number p, entailing that the p-socle N := {x € G:x? = e}isa 
non-trivial, @-stable closed (normal) subgroup of G and thus N = G. As shown 
in [26], p-adic Lie groups occur in the case that G is abelian and torsion free, which 
we assume now. Like every totally disconnected contraction group, G has a compact 
open subgroup W such that a(W) C W (see [50, 3.1]). Then W can be chosen as a 
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pro-p-group for some p. In fact, there exists a p-Sylow subgroup P 4 {e} of W for 
some prime number p, which is unique as W is abelian (see [61, Proposition 2.2.2 (a) 
and (d)]). Since every pro-p subgroup of a pro-finite group is contained in a p-Sylow 
subgroup (see [61, Proposition 2.2.2 (c)]), we deduce that w(P) C P. However, non- 
trivial ~-invariant closed normal subgroups of the simple contraction group G must 
be open (see [26, Lemma 5.1]). Thus P is open. Now replace W with P if necessary. 

For 0 4 x € W, can define zx for z € Z, by continuity (see 9.5). Let W(x) be the 
image of the continuous homomorphism 


CO 
og: vie => Ww, (Zn) nENo > a” (Zp)X). 


n=0 


Then W(x) is a compact, non-trivial @-invariant subgroup of G and hence open by 
[26, Lemma 5.1] just mentioned. Being a torsion free abelian pro-p-group, W(x) is 
isomorphic to Zi for some set J. This can be shown using Pontryagin duality: Since 
W(x) is torsion free and a projective limit of finite p-groups F, its dual group W(x)* 
is a divisible discrete group and a direct limit of the dual groups F* ~& F, hence a 
p-group (see [53, Corollary 23.10] as well as [29, Proposition 7.5 (i) and (1)<(2) 
in Corollary 8.5]). By the classification of the divisible abelian groups, W(x)* is 
isomorphic to a direct sum Die ,L(p~) of Priifer p-groups (see [28, Theorem 
(A.15)], cf. also [29, Theorem A1.42]). As a consequence, W(x) = W(x)** is 
isomorphic to the direct product 


| [Z@™* = @,y. 


jes 


as asserted (by [29, Theorem 7.63] and [53, Lemma 21.2 and Theorem 23.9]). 
Since pW(x) = W(px) is a non-trival a-invariant closed (normal) subgroup of G 
and hence open, (pZ,)’ must be open in Z/, whence J is finite and W(x) = Z/ a 
p-adic Lie group. 
Now a linearization argument!’ shows that (G,a) & (L(G), L(a)). Oo 
The classification implies a structure theorem for general totally disconnected 
contraction groups (G, a) (see [26, Theorem B)): 


Theorem 9.7 The set tor(G) of torsion elements and the set div(G) of divisible 


elements are fully invariant closed subgroups of G and 


G = tor(G) x div(G). 


‘47 et B := L(a). Using the underlying additive topological group of L(G), the pair (L(G), f) isa 
p-adic contraction group such that L(B) = L(a@). Hence (G,a) = (L(G), B) by the last statement 
of [17, Proposition 5.1]. 
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Moreover, tor(G) has finite exponent and 
div(G) = G,, x --+ x G,, 


is a direct product of a-stable p-adic Lie groups G, for certain primes p. oO 


Remark 9.8 By [54, Theorem 3.5 (ii1)], each G, is nilpotent, and it is in fact the 
group of Q,-rational points of a unipotent linear algebraic group defined over Q,. 


See [22] for algebraic properties of con (a) if w is an analytic endomorphism of a 
Lie group G over a totally disconnected local field; if w is an analytic automorphism, 


then con(@) is nilpotent (cf. Remark 8.18 and [17]). 
9.9 If (G, a) is a totally disconnected contraction group with G # {e}, then G has a 


compact open subgroup U such that w(U) is a proper subgroup of U (cf. [50, 3.1]), 
whence U is a proper subgroup of a~!(U) and thus 


A(a') = [a1 (U) : U] € {fn Ee Nin = 2} 
(see [50, Lemma 3.2 (i)] and [26, Proposition 1.1 (e)]). If 
{e} = Go IG, d---IG,=G (77) 


is a properly ascending series of a-stable closed subgroups of G and aj; the 
contractive automorphism of G;/Gj—; induced by @ forj € {1,...,n}, then 


A(a“!) = A(ay')--- A(@,'), 


showing that n is bounded by the number of prime factors of A(a~!), counted with 
multiplicities (see [26, Lemma 3.5]). As a consequence, we can choose a properly 
ascending series (77) of maximum length. Then all of the subquotients (G;/G;_1, a;) 
are simple contraction groups. To deduce Theorem 9.7 from Theorem 9.4, one 
shows that the series can always be chosen in such a way that the torsion factors 
appear at the bottom, whence tor(w) = G,; for some k. A major step then is to see 
that G, is complemented in G, and that G/G; is a product of p-adic Lie groups 
(see [26]). 


10 Expansive Automorphisms 


If @ is an expansive automorphism of a totally disconnected locally compact 
group G, then the subset 


con (@) con(a) 
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of G is an open identity neighbourhood (see [23, Lemma 1.1 (d)]). In some cases, 
this enables the finiteness properties of totally disconnected contraction groups 
(as described in 9.9) to be used with profit also for the study of expansive 
automorphisms. The proof of expansiveness of @ in part (b) of the following result 
from [23] is an example for this strategy. 


Proposition 10.1 Let a be an automorphism of a totally disconnected, locally 
compact group G. 


(a) Ifa is expansive, then a|q is expansive for each a-stable closed subgroup H © 
G. 

(b) Let N C G be an a-stable closed normal subgroup and a be the induced 
automorphism of G/N which takes gN to a(g)N. Then @ is expansive if and 
only if o|y and @ are expansive. oO 


If a p-adic Lie group G admits an expansive automorphism a@, then L(a) is a Lie 
algebra automorphism of L(G) such that |A| ~ 1 for all eigenvalues A of L(@) in 
an algebraic closure K (as recalled in Proposition 7.10), entailing that none of the A 
is a root of unity. Hence L(G) is nilpotent (see Exercise 21 (b) among the exercises 
for Part I of [7], §4, or [33, Theorem 2]). If, moreover, G is linear in the sense that 
it admits a faithful continuous representation G > GL,(Q,) for some n € N, then 
G has an a-stable, nilpotent open subgroup [23, Theorem D]. For closed subgroup 
of GL, (Q,), such an open subgroup can be made explicit (see [23, Proposition 7.8]): 


Proposition 10.2 Let a be an expansive automorphism of a p-adic Lie group G. 
If G is isomorphic to a closed subgroup of GL,(Q,) for some n € N, then the set 


con (a) con (a) is a nilpotent, open subgroup of G. Oo 
The following example is taken from [23, Remark 7.7]. 


Example 10.3 Let H = Q@ be the 3-dimensional p-adic Heisenberg group with 
group multiplication given by 


(%1,.Y15 21) (2, Y2, 22) = (41 + X2, 1 + 2,21 + 22 + X1Y2) 
for all (41,1, 21), (02, ¥2, 22) € H. Then N = {(0,0,z) € H:|z| < 1} is a compact 
central subgroup of H. Identify G = H/N with Q, x Q, x (Q,/Z,) as a set. Define 
a:G—> Gby 
a(x, y,z+ Zp) = (px,p'y,z + Zp) 


for all (x,y,z + Z,) € G. Then @ is an analytic automorphism of the p-adic Lie 
group G with lev(a) = {(0,0,z+ Z,):z € Qy}, 


con(a) = {(x,0,0):x €Q,}, and con(a) = {(0,y,0):y € Q}. 
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Since lev(@) is discrete, w is expansive (see [23, Proposition 1.3 (a)]). As 

— <— 

[con(a), con(a)] = {(0,0,z+ Z,):z € Q} 


and con (a) con (a) = {(x, y,xy+Z,): x,y € Q)}, we see that the set con (a) con (a) 
is a not a subgroup of G. Accordingly, G is not isomorphic to a closed subgroup of 
GL, (Q,) for any n € N (see Proposition 10.2). 


11 Distality and Lie Groups of Type R 


Following Palmer [40], a totally disconnected, locally compact group G is called 
uniscalar if s(x) = 1 for each x € G. This holds if and only if each group 
element x € G normalizes some compact, open subgroup V, of G (which may 
depend on x). It is natural to ask whether this condition implies that V, can be 
chosen independently of x, i.e., whether G has a compact, open, normal subgroup. 
The answer is negative for a suitable p-adic Lie group which is not compactly 
generated (see [24, §6]). But also for some totally disconnected, locally compact 
groups which are compactly generated, the answer is negative (see [3] together with 
(37], or also [21, Proposition 11.4], where moreover all contraction groups for inner 
automorphisms are trivial and hence closed); the counterexamples are of the form 


(FY) x FN) «A 


with F a finite simple group and a suitable action of a specific finitely generated 
group H on Z. Thus, to have a chance for a positive answer, one has to restrict 
attention to particular classes of groups (like compactly generated p-adic Lie 
groups). If G has the (even stronger) property that every identity neighbourhood 
contains an open, compact, normal subgroup of G, then G is called pro-discrete.'° 
Finally, a Lie group G over a local field K is of type R if all eigenvalues A of 
L(a) in an algebraic closure K have absolute value |A|x = 1, for each inner 
automorphism @ (cf. [42] for K = Q,), i.e., if each inner automorphism is distal 
(see Proposition 7.10). 

Using the Inverse Function Theorem with Parameters and locally invariant 
manifolds as a tool, we can generalize results for p-adic Lie groups from [24, 42], 


'S Another interesting group is the semidirect product G := F’ ™ T, where F is a finite simple 
group and T is a Tarski monster (a certain finitely generated, infinite, simple torsion group) acting 
on FT via (xf)(y) := f(x'y) for x,y € T. Then, for each x € G, there is a basis of identity 
neighbourhoods consisting of compact open subgroups of G which are normalized by x. Moreover, 
G has FT as a compact open normal subgroup, but this is the only such and thus G is not pro- 
discrete (see [25]). 
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and [41] to Lie groups over local fields of arbitrary characteristic. The following 
result was announced in [21, Proposition 4.53]. 


Proposition 11.1 Let a be an analytic automorphism of a Lie group G over a 
totally disconnected local field K. Then the following properties are equivalent: 


(a) con(@) is closed and s(a) = s(a') = 1; 
(b) All eigenvalues of L(a) in KK have absolute value 1; 
(c) Each e-neighbourhood in G contains an a-stable compact open subgroup. 


In particular, G is of type R if and only if G is uniscalar and con (a) is closed for 


each inner automorphism a of G (in which case con (a) = {e}). 


Proof The implication “(a)=(b)” follows from Theorem 8.13 and Theorem 3.6 (c). 

If (b) holds, then g = g; coincides with the centre subspace gi = lev(L(a)) with 
respect to L(@), whence ¢.: W. > BR' (0) € gi = g (as in 8.5) is a diffeomorphism 
with @-(e) = 0 and d¢.|, = idg. After shrinking R if necessary, we may assume 
that the sets W°(t) = $,'(B?(0)), which are a-stable by 8.9, are compact open 
subgroups of G for all t € ]0, R] (see Lemma 5.2). Thus (b) implies (c). 

If (c) holds, then every identity neighbourhood of G contains a compact open 
subgroup V which is a@-stable and hence tidy for @ with 


s(a) = [a(V) :a(V) NV] = [V: V] = 1 


and, likewise, s(a—!) = 1. Moreover, con (a) is closed (by Lemma 8.2 (a)), and 
thus (a) follows. (Since @ is distal, in fact con(a) = {e}). oO 


As shown in [41] and [24], every compactly generated, uniscalar p-adic Lie group 
is pro-discrete. For Lie groups over totally disconnected local fields, we have the 
following analogue (announced in [21, Proposition 4.54]): 


Theorem 11.2. Every compactly generated Lie group of type R over a totally 
disconnected local field is pro-discrete. 


Proof Let G be a Lie group over a totally disconnected local field KK, with Lie 
algebra g := L(G), such that G is generated by a compact subset K. Then Ad(G) C 
GL(g) is generated by the compact set Ad(K), since the adjoint representation 
Ad:G — GL(g) is a continuous homomorphism (as recalled in 4.7). Moreover, 
the subgroup generated by Ad, is relatively compact in GL(g) for each x € G, by 
Lemma 3.9. Thus Ad(G) is relatively compact in GL(g), by [41, Théoréme 1]. Let O 
be the valuation ring of K. As a consequence of Theorem | in Appendix 1 of [49, 
Chapter IV], there is a compact open O-submodule M C g with Ad,(M) = M for 
all x € G. Let 


lll]: g — [0, cof, xt inf{|z|:z © K such that x € zM} 


be the Minkowski functional of M. Then ||.|| is a norm on g such that Ad(G) C 
Iso(g, ||.||). Using this norm, we abbreviate B? := B?(0) for allt > 0. Leto: U > V 
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be an analytic diffeomorphism from a compact open subgroup U of G onto an open 
0-neighbourhood V C g such that ¢(e) = 0 and d¢|, = idg. Let R > O and 


the compact open subgroups BY = ¢ |(B?) for t € 0, R] be as in 5.1. Since K is 


compact and the mapping Gx G > G, (x, y) + xyx_! is continuous with xex! = e, 


we find an open identity neighbourhood W C U such that xWx! C U forallx € K. 
Now consider the analytic mapping 


I:GxoW)>V, fy) := 6@¢7'(y)x") 
and define f, := f(x, .): ¢(W) > V for x € G. Then f,(0) = 0 and (f,)’(0) = Ad, 


is an isometry for all x € G. As a consequence of Lemma 4.9, for each x € K there 
exists an open neighbourhood P, of x in G and r, > 0 with B? C ¢(W) such that 


f-(B?) = B? for all z € P, andt € ]0,r,]. 


We may assume that r, < R for all x € K. There is finite subset ® C K such that 
K © Uo Pr- Set 


r:= min{ry:x € }. 


Then f,(B?) = B® for all z € K and t € 0, 1, entailing that 


Bez! = 616 |(B8)z"!)) = 6 (BP) = O71 (BE) = BP. 


Since K generates G, we deduce that the compact open subgroup Be is normal in G, 
for each t € ]0, 7]. Oo 
Related problems were also studied in [46]. 
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Compact Convex Sets with Prescribed ®) 
Facial Dimensions eed 


Vera Roshchina, Tian Sang, and David Yost 


Abstract While faces of a polytope form a well structured lattice, in which faces 
of each possible dimension are present, this is not true for general compact convex 
sets. We address the question of what dimensional patterns are possible for the 
faces of general closed convex sets. We show that for any finite sequence of 
positive integers there exist compact convex sets which only have extreme points 
and faces with dimensions from this prescribed sequence. We also discuss another 
approach to dimensionality, considering the dimension of the union of all faces of 
the same dimension. We show that the questions arising from this approach are 
highly nontrivial and give examples of convex sets for which the sets of extreme 
points have fractal dimension. 


1 Introduction 


It is well known that faces of polyhedral sets have a well-defined structure (see 
[12, Chap. 2]). In particular, every face of a polyhedral set is a polyhedron, and 
there are no ‘gaps’ in the dimensions of their faces. On the other hand, a simple 
reformulation of [4, Corollary 3.7] asserts that in the compact convex set of all 
positive semidefinite n x n matrices with trace 1, every proper face has dimension 
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Mee) — 1 for some k < n. Thus there are naturally occurring examples with serious 


gaps in the dimensions of their faces. For other descriptions of this phenomenon, 
see Theorem 2.25 and the explanation that follows it in [10] (for the cone S4_ of 
positive semidefinite n x n matrices), or [1, Theorem 5.36] (for the state space 
of a C*-algebra). This raises the question, what are the possible patterns for the 
dimensions of faces of compact convex sets? 

Recall that a face F of a closed convex set C C R" is a closed convex subset 
of C such that for any point x € F and for any line segment [a,b] C C such that 
x € (a,b), we have a, b € F. The fact that F is a face of C is expressed as F <1 C. 

The difference between this definition and the definition of faces of polyhedral 
sets as intersections with supporting hyperplanes is due to the fact that for 
nonpolyhedral convex sets faces are not necessarily exposed: it may happen that 
a face cannot be represented as the intersection of a supporting hyperplane with the 
set. Some classic examples are shown in Figs. 1 (see [8]) and 2 (see [7]). 

The dimension of a convex set is the dimension of its affine hull, same for the 
face. We refer the reader to the classic textbooks [5, 8]. We also would like to 
mention that some problems related to dimensions of convex sets were studied in the 
literature. For instance, [2] focusses on the dimensions of convex sets coming from 
optimisation problems with inequality constraints, and [3] deals with the results 
related to the dimensions of intersections of convex sets. However, we were unable 
to identify references that would address the existence of convex sets with prescribed 
facial dimensions. 


Fig. 1 Convex hull of a torus is not facially exposed (the dashed line shows the unexposed extreme 
points) 


unexposed face 


va 


Fig. 2, An example of a two dimensional set and a three dimensional cone that have an unexposed 
face 
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The total number of possible face patterns in n dimensional space is the 
cardinality of the powerset of n elements. This is because every set contains zero- 
dimensional faces (because of the Krein-Milman theorem). We can write down face 
patterns either as an increasing sequence of positive numbers (d), do,..., dg), which 
encode all possible dimensions of faces of positive dimension present in a set, or as 
a binary sequence (b, b2,..., by), where b; = 1 if a face of dimension jis present in 
the set, and b; = 0 otherwise. For example, the dimensional pattern of a tetrahedron 
is either (1, 2, 3) in the d-notation or (1, 1, 1) in the binary notation, and the pattern 
of a closed Euclidean ball is either (7) or (0,0,..., 1), as it does not have any faces 
except for zero- and n-dimensional ones. We will use the first encoding style via an 
increasing sequence of positive numbers in what follows. 

The easiest cases to classify are the ones that we can visualise, i.e. the convex 
compact sets in zero- one-, two- and three-dimensional spaces. In dimension zero 
we have singletons {x} for any real x with pattern (), in one-dimensional space there 
is no freedom: the only fully dimensional convex compact sets are line segments, 
with the only possible pattern (1). On the plane the two-dimensional possibilities are 
exhausted by a circle and a triangle, with patterns (2) and (1,2) respectively (see 
Fig. 3). Therefore for the two dimensional case we have four possibilities: (), (1), 
(1, 2) and (2), which coincides with the cardinality of the powerset of two: 2? = 4. 

In three dimensions the possibilities for fully dimensional sets are exhausted by 
the unit ball (3), the tetrahedron (1, 2, 3), the unit ball intersected with a closed half- 
space (2, 3), and the convex hull of a circle in the plane and two points on opposite 
sides of the plane (1, 3) (see Fig. 4), together with the lower dimensional examples 
we have in total 2? = 8 possibilities. 


OA 


Fig. 3 All possible face patterns of fully dimensional sets in two dimensional case are given by a 
disk and a triangle 


8469 


Fig. 4 All possible facial patterns for the three dimensional sets 
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2 Main Result 


We show that all patterns of facial dimensions can be realised in a compact convex 
set. 


Theorem 1 For any increasing sequence of positive integers 
d = (di, do,..., dx) 


there exists a compact convex set in d,-dimensional space such that the vector d 
describes the pattern of facial dimensions for this set. 

To prove this, we need the following technical lemma, which is surely known, 
but we were not able to identify it in the literature. We hence provide a short proof 
here as well. 


Lemma 1 Let P,Q C R" be nonempty convex compact sets, and let C = P + Q. 
Then every face of C is the Minkowski sum of faces of P and Q. More precisely, 


VF<C AFp <P, Fo <i Qsuch that F = Fp + Fo. 
Proof Let F be a nonempty face of C. We construct two sets 
Fp:= {xe P|aye O,x+ ye FI, Fo:= {ye Q|axreP,x+ye Fh. 


Both Fp and Fg are nonempty since F is nonempty. 

First we show that F = Fp + Fo. It is obvious that F C Fp + Fo, and it remains 
to show the reverse inclusion. For that, pick an arbitrary x € Fp, y € Fo. We will 
next show thatz=x+yeF. 

By the definition of Fp and Fog there exist u € P and v € Q such thatx + ve F 
andy +u € F.Ifx = uory = uv, there is nothing to prove, as in this case 
zZ=u+v € F. Otherwise, by the convexity of F we have 


, X+vU yu 
= EF. 
ae as 


At the same time, notice thatx +y € P+ QC CG; likewise,u+vu¢eP+QcC, 
and z’ € (x + y,u + v). Since F is a face of C, this yields z= x+ ye F. 

It remains to show that both F’p and FQ are faces of P and Q respectively. First 
note that both are convex compact sets, and that Fg C Q and Fp C P. 

Let x € Fp, and pick any interval [a, b] C P such that x € (a, b). By the definition 
of C, for an arbitrary y € Fo we havea + y,b+y € C. At the same time, x + y € 
Fe+Fo = Fandx+ye€(a+y,b+y). From F < C we have [a+ y,b+ y] C F, 
hence,a + y,b+ y € F, and therefore a, b € Fp. This shows that F’p is a face of P. 
The proof for Fo is identical. 
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Fig. 5 Minkowski sum of a 
line segment and a unit sphere 
(on the left hand side), and of 
a unit square and a sphere (on 
the right hand side) 


In the proof of Theorem | presented next we use an inductive argument to 
explicitly construct a compact convex set with a given facial pattern from a lower 
dimensional example for a truncated sequence. The key observation is that the 
Minkowski sum of an arbitrary compact convex set with a unit ball does not generate 
faces of any new dimensions (compared to the original set) other than possibly the 
fully dimensional face that coincides with the sum, which follows directly from 
Lemma 1. We sketched the Minkowski sum of two simple compact convex sets 
with a Euclidean ball in Fig. 5 to illustrate this argument. 


Proof (Proof of Theorem 1) We use induction on d; to demonstrate the result. Our 
induction base is lower dimensional examples discussed earlier. For all increasing 
sequences of positive numbers (d),..., dx) with d, < 2 we have found the relevant 
examples. They are realised by a point, line segment, disk and triangle. 

Assume that our assertion is proven for all sequences (d,,..., dx) with dy < m. 
We will show that the statement is true for d, = m+ 1. Choose an arbitrary sequence 
d = (d,...,dx), where d, = m+ 1. If d = (d,), the sequence is realised by 
the Euclidean unit ball in R’”*!. If the sequence contains more than one number, 
consider the truncated sequence d’ = (dj, d2,..., dg). Since dg_, < dg, we have 
1 := dg-1 < m, and there exists a compact convex set Q C R’ that realises the 
sequence d’ in / = d,_,-dimensional space. We embed the set Q in the m + 1- 
dimensional space by letting Q’ := Q x {0,,41—;}. Observe that since the definition 
of the face is algebraic, the facial pattern of the set Q’ is identical to the one of Q. 
Let B be the unit ball in R”’*!. We let 


C:=B+Q 


and claim that d is the facial pattern of C. 

From Lemma | every face of C can be represented as the sum of faces of Q’ and 
B. Since the only faces of B are the set itself and the singletons on the boundary, 
the only possible dimensions of the faces of the set C can come from the sequence 
(d,,...,d,). To show that no facial dimensions are lost, observe that if e denotes 
the unit vector (0,0,...,1) € B, then the set {e} + Q’ is a face of C (hence all its 
faces are also faces of C). Indeed, for the hyperplane H = {x| (e,x) = %nm41 = 1} 
supports C (notice that for every x = g +b € C with g € Q’ andb € B we have 
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Xmt1 = 0+ dm+1 < 1), moreover, 
HNC= iq+bl|qe O',b€ By dm+i + bDn+1 = 1} 
={q+b|qEeO7.be Bybmy = lh 
={e} +9. 


It is not difficult to observe (e.g., see [8, Section 18]) that any supporting hyperplane 
slices off a face from a convex set, hence, F = {e} + Q’ <1 C. This face is 
linearly isomorphic to Q, and hence the facial structure of F coincides with the 
facial structure of Q, giving all possible dimensions of faces from the sequence d’. 
The face of the maximal dimension m + 1 is given by the set C itself, as it has a 
nonempty interior (take any point from Q’ and sum it with an open ball). 


3 Fractal Convex Sets 


Observe that polytopes not only possess faces of all possible dimensions, but their 
faces are also arranged in a very regular fashion: the union of the edges of a 
polytope is a one-dimensional set (here we refer to a general notion of Hausdorff 
dimension, rather than the dimension of the affine hull that is useful for convex 
sets), the union of all two dimensional faces is two dimensional, and so on. More 
generally, the union of all faces of a polytope of a given dimension is a set of the 
same dimension. This is not the case for a more general setting: for instance, the 
dimension of the union of all extreme points of a Euclidean ball in R" isn —1,a 
stark contrast with the polyhedral case. Hence it is natural to study the dimension 
of the unions of equidimensional faces. The purpose of this section is to present 
some examples which emerged from the discussions during the MATRIX program, 
namely nontrivial sets with fractal facial structure and hence noninteger dimensions 
of the said unions; these form the foundation for our ongoing research on this topic. 

Some work on fractals and convexity has been done before (see the recent work 
[11] and references therein), but we are not aware of any references studying the 
particular problems that we propose here. We focus on two examples of convex 
sets that are generated in a natural way by spherical fractals. The finite root 
system and Coxeter system are fundamental concepts in Lie algebras, which is very 
important in many branches of mathematics. Given a finite root system, there is 
a natural associated finite Coxeter group, which is the Weyl group. People in the 
field of geometric group theory consider finite Coxeter groups are well-studied and 
explained in liberature, see [6]. Therefore, we are more interested in the behaviours 
of infinite Coxeter groups. One such fractal comes from a recent work [9] by one of 
our co-authors (curiously from the study of infinite Coxeter groups), another one is 
constructed via projecting the Sierpinski triangle onto the unit sphere. 
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We first consider a fractal set on a sphere and then take its convex hull, hence 
generating a convex set. Our first example is constructed in a similar way to the 
Apollonian gasket: we take the unit sphere and construct a tetrahedron whose edges 
touch the sphere (see Fig. 6), then consider the intersection of the sphere with the 
tetrahedron. After that, we continue slicing off spherical caps in such a way that 
they are tangential to the existing slices (see Fig. 7). The resulting body is a spherical 
fractal, which is also a convex set. If we now take its convex hull, the extreme points 
of this convex set would be exactly the points on the fractal set, with remaining 
proper faces disks that result from the sliced off spherical caps. Notice that this 
structure is somewhat similar to the compact convex set obtained as the intersection 
of the cone of symmetric positive semidefinite matrices of dimension 3 x 3 with an 
affine subspace defined by matrices with a constant trace 


C:=SiN{M|tr(M) = 1}. 


This set has dimension 5 however. 


<7 


Fig. 7 Apollonian gasket on a sphere and Sierpinski triangles 
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Algebraically, this particular fractal set is generated by the infinite Coxeter group 
with following group presentation: 


G = (51, 52, 83, 54 | (s)* = (s;5;)° = 1) 


The fractal sets are generated by limit roots, see [9]. Limit roots exhibit peculiar 
geometric behaviour. Even though Coxeter groups are generated by affine reflec- 
tions across hyperplanes, when we compute the roots of the group and project them 
down to a lower dimensional affine hyperplane, the set of limit roots behaves like a 
fractal set, giving self-similar patterns that cannot be obtained by reflecting across 
any hyperplanes. 

This approach can be applied to constructing other spherical fractals. For 
instance, one can generalise the Sierpinski carpet by cutting out triangular pieces 
of the sphere in a similar fashion. The convex set obtained after taking the convex 
hull of this spherical fractal will have faces of all possible dimensions. 

The Hausdorff dimension of the union of the extreme points is non-integer in both 
cases, and coincides with the dimension of the relevant two-dimensional objects. 
It would be interesting to study the conditions that can be imposed on the facial 
dimensions to define good or regular convex sets. 
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Chebyshev Multivariate Polynomial ® 
Approximation: Alternance cho 
Interpretation 


Nadezda Sukhorukova, Julien Ugon, and David Yost 


Abstract In this paper, we derive optimality conditions for Chebyshev approxima- 
tion of multivariate functions. The theory of Chebyshev (uniform) approximation 
for univariate functions was developed in the late nineteenth and twentieth century. 
The optimality conditions are based on the notion of alternance (maximal deviation 
points with alternating deviation signs). It is not clear, however, how to extend 
the notion of alternance to the case of multivariate functions. There have been 
several attempts to extend the theory of Chebyshev approximation to the case of 
multivariate functions. We propose an alternative approach, which is based on the 
notion of convexity and nonsmooth analysis. 


1 Introduction 


The theory of Chebyshev approximation for univariate functions was developed in 
the late nineteenth (Chebyshev) and twentieth century (just to name a few [3, 6, 9]). 
In most cases, the authors were working on polynomial and polynomial spline 
approximations, however, other types of functions (for example, trigonometric 
polynomials) have also been used. In most cases, the optimality conditions are based 
on the notion of alternance: maximal deviation points with alternating deviation 
signs. 

There have been several attempts to extend this theory to the case of multivariate 
functions. One of them is [7]. In this paper the author underlines the fact that 
the main difficulty is to extend the notion of alternance to the case of more than 
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one variable, since Ré, unlike IR, is not totally ordered. There have been also 
several studies in a slightly different direction, namely, in the area of multivariate 
interpolation [2, 4], where triangulation based approaches were used to extend the 
notion of polynomial splines to the case of multivariate functions. 

The objective functions appearing in Chebyshev approximation optimisation 
problems are nonsmooth (minimisation of the maximal absolute deviation). There- 
fore, it is natural to use nonsmooth optimisation techniques to tackle this problem. 
In this paper we propose an approach, which is based on the notion of subdifferential 
of convex functions [8]. Subdifferentials can be considered as a generalisation of the 
notion of gradients for convex nondifferentiable functions. 

The paper is organised as follows. In Sect. 2 we present the most relevant results 
from the theory of convex and nonsmooth analysis, that are essential to obtain our 
optimality conditions. Then, in the same section, we investigate the extremum prop- 
erties of the objective function, appearing in Chebyshev approximation problems, 
from the points of view of convexity and nonsmooth analysis. In Sect. 2 we obtain 
our main results. Finally, in Sect.3 we draw our conclusions and underline further 
research directions. 


2 Optimality Conditions 


2.1 Convexity of the Objective 


Let us now define the objective function. Suppose that Q € Ré isa compact set and 
a continuous function f : Q — R is to be approximated on Q by a function 


L(A, x) = ao + ¥aigi(x), (1) 
i=1 


where g; are the basis functions and the multipliers A = (a ),...,a,) are the 
corresponding coefficients. At a point x the deviation between the function f and 
the approximation is defined as follows 


p(A, x) = | f(x) — L(A, x)]. (2) 


Then we can define the uniform approximation error over the set Q by 


W(A) = || f — a0 - Y-aigilloo. (3) 


i=1 
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where 


n 


If —a0— | aigilloo = max max{ f(x) — ao — Y /aigi(x), a0 + Y | aigi(x) —f(9)}.- 


i=1 i=1 i=1 
The approximation problem can be formulated as follows. 
minimise W(A) subject to A € R"*!, (4) 


Since the function L(A, x) is linear in A, the approximation error function W(A), 
as the supremum of affine functions, is convex. Convex analysis tools [8] can be 
applied to study this function. 

Define by E*(A) and E~(A) the points of maximal positive and negative 
deviation: 


E*(A) = {x € QO: L(A, x) —f(x) = max p(A, y)\ 
yeQ 
E-(A) = {x € QO: f(x) —L(A,x) = maxp(A, y)\ 
y€Q 
and the corresponding sets Gt (A) and G (A) as 


G*(A) = {(1, 8108)... 800)" :x € E*(A)} 
G-(A) = {= (1.8100). 8n0))" x € EA) 


Then the subdifferential of the approximation error function W(A) at a point A 
can be obtained using the active affine functions in the supremum [11, Theorem 
2.4.18]: 


aW(A) = co {Gt (A) UG (A)}. (5) 


2.2. Optimality Conditions: General Case 


In the case of univariate polynomial approximation, the optimality conditions are 
based on the notion of an alternating sequence. 


Definition 1 A sequence of maximal deviation points whose deviation signs are 
alternating is called an alternating sequence or alternance. 
The following theorem holds 


Theorem 1 (Chebyshev [1]) A degree n polynomial approximation is optimal if 
and only if there exist n + 2 alternating points. 


180 N. Sukhorukova et al. 


In the case of multivariate approximation there is no natural order and therefore the 
notion of alternance, as a base for optimality verification, has to be modified. The 
following theorem holds. 


Theorem 2 A vector A* is an optimal solution to problem (4) if and only if the 
convex hulls of the vectors (g1(x),...,8n(x))", built over corresponding positive 
and negative maximal deviation points, intersect, that is 


co {Gt (A)} Nco{—G (A)} 4 @. (6) 
Proof The vector A®* is an optimal solution to the convex problem (4) if and only if 
0,41 € aw(A*), 


where W is defined in (3). Note that due to Carathéodory’s theorem, 0 can be 
represented as a convex combination of a finite number of points (one more than the 
dimension of the corresponding space). Since the dimension of the corresponding 
space is n + 1, it can be done using at most n + 2 points. 

Assume that in this collection of n + 2 points k points (h;, i = 1,...,k) are 
from Gt (A) andn+2—k(h;, i=k+1,...,n+ 2) points are from G~ (A). Note 
that 0 < k < n+ 2, since the first coordinate is either | or —1 and therefore 0,41 
can only be formed by using both sets (Gt (A) and —G~ (A)). Then 


n+2 


0,41 = = So aihi, O0<a<l. 


i=1 


Let0 < y = 4, aj, then 


n+2 n+2 
On41 = >) ah; = +(-y) > Th =yht+(l-y)r, 
i=1 i=k+1 


where ht € G* andh~ € —G~. Therefore, it is enough to demonstrate that 0,41 is 
a convex combination of two vectors, one from Gt (A) and one from —G~. 

By the formulation of the subdifferential of Y given by (5), there exists a 
nonnegative number y < | and two vectors 


1 1 
81 (x) 81(X) 
gt €cod | 82(%) |: xe E*(A)$, andg™ €co4 | 82(%) | :x e E-(A) 


8n(X) 8n(X) 
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such that 0 = ygt — (1 — y)g~. Noticing that the first coordinates or =g, =1, 


we see that y = 5: This means that gt — g~ = 0. This happens if and only if 
1 1 
81(X) 81(X) 
cod | 820%) | :x ec Et(A)$Ncod |] 82) |] :xe FE (A$ £9. (7) 
8n(X) 8n(X) 


As noted before, the first coordinates of all these vectors are the same, and therefore 
the theorem is true, since if y exceeds one, the solution where all the components 
are divided by y can be taken as the corresponding coefficients in the convex 
combination. 

In the rest of this section we show how Theorem 2 can be used to formulate nec- 
essary and sufficient optimality conditions for the case of multivariate polynomial 
approximation. We also demonstrate how the notion of alternance can be extended 
to multidimensional cases. Equivalent results have been obtained in [7], however, 
the conditions of Theorem 2 are easier to verify. Rice’s optimality verification 
is based on separation of positive and negative maximal deviation points by a 
polynomial of the same degree as the degree of the approximation m: there exists 
no polynomial of degree m that separates positive and negative maximal deviation 
points, but the removal of any maximal deviation point results in the ability to 
separate the remaining points by a polynomial of degree m. 


2.3. Optimality Conditions for Multivariate Linear Functions 


In the case of multivariate linear functions (that is g;(x) = x;, i = 1,...,n) 
Theorem 2 can be formulated as follows. 


Theorem 3 A multivariate linear approximation is optimal if and only if the convex 
hull of the maximal deviation points with positive deviation and convex hull of the 
maximal deviation points with negative deviation have common points. 

Theorem 3 can be considered as an alternative formulation to the necessary and 
sufficient optimality conditions that are based on the notion of alternance. Clearly, 
Theorem 3 can be used in univariate cases, since the location of the alternance points 
ensures the common points for the corresponding convex hulls, constructed over the 
maximal deviation points with positive and negative deviations respectively. 

Note that in general d < n. Non-linear multivariate polynomial approximation is 
one of our future research priorities. 
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3 Conclusions and Further Research Directions 


In this paper we obtained necessary and sufficient optimality conditions for best 
polynomial Chebyshev approximation (characterisation theorem). The main obsta- 
cle was to extend the notion of alternance to the case of multivariate polynomials. 
This has been done using nonsmooth calculus. 

For the future we are planning to proceed in the following directions. 


1. Find a necessary and sufficient optimality condition that is easy to verify in 
practice (currently, we only have a necessary condition, but not a sufficient one). 

2. Extend these results to the case of variable polynomial degrees for each 
dimension. 

3. Develop similar optimality conditions for multivariate trigonometric polynomials 
and polynomial spline Chebyshev approximations. 

4. Develop an approximation algorithm to construct best multivariate approx- 
imations (similar to the famous Remez algorithm, developed for univariate 
polynomials [5] and extended to polynomial splines [3, 10]) 
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Abstract We give a construction of an odd spectral triple on the Cuntz algebra 
Oy, whose K-homology class generates the odd K-homology group K!(Ow). Using 
a metric measure space structure on the Cuntz-Renault groupoid, we introduce 
a singular integral operator which is the formal analogue of the logarithm of 
the Laplacian on a Riemannian manifold. Assembling this operator with the 
infinitesimal generator of the gauge action on Oy yields a 6-summable spectral 
triple whose phase is finitely summable. The relation to previous constructions of 
Fredholm modules and spectral triples on Oy is discussed. 


1 Introduction 


We give a geometrically inspired construction of spectral triples on the Cuntz 
algebra Oy with non-trivial K-homological content. One reason such spectral triples 
have been elusive is Connes’ construction of traces from finitely summable spectral 
triples [1]. Purely infinite C*-algebras such as Oy are traceless and should thus be 
viewed as infinite dimensional objects, at best carrying 9-summable spectral triples. 
Another difficulty is presented by the fact that the K-homology of Oy is torsion, so 
the index pairing cannot be used to detect K-homology classes. 

In the literature, several approaches to noncommutative geometry on Cuntz- 
Krieger algebras have been explored. The crossed product C*-algebra associated 
to the action of a free group on its Gromov boundary gives rise to a Cuntz- 
Krieger algebra, and in [5] that geometric picture is used to establish the existence 
of #-summable spectral triples on such C*-algebras. On the other hand, twisted 
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noncommutative geometries [3] circumvent the obstruction to finite summability 
whereas semifinite noncommutative geometries [19] allow for the extraction of 
index-theoretic invariants. 

Recent years have seen explicit constructions of spectral triples on Cuntz-Krieger 
algebras [12] and more generally on Cuntz-Pimsner algebras [13], originating 
in the dynamics of subshifts of finite type. Their classes in K-homology were 
computed in [12] using Poincaré duality and extension theory (see [14, 15]), 
thus bypassing the difficulties discussed above. These spectral triples have the 
remarkable feature that they are 9-summable, but their bounded transforms y(D), 
using a suitably chosen function y € C,(R) such that lim;++.o x(t) = +1, are 
finitely summable. Providing a geometric context and understanding the distinct 
dimensional behaviours of bounded and unbounded Fredholm modules over Oy is 
the main problem motivating this paper. 

Using the metric and Patterson-Sullivan measure on the full N-shift, we equip 
the Cuntz-Renault groupoid with the structure of a metric measure space. Then we 
consider a singular integral kernel formally similar to that of the logarithm of the 
Laplacian on a closed Riemannian manifold. We explicitly relate the associated 
integral operator to the depth-kore operator from [13], yielding a geometric 
construction of a K-homologically non-trivial noncommutative geometry on Oy. 


2 Statement of Results on Oy 


Before stating our results, we recall several notions from noncommutative geometry. 
The reader familiar with summability properties in noncommutative geometry and 
the groupoid model of Oy can proceed to page 187 for the main results. 

Let A be a unital C*-algebra. A spectral triple is a triple (A, D) where A 
acts unitally on the Hilbert space #and D is a self-adjoint operator with compact 
resolvent on .#such that the *-subalgebra 


Lipp(A) := {a € A: aDom(D) C Dom(D) and [D,a] is bounded} CA , 


is norm dense in A. A spectral triple is sometimes called an unbounded Fredholm 
module. A bounded Fredholm module is a triple (A, # F) as above safe the fact 
that F is a bounded operator assumed to satisfy that F? — 1, F — F*, [F,a] € K(#) 
for anya € A. 

Dimensional properties of (un)bounded Fredholm modules are described in 
terms of operator ideals. For a compact operator T on a Hilbert space # we denote 
by p(T) its sequence of singular values. Given p € (0,00), let #’(#), denote 
the pth Schatten ideal and Li!/?(”) C K(#) the weak principal ideal defined by 


Lil/?(H) := {T € K(2) : wx(T) = O((logk)~'/”)}. 
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An unbounded Fredholm module (A, # D) is said to be p-summable if (D + 
i)! € Y?(H), weakly 6-summable if (D + i)! € Li'/?(#) and 6-summable 
if (D + i)~! belongs to the closure of the finite rank operators in Li!/?(#). Note 
that 6-summability is equivalent to requiring that cD ef (#) for allt > 0. A 
bounded Fredholm module (A, # F) is said to be p-summable if 


F’-1,F—-F*ee £?(#), and [F,ale 2'(#), 
and 0-summable if 
F’-1,F-F* €Li(#), and [F,a] € Li!/*(#), 


for all a in a dense subalgebra of A. 

We emphasize the difference between the two definitions. Summability of an 
unbounded Fredholm module is a property of the operator D, whereas summability 
of a bounded Fredholm module is a property of the operator F and of its commu- 
tators with the algebra A. The two notions are related as follows. If (A, HD) is a 
p-summable (resp. 9-summable) unbounded Fredholm module, then (A, #% x(D)) 
is a p-summable (resp. 6-summable) bounded Fredholm module if y € C,(R) is 
a function satisfying y7 = 1 + O(|x|~?) as |x| ~ oo. Conversely, a 6-summable 
bounded Fredholm module can be lifted to a 6-summable unbounded Fredholm 
module, see [2, Chapter IV.8, Theorem 4]. This result fails for finite summability, as 
is shown in particular by the examples in this paper. 

Any K-homology class on a Cuntz-Krieger algebra is represented by a finitely 
summable bounded Fredholm module [12]. In general, Cuntz-Krieger algebras 
admit no finitely summable spectral triples, as discussed above. This phenomenon 
is widespread and, for instance, occurs for boundary crossed product algebras of 
hyperbolic groups [7]. The action of a free group on its Gromov boundary falls 
into the class of examples considered in both [7] and [12]. To our knowledge, 
obstructions to finite summability at the bounded level have not been studied. At 
present, the example [12, Lemma 6, page 95] of a K-homology class not admitting 
finitely summable bounded representatives is the only one known to the authors. 

Before stating our main results, we recall some facts about Oy that we review 
in more detail in Sect.3. For N > 1, the Cuntz algebra Oy [6] is defined as the 
universal C*-algebra generated by N isometries with orthogonal ranges. As the C*- 
algebra Oy is simple, it can be constructed in any of its Hilbert space realizations. 
That is, for any operators S,..., Sy such that SFSk = dy and 1 = ae SiS, On 
is canonically isomorphic to the C*-algebra generated by S1,..., Sw. 

An important realization of Oy is as the groupoid C*-algebra of the Cuntz- 
Renault groupoid Yy introduced in [20, Section [II.2]. The unit space of Gy is the 
full one-sided sequence space Qy := {1,...,N}N. We equip 2y with the product 
topology in which it is compact and totally disconnected. Elements x € 2y are 
written x = x,x2-+- where x; € {1,...,N}. The shift 0 : Quy — Q2y is defined by 
O(X1X2xX3-+++) = X2x3--- and is a surjective local homeomorphism. For a finite word 
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[L = [Ui [l2+++ Wg € f1,..., N}* we define the cylinder set 
Cy = {x € Qy x = wx’ for some x’ € Qy}. 
We call |jz| := k the length of jz. As a set, the Cuntz-Renault groupoid is given by 
Gy := {(x,n,y) € Qy XZ Xx Qy : Ak o"**(x) = o*(y)} 3 Qn, (1) 
with domain map dg: ¥ > 2y, range map rg: Y > My and product - defined by 
dg(x,n,y):=y, re(x,n,y):=x, (,n,y)-(y,m,z) = &%n+m,z). 


The space Yy admits an extended metric pg defined below in Definition 2. The étale 
topology described in [21] coincides with the metric topology on Gy induced by pg 
(see Sect. 3, Proposition 1).There is an isomorphism Oy X C*(@y) (see [20, 21]) 
and an expectation ® : C* (Gy) > C(Qn) induced by the clopen inclusion 


Qy C Gy, xb (x,0,x). (2) 


The algebra Oy admits a unique KMS-state ¢@ (see Sect.3.2), and we write 
L?(Oy) := L?(Oy,¢) for its GNS-representation (see below in Sect. 3.2). Under 
the isomorphism Oy X C*(Gy) we have L?(Oy) = L?(Gy, mg) for the measure 
mg i= dim @ induced by the Patterson-Sullivan measure mg on S2y, characterized 
by me(C,) i= N—l#, We often write g = (x,n, y) for an element of Gy. Note that 
the Hausdorff dimension of 2y, and hence of Gy, equals log N. 


Definition 1 We define the densely defined operators c, T and Pg on L?(Oy) as 
follows. 


1. Define co by Dom(co) = C.(Gy) and co f(x, n, y) := nf(x,n, y) and let c denote 
the closure of co. 

2. Define Tp by letting Dom(7) be the compactly supported locally constant 
functions and 


1 f(g) —f(h) 


Tof(g) = (1—N7!) Jay pag, hyee™ 


dng(h), 


and let T denote the closure of Ty. The extended metric pg is defined below in 
Definition 2. 
3. Define the set 


Xe i= {(x,n,y) € Qy XN x Qy : dy € {1,...,N}" s.t.x € C, and o"(x) = y}. 
(3) 


Let P.x denote the integral operator on L?(Gy) with integral kernel yy. (the 
characteristic function of Xz). 
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There is an isomorphism K'!(Oy) & Z/(N — 1)Z defined from Poincaré duality 
for Cuntz-Krieger algebras [14] and the isomorphism Kp(Oy) & Z/(N — 1)Z. We 
denote by (1] € K'(Oy) the class Poincaré dual to [1] € Ko(Oy) and sometimes refer 
to this class as the generator of K'(Oy). The generator of K'(Oy) is represented 
by the extension considered in [8]. In the sequel we will use the operator T from 
Definition | to construct spectral triples representing the K-homology class (1). 

In the statement of our main result we will make use of the so called dispersion 
operator B : L?(Oy) — L?(Oy) which is a bounded operator defined below in 
Lemma | (see page 194). The dispersion operator measures how non-diagonal the 
operator T is in a particular ON-basis of L?(Oy). We also make use of a certain 
projection Q defined just before Theorem 4. 


Theorem 1 The operators c, T and Pg from Definition I are well defined self- 
adjoint operators. In fact P g is an orthogonal projection, T is positive and D := 
(2P g — 1)|c| — T is a self-adjoint operator with compact resolvent. Moreover, 


1. (Oy, L?(On), D) is a spectral triple whose class coincides with [1] € K'(On) 
and e~” is of trace class for all t > 0, i.e. D is @-summable. 
2. Up to finite rank operators, P g = (0,00) (D) and for any p > 0, 


(Oy, L?(Oy), 2Pz — 1) 


is a p-summable Fredholm module whose class is [1] € K'(Oy). 

3. The operator D := D—B+(N-1)~'!Q also defines a spectral triple on On, where 
B is the dispersion operator (see Lemma 1) and Q is a projection (see before 
Theorem 4). For any extended limit w € L°®[0,1]* at 0 there is a probability 
measure M™, on Sy such that 


7 Tr(get” 
$u(a) := © (=) , a€ Oy, 


is computed from (a) = f Qy P(a)dmy. 


Remark I The importance of part 3 of Theorem | is in the context of the 
states constructed from @-summable spectral triples in [10]. The assumption [10, 
Assumption 5.4] requires the associated states to be tracial. This condition clearly 
fails in the purely infinite case. 

A key ingredient in the proof of the theorem is the notion of the depth-kore 
operator from [13]. The depth-kore operator « is a self-adjoint operator on L?(Oy) 
which together with c facilitates a decomposition L?(Oy) = Bik Hn into 
finite-dimensional subspaces with an explicit ON-basis. As we will see below in 
Proposition 5 of Sect. 3.2, Pg is the orthogonal projection onto the free Fock space 
F i= Eien Hg = (My) where Vy = Ure o{l,... JN}. 

The structure of the paper is as follows. In Sect.3 we describe the geometry of 
the Cuntz-Renault groupoid 4%y and the GNS representation of the KMS state of the 
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Cuntz algebra in terms of the Cuntz-Renault groupoid. We compare the «-function 
on Gy (cf. [12, Section 5]) to the «-operator on its L?-space (cf. [13, Lemma 2.13]) 
in Sect. 4. The integral operator T is computed in Sect.5 and we assemble these 
ingredients to spectral triples in Sect. 6. The proof of Theorem | is found in Sects. 6 
and 7. 


3 Metric Measure Theory on Oy 


In this section we will set the scene for the paper and describe the relevant objects. 
Most of this material reviews previously published results. The context we present, 
which to our knowledge is novel, sheds a new light on them. 


3.1 The Groupoid Gy as a Metric Measure Space 


The groupoid % was defined as a set with algebraic structure in Eq. (1) and we 
now describe its topology in more detail. Define the functions kg : Gy — N and 
c: Gy > Zby 


kg: (x,n,y) & minf{k > max{0,—n}: o"t*(x) =o (Q)}, ci (ny) Hen. 
For g € % and composable g1, g2 € %y it holds that 


C(g1 + 82) = c(g1) + C(g2), Ke(81 +82) < K(g1) + K(g2), c(g) + Keg) = O. 


In summary, c is a cocycle, kg is submultiplicative and their sum is a positive 
function. 

We equip %y with the smallest topology making c, xg, rg and dg continuous. It 
is readily verified that a basis for the topology on Gy is given by the sets 


Xpv = {@, ul —lvh yy) €@ixe Cy yEC, oO) =ol()},  foru,v e W. 


The groupoid Gy is étale in this topology. An étale groupoid over a totally dis- 
connected space is again totally disconnected, so the space of compactly supported 
locally constant functions is dense in C,(Gy). For u,v € Wy we use the notation 
Su = Spy e+ Spyj> Sp = (Sy)* and yy.» for the characteristic function of X,,,). The 
following result is proven in [20, 21]. 

Theorem 2 The C*-algebras Oy and C*(GYy) are isomorphic via a *- 
homomorphism Oy — C* (Gy) that maps S,,S* to the compactly supported locally 
constant function x, € C.(G). 
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Notation 1 For g = (x,n,y) € Gy we have o”t*#8)(x) = o#'8)(y). We will use 
the notation z(g) := o*#®)(y), w¢(g) will denote the word of length n + Kg(g) 
such that x = jrg¢(g)z(g) and ve(g) will denote the word of length «¢(g) such that 
y = v¢(g)z(g). In particular, we have 


& = (uUg(g)z(g), c(g), Vo(g)z(g)), Ve € Gv. 


Clearly, z: Gy > Qy and Wg, vg : Gy — Vy are continuous. When there is no risk 
of confusion with fixed finite words, we write simply j(g) and v(g). We also write 


y(g) == y. 
The compact space {2y is metrized by the metric pg defined by 


polxixo++* ,yiy2++*) = infle! : xpx9+++xy = yiya-yi}, 


with the convention that pg (ixa--: ,jya---) = 1Lifi Fs. 
Definition 2 We define pg : Gy x Gy — [0, co] by 


ore if K¢(g1) F Kg¢(g2) or U(g1) F L(g2), 


agi. g2) = 4 
PAE Y po(v(gi),W(g2))s if Kalgi) = Kale) and 4e(gi) = (93). 


For w € Wy and k € N, we define the set 


Ck = {8 © Gn : Ugg) = UW, KG(g) = K}. (4) 


The set x is homeomorphic to a clopen subset of 2x via the domain mapping dy. 
We can clearly partition 


Gy = On kEuk- 
Moreover, for a fixed gj € Gy we have 


{g2 © Gy : pg(81, 82) < CO} = Cues) c(e1)- 


Proposition 1 The function pg is an extended metric on Gy and the topology 
induced by pg coincides with the étale topology on Gy. The functions c, ky, rg 
and dg as well as any compactly supported locally constant function are uniformly 
Lipschitz continuous with respect to pg. 


Proof We start by giving the argument for why pg is an extended metric. If 
paA81,82) = 0 then y(gi) = y(g2), K¥(gi) = Kg(g2) and pxgi) = Hyg2) so 
c(g1) = c(g2) and we conclude that g} = gz. The function pg is clearly non- 
negative and symmetric. The triangle inequality follows from the fact that given 
© Wy andk EN, the set Gx is bi-Lipschitz homeomorphic to a clopen subset 
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of {2y via the domain mapping dg. The remainder of the proposition are direct 
consequences of the construction of the extended metric. 


Remark 2 We note that rg and dg are locally bi-Lipschitz homeomorphisms 
between Gy and {2y so any local metric invariant, e.g. Hausdorff dimension, remains 
the same for the two spaces. 

It is often fruitful to think of S2y as the Gromov boundary of the discrete 
hyperbolic space %y. Here we think of % as a rooted tree, with root 9 € 
{1,...,N}° = {O} and given a directed graph structure by declaring an edge from 
to yj for any p € Vy andj € {1,...,N}. We write Wy := YW U Qy for 
the corresponding compactification of YWy; we topologize Yy in such a way that 
ty CS Vy is a discrete subspace and for any 4 € Wy, the set {v € YW : v = [vo for 
some v9 € Yy} U C, is open. Let 6, denote the Dirac measure at w € %y and for 
s > log(N) define probability measures on Vy via 


_ pe es, 


Ms : : 
—s 
ae € lal 


The measures m, are supported in My. The following construction of the Patterson- 
Sullivan measures on {2y is well-known, see for instance [4]. 


Proposition 2. The net of measures (ms)s5>\og(y) has a w*-limit mg as s > log(N). 
The measure mg is supported on Qv C Vy and coincides with log(N)-dimensional 
Hausdorff measure. It satisfies mg(C,) = N~'"! for any v € Vy. 


3.2. The Representation Associated with the KMS State on On 


We will now approach Oy from an operator theoretic viewpoint. The cocycle c 
gives rise to a U(1)-action on Oy by (z-f)(g) = ¢®f(g) for f € C.(Gy). Under 
the isomorphism of Theorem 2, this action is given on the generators of Oy by 
z- S$; = z$;. The functional 


o(f):= a £G,0,Dama, 


extends to a state on Oy. Indeed, $(S,S*) = et me The state @ is the 
unique KMS state on Oy (equipped with the action defined above) and its inverse 
temperature is log(), see [18]. 


Proposition 3 We consider the measure mg := dymg on Gy. The isomorphism of 
Theorem 2 uniquely determines a unitary isomorphism L?(Oy,¢) > L’(Gy,mg) 
compatible with the left Oy-action. 
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The proposition follows using the fact that 1 € Oy, which corresponds to 7q € 
C.(Gv) © C* (Gy), satisfies (f) = (1.f * 1)72(g mg). Motivated by this result, we 
identify L?(Oy, &) with L?(Gy, mg) and write simply L?(Oy). 


Definition 3 For a finite word yz € %y we write t(j) := [4,| for 2 non-empty and 
1(O) = 9. We define (en,1)uvervy C L’?(On) by egg = Xe and 


NES S*. (u) # tv), 


Cny i= 


NOU2 JAS (S83 —N1S,83), (a) = tv) # 9. 


Here we have written pp = put(y) and v = vt(v). 


Proposition 4 (Lemma 2.13 of [13]) The collection (€y.y)yve% FC L?(Oy) is an 
ON-basis. 


Definition 4 Following [13], we define the depth-kore operator « on L?(Oy) as the 
densely defined self-adjoint operator such that 


Keuy = [vlenv- 


We define the operator c on L?(Oy) as the densely defined self-adjoint operator such 
that 


Cluny = (|x| _ [ven v- 


We note that by construction, c commutes with k on acommon core and c + k is 
positive. We define the N’*7*-dimensional space 


Hone = ker(c —n) Nker(k — k) = Lsfeyy : |u| =a+k, |v] = k}. (5) 


Proposition 5 Let Xz denote the set from Eq. (3) and Pg the integral operator 
with kernel xy ,. The operator P g is the orthogonal projection onto the Fock space 
F := kerk = QB Mao. Moreover, Pg preserves the domain of c and x and 
commutes with c and k on their respective domains. 


Proof The integral kernel of the orthogonal projection onto the Fock space -F is 
given by the function 


CO fo) 


> » Cy o(81)eu,o(82) = > »~ XXu,0%X,,9 (81, 82) = XU,Xp,9xXp,9 (81, 82)- 


n=0 |ul=n n=0 |u|=n 


The proposition follows from the fact that Xz = U),, (Xu. x Xu). 
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Remark 3 The isometry v : £?(%y) > L?(Oy), 5, +> ey,g surjects onto the Fock 
space ¥ = ker(«) (compare [12, Remark 2.2.4]). We also note that there is an 
isometry L?(Qv,mg) — L?(On) mapping surjectively onto the “anti-Fock space” 
F" = ker(c + k) via Xc, +> S, Sj. The “anti-Fock space” is often a source of 
trouble, see [13, Proof of Theorem 2.19]. The basis (ey, 4.) very for L?(Qy,mg) C 
L’ (Oy) is related to the wavelet basis studied in [9]. 

In [13] the operators c, « and Pg were assembled into a spectral triple. We define 
D, as the closure of (2P. z—1)|c| —«. It was proven in [13] that (Oy, L? (Oy), Dx) is 
a spectral triple whose class coincides with (1] € K'(Oy). The explicit construction 
is motivated by the K-homological information carried by the projection Pg = 
X{0.00)(D,.). The aim of this paper is to give a more geometric construction of a 
spectral triple on Oy, with the same K-homological content. 


4 The x«-Function and «-Operator on Oy 


An important aspect in the noncommutative geometry of the Cuntz algebra Oy is the 
distinction between the depth-kore function «g in the groupoid Gy and the depth- 
kore operator «. Both are invariants of Cuntz-Pimsner constructions of Oy: the 
depth-kore function from Oy as a Cuntz-Pimsner algebra with coefficients C(Qvy) 
and the depth-kore operator from Oy as a Cuntz-Pimsner algebra with coefficients 
C. These two models are discussed in [13], notably in [13, Section 2.5.3]. 

Let us go into the details of the other approach using C(S2y) as coefficients. 
The details can be found in [12, 13]. Let &;, denote the C(§2))-Hilbert C*-module 
completion of C,(Gy) in the C(2y)-valued inner product ( fi, f2)c(a) = Off *f2) 
where ® denotes the conditional expectation C.(Gy) > C(S2n) onto the unit space 
obtained from the inclusion (2). Multiplication by the functions c and xg define 
self-adjoint regular operators on Sy. The Fock module Fg := kerkg C Gy is 
complemented and the adjointable projection 


Po = xoy(kg): By > Ey, 


satisfies Fg = Po &y. Following the recipe above, we define a self-adjoint regular 
operator Dg on Ey as the closure of (2Pg — 1)|c| — kg. Then Pg = YZj0,00c)(Dea) 
and this operator projects onto the C({2)-Hilbert C*-submodule spanned by {S,, : 
fe € Vy}. The triple (Oy, Zy, Dg) defines an unbounded (Oy, C(S2y))-Kasparov 
module. In this instance, (Oy, &y, Dg) can be thought of as a bundle of spectral 
triples over {2. We recall the following result from [12, Theorem 5.2.3]. 


Theorem 3 Let w € S2y and denote the discrete dg-fiber by Vj, := dg‘ (w) CG. 
The C*-algebra On acts on €7(%,) via the groupoid structure. Define Dy, as a self- 
adjoint operator on £7(%,) by 


Dyf (x, n, w) := |n|(2Py — 1)f(, n, w) — Kg(x, n, w) f(x, 0, W), 
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where P,, denotes the projection onto the closed linear span of the orthogonal 
set {xx,.al% : bh € Wy} © OCW). Then (Oy, £2(%), Dy) is a O-summable 
spectral triple whose phase D,,|Dy|~! defines a finitely summable Fredholm module 
representing the class [1] € K'(Oy). 

A key step in proving that (Oy, Sy, Da) is a Kasparov module is the study of 
the submodules 4), := ker(c — n) M ker(kg — k) C Ey. The modules do in this 


instance carry geometric content as 
Ene = CGrx), where Gx = c'({n}) N Kgl (KK) C Wy. 


The set Gx is compact and C(G,,x) is a finitely generated projective C(2y)-module. 
Later in the paper, we will need to make use of the interaction between the depth- 
kore function «g and the depth-kore operator k. 


Definition 5 For two finite words u,v € Yy we write w A v for the longest word 
such that = [lo(te A v) and v = vo(y A v) for some words j4o and vo. We define 


Ky (Hv) -= |v] — |e AY]. 


Proposition 6 For u,v € VW, Keepy = Ky (fL, Vey y. In particular, ey» € En. if 
and only ifn = || — |v| andk = ky(w, v). 

The proof consists of a long inspection to verify that supp(e,.) Gx A Y if and 
only ifn = || —|v| andk = xky(u, v). A key point in the proof, putting the two 
cases in Definition 3 on equal footing, is the identity: 


Ky (Wi, vj) = dijky(u,v) + 1 — 61j)(v] + 1). 


Using the fact that0 < ky(u,v) < |v| we deduce the next Corollary from 
Proposition 6. 


Corollary 1 As self-adjoint operators on L?(Oy), the operator Kg is relatively 
bounded by k with relative norm bound |. Moreover, kg and kK commute on a 
common core. 


5 An Integral Operator on Oy 


In this section, we define the singular integral operator that is used to construct 
spectral triples on Oy. The singular integral operator will at large behave like the 
depth-kore operator x. 


Definition 6 Define C°(%) © C.(Gy) as the subspace of all compactly supported 
locally constant functions. Define the operator Ty : C° (Gy) > L? (Gy) by 


1 f(g1) —f(g2) 
1—N™ Jay palgi, g2)8™) 


Tof (g1) = dng(g2). 


In the integrand, we apply the convention that > = 0 for any finite number c. 
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We will compute 7 in the basis e,,, of L?(Oy) and since C°(Yy) = spanfe,v}, 
the computation shows that 7 is well-defined and maps C® (Gy) into L?(Oy). More 
precisely, the computation shows that Jo is up to a bounded operator diagonal in the 
basis e,,,,, and as such we can extend Tp to a densely defined self-adjoint operator 


T:DomT C L?(Oy) > L?(On), 


with C°(Gy) C Dom T. 

First we define the so called dispersion operator. For two words u,v € Vy we 
write 44 V v for the finite word of maximal length such that uw = (2 V v) {Jo and 
v = (WV V)v for some finite words fo, vo € Wy. 


Lemma 1 Define the dispersion operator B on L?(Oy) by the formula 


vi|-1 


| 
Beyy — @! -N NT = 8r(),0v)) ~ > > Ne ini 


m#t(u) €=0 |y|=|v|-1, lyvul=e 


Then the operator B is a well defined bounded self-adjoint operator commuting with 
k, cand kg ona common core. In fact K| (Ker pL = Kl (ker B)-L- 


Proof The operator B is defined on an ON-basis and it is clear from the expression 
that B is self-adjoint if B is bounded. The only non-trivial fact to prove is therefore 
that B is bounded. We compute that 


v|-1 


| 
Bey»? = A —N') 70 — bq say) > = s- N2é-210 


m#t(u) €=0 |y|=|v|-1, lyvvl=e 


|v|—1 


N —|v 
= = Sqn) Fy DN = 1 Sana) 
£=0 


wort —NN). 


It follows that B is bounded. Since (ker B)+ is spanned by basis vectors €,,» Where 
t() A t(v) and ky (pt, v) = |v| if tw) 4 t(v), Proposition 6 implies K| (ker B)- = 


kg (ker B)+- 
We define Q as the orthogonal projection onto the closed linear span of the set 


fen» 10 <Ky(u,v) < |v}. That is, e, € QL*(Oy) if and only if t(j) = t(v) 4 
0. 
Theorem 4 As an operator on C2° (Gy), we have that 


1 
Ty =k — Kg + (N-1)'O-B. 
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In particular, To is a well-defined operator with dense domain and extends to a self- 
adjoint operator T on L?(Oy) with discrete spectrum and T —x is relatively bounded 
by x and T with relative norm bound 1/N. 

The proof of this theorem will occupy the rest of this section. To prove the 
theorem, it suffices to prove that it holds when acting on basis elements e,,,: they 
span the compactly supported locally constant functions. For g; € Gy and f € N, 
we introduce the notation 


X"(g1) := {92 © Gv : p¥(g1,92) =e}. 


Note that (X"(g1))een is a clopen partition of @.(g,) «g(g1)- In fact, for any g1 € G, 
we can make a disjoint clopen partition G = {g2 : pg¢(gi,g2) = co} U 
(UR or (g,)). From this discussion, it follows that 


1 


T= ayer LNT, where TEC) = i; ‘gf ~Flaadidm 
6) 


To compute T in the ON-basis, we first compute T; on the characteristic functions 
XX,,y- TO ease notation, we write ¥.» = Xx, € Ce(G) and x, = xo, € C(2y). 
We have that 


TeXnv(gi) = mgX"(g1) O Xpv)(Xuv(81) — 1) 
+ ma(X'(g1) \ (x‘(g1) a Xpw)) Xp (g1). 


We now proceed to compute the relevant volumes appearing in this expression. 
Lemma 2 For g; ¢ X,, 
me(X"(¢1) AXyy) = NT! » x (g1) (Xv, 1) — Xv,4,01)) 
GA N81 Hav Happ BU Ay V1 Yep S1))> 
lyl=Ky (Uvy=Ky (My) 


where Vv, and v,,, denotes the first € and € + | letters of v and Ha sty| the first 
n+|y| =n+ky(u, v) letters of u. We interpret v, = v if £ > |v|. 


Proof Take g; ¢ X,,y. Firstly, suppose that g; € ipl=ev ver (ny XH, 4 1 


that y) € Cy, \ Gy, ,,- This means precisely that the domain mapping defines a 


yy and 


measure preserving bi-Lipschitz homeomorphism X‘(g,) 1X u,v — C,. Conversely, 
if g1 ¢ Ulpl=ny ver (ur XH, 4 1,7 or yj ¢ Cy, \ Cw, then X*(g1) NX is empty, 
so X*(g1) N X,,,y has measure zero. 


Lemma 3 For g) € X,, 


0, £> |v, 
me(X*(g1) \ (X°(81) NXpv)) = 4N—N-O!, keg) < 2 < |v], 
N-T(N-1)?, 0<£ <K(g1). 
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Proof Take g; ¢ X,,,,. A computation with cylinder sets shows that 


0, <|v| 
£ > 
mg(X" (91) NXpy) = 
c n-*—N-&!, > Iv], 
“$n! Kxe(gi) <2, 


N 
d_ mg(X"(g1)) = 
and mg(X"(g1)) aera 1)?, O0<£<xeg1). 


The result follows by subtracting the two expressions. 
From these computations, we deduce a simple special case of Theorem 4. A short 
computation shows that JT: 7,9 = 0 for any finite word jz and ¢ € N. Therefore 


Te, g = 0. 
We now turn to the general case. 
Proof (Proof of Theorem 4) Using the decomposition (6), Lemmas 2 and 3 we write 


|v|-1 
Q=N YT =D YM Oey OD) = to, 00) 
l=0 |yl=ey(uv=Ky (Ky) 


k@(gi)—1 |v|-1 
+{ D> w?~w-1?+ DO G=-N) J tuo) 
£=0 =kg(g1) 


|v|-1 
a » NM a B41 OD — Xue 0) 


(=0 |yl|=cy(Wv=Ky (Ly) 


+ a —N') (-4 ealsi) + wt) Xv (81). (7) 


Take two words w,v € %y with tw) = t(v) A O. Up to normalization, e,,, 
coincides with x,» — N7! Xu.v- Here we are using the notation of Definition 3, and 
hence |v| = |v| — 1 whenever |v| > 0. We compute that 


(1 =N7'T(Xuv —N7 Xny) 


=(1—N7!) — + wl) Xuv(B1) 


atien-) (42 + |v] = 1) N™ Xuv(81) 


N » Xie, ¢ 4,7 EVOQOW) = Nyy) 


lyl=ky (LV=Ky (MY) 
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|v]=2 


+ > a as ee (81) Koes (v1) ~~ Xv, (11) 


€=0 |yl=ky(Uv=Ky (LY) 
|v|-2 
a a NEW yy B41 01)-Xy,01))- 


(=0 |yl=Ky(uw=Ky (Ly) 


In the last line we are using that if |y| = ky (wu, v) then |y| < |u| andky(u, y) = 


Ky(u, y). If tw) = t(v) then ky(u,v) = Ky(, v) and the last two terms cancel 
each other. We proceed with the remaining sums: 


=a -n-(- a) wl) re 


_aen-4 (-“ kai) Rite 1) Nuole 


ie > Xe, 4-7 BOO ~ Xe). OD) 


lyle=ky (Mv)=Ky (Wy) 


N 
==) (-AE gol) Gi ae) 


—N Yu» +N >. Xi,4-7 BVAOW 
lylHey (Uvy=Ky (uy) 


+N Yuv —N7 > Xe, .17 8VLvO) 
lyls=ky (wv=HKy (LY) 


a = 3y=1 _ kg¥81) 
=(1-N i( a 


1 = 
a |v | ar —) Qu» - N Au»): 


Since Be, = 0 if t(w) = t(v) the theorem follows in this case. We now consider 


the case of two words jz, v € Vy with t(w) # t(v). In this case, we simply note that 
Eq. (7) implies that 


|v|-1 
( —N")T Yu» = > 


€=0 |yl=ey(wy)=lv| 


+(1 mt ee) 1) Kuv(81) 


= = > x NOM y ym(81) 


m#t(u) €=0 |y|=|v|-1, lyvul=e 


NOM ye Bogs OV) — ky, OV) 
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ae vy (4 Kae) 1) ected 


== (4 OE iii B) xaos) 


The only case left to consider is 4 = v = @ which holds trivially. This proves 
the theorem. 


6 A Spectral Triple on Oy 


We are now ready to assemble our operators into spectral triples on Oy. In [13] a 
spectral triple was constructed by defining the operator D, = (2P.¢% — 1)|c| — k. 
We proceed similarly and define D as the closure in L*(Oy) of the operator (2P. ¢ — 
1)|c| — T with initial domain C?° (Yy). In the same way, the operator D is defined as 
the closure of 


(2P¢—1)|c|-T-B+(N—1)'Q: C?(@) > L’(On). 


We note that D = (2P.z— 1)|c| — T where 


Fee Coo a oO) ee (8) 


The following two propositions prove part 1 and 2 of Theorem 1. 


Proposition 7 The triples (On, L2(Ow), D) and (Oy,L?(Oy),D) are spectral 
triples representing the class [1] € K'(Ow). 


Proof Since D — D is a bounded self-adjoint operator, Dom(D) = Dom(D) and D 
defines a spectral triple if and only if D does. It is easily verified from Corollary 1 
and Eq. (8) that (i + D)“'isa compact operator. Moreover, the generators 5S; € Ov 
preserve Dom(D). The operator D has bounded commutators with the generators S;, 
which is seen from combining [13, Theorem 3.19] in the model over C and in the 
model over C(S2y); the latter gives bounded commutators with «gy and the former 
bounded commutators with D, = D + 5#¢. Thus D and D define K- -cycles for Oy. 
To identify their class in K'(Oy), obsene that the operator inequalities 


0<(1-—N')k<T<k, O0<|cl+(Q—N)k < lel +T<|cel+«, (©) 
hold true on the core C?°(Yy) and hence on all of Dom T = Dom k as well as on 
Dom (|c| + T) = Dom (|c| + «). By positivity, we have kerk = ker T = imP g and 
thus TP zg = PgzT = Oas well as 


ker(\c| + T) = ker|c| A ker T = ker |c| N kerk = ker(|c| + «). 
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We can thus write the operator D and its phase D|D\"! as 
D = (QPg—Mlc|—T = QPg—IM(lel +7), DID! = De|De|“! = 2Px—- 1, 


which shows that [D] = [D] = [D,] = (1] € K'(Oy), by [8, 14] and [13, Theorem 
3.19]. 


Proposition 8 The spectral triples (Oy, L?(On), D) and (Oy, L?(Oy), D) are 0- 
summable, Pg = YX{0,00)(D) = X{0,00) (Dx) and the difference P z — X{0,.0|(D) is a 
finite rank operator. Moreover, for any p > 0, the set 


Sum’ (Oy, Pz) := {a € Oy : [Pz, a] € Z’(L’(On))}, 


is a dense *-subalgebra of Oy. In particular, (Oy,L?(On),2P.% — 1) is a p- 
summable generator of K'(On) for any p > 0. 


Proof It suffices to prove @-summability for D. This follows since 4, is N’+*- 
dimensional and —2(|n| +k) < Dixe, < 2(|n| +4). The identity Pz = 70,00) (Dx) 
follows from the construction using PgLl*(Oy) = ker(x). Since D|D|"! = 
D,|D,\~', we have 0,00) (D) = Xj0,.00) (Dx). Moreover, for C = ||B||, we have 
the operator inequalities 


Dix. —C < Dix, < Dil, + C. Wnuk. 


Thus, by compactness of resolvents and the fact that the sign of D| #,, 18 determined 
purely by n and k, it follows that 710,00) (D) — 70,00) (D) is a finite rank operator. The 
remaining statements follow from [12, Proposition 2.2.5], which uses methods from 
[11, 14]. 


7 The Frohlich Functionals on Oy 


In [10], Frohlich et al. associated a state with @-summable spectral triples. If 
(A, #% D) is a 8-summable spectral triple, one defines the state on a € A as 
tr(ae”) 


—.—, t>0. 
tr(e~?”) 


$7 (a) = 


The assumption that an extended limit of ¢? as t > 0 is tracial is used in [10]. 
This is clearly an unrealistic assumption if A admits no traces. In [17, Corollary 
12.3.5] it is shown that under certain finite dimensionality conditions on (A, # D), 
which are slightly stronger than finite summability, extended limits of $? are tracial. 
This provides interesting connections between the tracial property of the states 
introduced by Frohlich et al. and Connes’ tracial obstructions to finite summability. 
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Since D, Do and D, are 6-summable, they allow for the definition of Frohlich 
functionals on Oy. For t > 0 we define the following states on B(L?(Oy)): 


iy) Ga 


tr(e“”) 


tr(T —1D* tr(T —1D2 
a ae) : = ) and f(T) := Aas 7 5 ) 
tr(e~””) tr(e~*) 


A state @ € L°*[0, 1]* is said to be an extended limit at 0 if @(f) = 0 whenever 
f = O near 0. For an extended limit w at 0, we define d := 00 ¢;, dy := 00 
and f* := wo $f. The next result proves part 3 of Theorem 1. 


Proposition 9 For any extended limit w, there exists probability measures My and 
m< on S2y such that for a € On 


da(a) = a P(a)dm, and $X(a)= : P(a)dm*.. 


2n 


Using the fact that ®(S,,S)) = 6,,»S,,S7, the proposition is immediate from the 
next lemma which in turn is a computational exercise. 


Lemma 4 For any finite words 4, v,0,p € Vn, 


(€u.v Sp S5€y,v) 12(On) 


Sar Olavulamat ais , t(L) # tv), 


~ iN = I)7'8p.0 (Serrano ® — 2)nmintO.|el—leld 4 t(L) = t(v) ; 


Bovine), 


Here wt starts with ws and |u| = |p| — 1. 


Remark 4 It is reasonable to expect that ¢,, @, and o* are in fact related to the 
KMS state ¢. We have not been able to prove this. A simple induction procedure, or 
using uniqueness of KMS states on Oy combined with [16], shows that it suffices to 
prove that ¢,,(S,S*) = Noo (SyjS¥,) for any finite word v € %y andj = 1,...,N. 
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Application of Semifinite Index Theory to ™@ 
Weak Topological Phases od 


Chris Bourne and Hermann Schulz-Baldes 


Abstract Recent work by Prodan and the second author showed that weak 
invariants of topological insulators can be described using Kasparov’s KK-theory. In 
this note, a complementary description using semifinite index theory is given. This 
provides an alternative proof of the index formulae for weak complex topological 
phases using the semifinite local index formula. Real invariants and the bulk- 
boundary correspondence are also briefly considered. 


1 Introduction 


The application of techniques from the index theory of operator algebras to systems 
in condensed matter physics has given fruitful results, the quantum Hall effect being 
a key early example [3]. More recently, C*-algebras and their K-theory (and K- 
homology) have been applied to topological insulator systems, see for example [6, 
14, 19, 23, 30, 36]. 

The framework of C*-algebras is able to encode disordered systems with 
arbitrary (possibly irrational) magnetic field strength, something that standard 
methods in solid state physics are unable to do. Furthermore, by considering the 
geometry of a dense subalgebra of the weak closure of the observable algebra, 
one can derive index formulae that relate physical phenomena, such as the Hall 
conductivity, to an index of a Fredholm operator. 
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Topological insulators are special materials which behave as an insulator in the 
interior (bulk) of the system, but have conducting modes at the edges of the system 
going along with non-trivial topological invariants in the bulk [33]. Influential 
work by Kitaev suggested that these properties are related to the K-theory of the 
momentum space of a free-fermionic system [22]. 

Recent work by Prodan and the second author considered so-called ‘weak’ 
topological phases of topological insulators [31]. In the picture without disorder or 
magnetic flux, a topological phase is classified by the real or complex K-theory of 
the torus T¢ of dimension d. Relating Atiyah’s KR-theory [1] to the K-theory of C*- 
algebras and then using the Pimsner—Voiculescu sequence with trivial action allows 
us to compute the relevant K-groups explicitly, 


r 


d 
KR™"(T4,£) = KO,(C(@T*)) = KO,(C*(Z9) = @ (}) 50.19. (1) 


j=0 


Here n labels the universality class as described in [6, 22] and C(iT“) is the real C*- 
algebra {f € C(T¢,C) : f(x) = f(—»x)}, which naturally encodes the involution ¢ 
on T“, The ‘top degree’ term KO,—,(R) is said to represent the strong invariants of 
the topological insulator and all lower-order terms are called weak invariants. 

Bounded and complex Kasparov modules were used to provide a framework to 
compute weak invariants in the case of magnetic field and (weak) disorder in [31]. A 
geometric identity is used there to derive a local formula for the weak invariants. The 
purpose of this paper is to provide an alternative proof of this result using semifinite 
spectral triples and, in particular, the semifinite local index formula in [8, 9]. This 
shows the flexibility of the operator algebraic approach and complements the work 
in [31]. 

The framework employed here largely follows from previous work, namely [7], 
where a Kasparov module and semifinite spectral triple were constructed for a unital 
C*-algebra B with a twisted Z‘-action and invariant trace. Therefore the main task 
here is the computation of the resolvent cocycle that represents the (semifinite) 
Chern character and its application to weak invariants. Furthermore, the bulk- 
boundary correspondence proved in [7, 30] also carries over, which allows us to 
relate topological pairings of the system without edge to pairings concentrated on 
the boundary of the sample. 


2 Review: Twisted Crossed Products and Semifinite Index 
Theory 


2.1 Preliminaries 


Let us briefly recall the basics of Kasparov theory that are needed for this paper; 
a more comprehensive treatment can be found in [5, 31]. Due to the anti-linear 
symmetries that exist in topological phases, both complex and real spaces and 
algebras are considered. 
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Given a real or complex right-B C*-module Eg, we will denote by (- | -)g the B- 
valued inner-product and by Endg(£) the adjointable endomorphisms on EF with 
respect to this inner product. The rank-1 operators ©, 7, e,f € Eg, are defined 
such that 


O. f(g) = e-(f lade, e,f,g € Ep. 


Then End? (E) denotes the span of such rank-1 operators. The compact operators 
on the module, End’, (E), is the norm closure of End? (Z). We will often work with 
Zy-graded algebras and spaces and denote by ® the graded tensor product (see [16, 
Section 2] and [5]). Also see [25, Chapter 9] for the basic theory of unbounded 
operators on C*-modules. 


Definition 1 Let A and B be Z»-graded real (resp. complex) C*-algebras. A real 
(complex) unbounded Kasparov module (.&% , Eg, D) is a Z2-graded real (complex) 
C*-module Eg, a graded homomorphism z : A — Endg(£), and an unbounded 
self-adjoint, regular and odd operator D such that for alla € & C A, a dense *- 
subalgebra, 


[D, x(a)]4 € Endg(E) , m(a)(1 + D*)'/? € End9(E) . 


For complex algebras and spaces, one can also remove the gradings, in which case 
the Kasparov module is called odd (otherwise even). 

We will often omit the representation 2 when the left-action is unambiguous. 
Unbounded Kasparov modules represent classes in the KK-group KK(A, B) or 
KKO(A, B) [2]. 

Closely related to unbounded Kasparov modules are semifinite spectral triples. 
Let t be a fixed faithful, normal, semifinite trace on a von Neumann algebra 
Graded von Neumann algebras can be considered in an analogous way to graded 
C*-algebras, though the only graded von Neumann algebras we will consider are of 
the form .4%®End(Y ), with .% trivially graded and End(V) the graded operators 
on a finite dimensional and Z-graded Hilbert space ¥% We denote by .%y the t- 
compact operators in -% that is, the norm closed ideal generated by the projections 
P € Wwith t(P) < oo. For graded von Neumann algebras, non-trivial projections 
P € Ware even, though the grading Ad,, on Mz(./) gives a grading on M,,(.%y). 


Definition 2 Let .% be a graded semifinite von Neumann algebra with trace tT. 
A semifinite spectral triple (<4 .# D) is given by a Z)-graded Hilbert space # a 
graded *-algebra <& C -Wwith C*-closure A and a graded representation on .#% 
together with a densely defined odd unbounded self-adjoint operator D affiliated to 
-¥such that 


1. [D, a]4 is well-defined on Dom(D) and extends to a bounded operator on # for 
alace, 
2.a1+D*)' € Hyforalla ea. 


For Y= &(#) and t = Tr, one recovers the usual definition of a spectral 
triple. 
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If (& Eg, D) is an unbounded Kasparov module and the right-hand algebra B has 
a faithful, semifinite and norm lower semicontinuous trace Tg, then one can often 
construct a semifinite spectral triple using results from [24]. We follow this route 
in Sect. 2.2 below. The converse is always true, namely a semifinite spectral triple 
gives rise to a class in KK(A, C) with C a subalgebra of “jy [15, Theorem 4.1]. If 
A is separable, this algebra C can be chosen to be separable as well [15, Theorem 
5.3], but in a largely ad-hoc fashion. Because we first construct a Kasparov module 
and subsequently build a semifinite spectral triple, one obtains more explicit control 
on the image of the semifinite index pairing defined next (see Lemma | below). 
Therefore the algebra C is not required here (as in [10, Proposition 2.13]) to assure 
that the range of the semifinite index pairing is countably generated, i.e. a discrete 
subset of R. 

Complex semifinite spectral triples (e% # D) with © trivially graded can be 
paired with K-theory classes in K,(.@/ ) via the semifinite Fredholm index. If 
is Fréchet and stable under the holomorphic functional calculus, then K,(./) & 
K,,(A) and the pairings extend to the C*-closure. Recall that an operator T € -/that 
is invertible modulo .“y has semifinite Fredholm index 


Index, (T) = T( Pxer(r)) — T(Pxer(r*)) » 


with Pxerr) the projection onto Ker(T) C #@ 


Definition 3 Let (<4 # D) be a unital complex semifinite spectral triple relative 
to (¥ t) with trivially graded and D invertible. Let p be a projector in M,(.7), 
which represents [ p] € Ko(.) and uv a unitary in M,,(.) representing [u] € K\(). 
In the even case, define T+ = (1 + y)TS( + y) with Ad, the grading on .# Then 
with F = D|D|~! and 7 = (14+ F)/2, the semifinite index pairing is represented by 


([p].(%AD)) = Indexretren(p(F ®@ 1n)+P) » even Case , 
((u], (ZF D)) = Index-etren (UT ® 1,)uU7T ® 1,)) , odd case . 
If D is not invertible, we define the double spectral triple (% #7@ # Dy) for 


M > O and relative to (M2(.V), tT ® Tre2), where the operator Dy and the action of 
is given by 


for alla € & If (&% HD) is graded by y, then the double is graded by py = 
y ® (—y). Doubling the spectral triple does not change the K-homology class and 
ensures that the unbounded operator Dy is invertible [11]. 
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A unital semifinite spectral triple (%#%D) relative to (.%T) is called p- 
summable if (1 + D*)~*/? is t-trace-class for all s > p, and smooth or QC®™ (for 
quantum C®™) if foralla € & 


a,[D,a] € (\Dom(s"), (7) = [(1+ D*)"”, 7]. 


n>0 


If (<% # D) is complex, p-summable and QC™, we can apply the semifinite local 
index formula [8, 9] to compute the semifinite index pairing of [x] € K.(A) with 
(&, H, D) in terms of the resolvent cocycle. Because the resolvent cocycle is a local 
expression involving traces and derivations, it is usually easier to compute than the 
semifinite Fredholm index. 


2.2. Crossed Products and Kasparov Theory 
2.2.1 The Algebra and Representation 


Let us consider a d-dimensional lattice, so the Hilbert space #7 = £7(Z“) ® 
C”, and a disordered family {Hj}weq of Hamiltonians acting on # indexed by 
disorder configurations w drawn from a compact space 2 equipped with a Z¢- 
action (possibly with twist @). One can then construct the algebra of observables 
M,(C(&2) xg 7), The family of Hamiltonians {H,} <q are associated to a self- 
adjoint element H € M,,(C(Q) x¢ Z“), and we always assume that H has a spectral 
gap at the Fermi energy. The Hilbert space fibres C” and the matrices M,,(C) are 
often used to implement the symmetry operators that determine the symmetry-type 
of the Hamiltonian. However the matrices do not play an important role in the 
construction of the Kasparov modules and semifinite spectral triples we consider. 
Hence we will work with C(22) xg Z“, under the knowledge that this algebra 
can be tensored with the matrices (or compact operators) without issue. The space 
C(&2) can also encode a quasicrystal structure and depends on the example under 
consideration. 

The twist ¢ is in general a twisting cocycle @ : Z4 x Z4 + YC(L)) such that 
for all x, y, z€ ZA, 


d(x VOA+Y,Z) = a(O(y,2—)bOOY+2Z) $(x,0) = ¢(0,x) = 1, 


see [28]. We also assume that #(x, —x) = 1 for all x € Z4 as in [20] or [30], which 
still encompasses most examples of physical interest. 


Remark I (Anti-Linear Symmetries, Real Algebras and Twists) Our model always 
begins with a complex algebra acting on a complex Hilbert space. If the Hamil- 
tonian satisfies anti-linear symmetries, then we restrict to a real subalgebra of the 
complex algebra C(2) x4 Z4 that is invariant under the induced real structure by 
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complex conjugation. This procedure is direct for time-reversal symmetry, though 
modifications are needed for particle-hole symmetry [14, 19, 36]. Such a restriction 
puts stringent constraints on the twisting cocycle ¢ and will often force the twist to 
be zero (e.g. if @ arises from an external magnetic field). For this reason, in the real 
case, we will only consider untwisted crossed products C(2) »Z“. We note that this 
may not encompass every example of interest, but we leave the more general setting 
to another place. © 

Our focus is on weak topological invariants which have the interpretation of 
lower-dimensional invariants extracted from a higher-dimensional system. Using 
the assumption (x, —x) = 1, one can rewrite C(S2) xg Zt ~ (C(Q) X¢g ZA) xg Zk 
with a new twist 0 [20, 28]. Hence for d large enough and | < k < d one can study 
the lower-dimensional dynamics and topological invariants of the Z‘-action. 

With the setup in place, let B be a unital separable C*-algebra, real or complex, 


and consider the (twisted) crossed product B xg Z* with respect to a Z‘-action a. 
k 


This algebra is generated by the elements b € B and unitary operators {S; j= Such 
that S"” = Sj! --- Si? forn = (n,...,mg) € Z* satisfy 
S'b = at, (b) S" , smgn 8(n, mS” 


for multi-indices n,m € Z* and 6 : Zk x Zk + YB) the twisting cocycle. Let 
&@ denote the algebra of elements )°<7% S"bn, where (||Dn||),ezé is in the discrete 
Schwartz-space .“¢7(Z*)). The full crossed product completion B x Z* is denoted 
by A. Following [7, 31] one can build an unbounded Kasparov module encoding 
this action. First let us take the standard C*-module ¢7(Z‘) @ B = ¢?(Z*, B) with 
right-action given by right-multiplication and B-valued inner product 


(v1 @ by | Wr @ br) = (Wi. W2) (zh DT D> - 


The module ¢7(Z*, B) has the frame {8m ® lg}mezt where {8n}mezd is the canonical 
basis on £?(Z*). Then an action on generators is defined by 


by: (5m &® bz) = bm &® Om (bi) b2 ; 
pre (6m ® b) 6(n, m)- Smtn @b= bmn ® —m—n (O(n, m))b . 


II 


It is shown in [7, 31] that this left-action extends to an adjointable action of the 
crossed product on ¢7(Zé, B). 


2.2.2 The Spin and Oriented Dirac Operators 


Using the position operators Xj(dm ® b) = mjbdm ® b one can now build an 
unbounded Kasparov module. To put things together, the real Clifford algebras C?,.; 


are used. They are generated by r self-adjoint elements {y/}/_, with (y/)” = 1 and 
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s skew-adjoint elements {p'}5 


i=1 
have Cl,,, @C = Cé,45. 

In the complex case and k even, we may use the irreducible Clifford representa- 
tion of Cf, = span {I/ ye on the (trivial) spinor bundle G over T* to construct the 
unbounded operator bas Xr J on £?(Z*, B)&G. After Fourier transform, this is 
the standard Dirac operator on the spinor bundle over the torus. More concretely, 
6 = C*” with {FL self-adjoint matrices satisfying TY + PI"! = 26;;. For 
odd k, one proceeds similarly, but there are two irreducible representations of Cl; 
onG 2c”, 


with (o')? = —1. Taking the complexification we 


Proposition 1 Consider a twisted Z'-action a, 6 on a complex C*-algebra B. Let 
A be the associated crossed product with dense subalgebra & of Y\neqe S"bn with 


(Dn) nezk Schwartz-class coefficients. For v = 231, the triple 


k 
= (~ 0 (Z*, B)g®C’, yxer") 
j=l 
is an unbounded Kasparov module that is even if k is even with grading Adp, for 
Ty = (-i*?r!.--*, specifying an element of KK(A,B). The triple 8 is odd 
(ungraded) if k is odd, representing a class in KK'(A, B) = KK(A®C¢,, B) which 
can be specified by a graded Kasparov module 


A ae 0 -id, xer' 
ak 2 Vhs B Qk—-1)/2 2, Z j=l“ 2 
( @CL,, £ ( ’ y@C @C 34 Py er’ 0 2 ( ) 


where the grading is given by conjugating with (( and o, = (; i) generates 
the left C£-action. 
Proof The algebra is trivially graded and one computes that 
[X;, xe S" Dn] = se mS"Dm ; 
meéZk me Zk 


which is adjointable for (||Dm||)mezk in the Schwartz space over Z‘. Therefore the 
commutator pe X;@I°J,a®1c»] is adjointable for a € & The operator (1 + 
|X|*)~°/? acts diagonally with respect to the frame {8,, ® 1g}mneze on €7(Z*, B). In 
particular, 


G+ (XPM? = S10 [em]? 6s, otn.5n@1e » 
me Zk 


which is a norm convergent sum of finite-rank operators and so it is compact on 
£?(Z*, B). In particular, (1 + |X|?)~!/?@1c» is compact on £2(Z*, B)@C”. Oo 
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The triple Pi is the unbounded representative of the bounded Kasparov module 
constructed in [31]. The (trivial) spin structure on the torus is used to construct 
the Kasparov module Fm from Proposition |. One can also use the torus’ oriented 
structure. Following [16, §2], we consider i. R* (or complex), which is a graded 
Hilbert space such that Endg(/\* R*) = Clo~@Clx0, where the action of Clo, 
and Cf; is generated by the operators 


pi(w) = ej Nw Lej)w , yi(w) = ej \w + L(ej)w , 


where fee, denotes the standard basis of R‘, w € /\*R* and 1(v)w the 
contraction of w along v (using the inner-product on R*). A careful check also shows 
that y/ and p* graded-commute. The grading of /\* R* can be expressed in terms of 
the grading operator 


VA* RE = (—1)*p!--- pkQ@y*---y!. 


Kasparov also constructs a diagonal action of Spiny , (and Spin, 9) on Endg(/\* R*) 
[16, §2.18], though this will not be needed here. 


Proposition 2 ({7, Proposition 3.2]) Consider a Z‘-action a ona real or complex 
C*-algebra B, possibly twisted by 0. Let A be the associated crossed product with 
dense subalgebra & of elements )~, S"b, with Schwartz-class coefficients. The data 


k 
A= (<Actoy C(Z*, B)p® /\ R*, x87’) (3) 


j=l 


defines an unbounded A®C£o ,-B Kasparov module and class in KKO(AQCCo x, B) 
which is also denoted KKO*(A, B). The Clo,-action is generated by the operators 
p!. In the complex case, one has to replace Cl, and /\* C¥ in the above formula. 

For complex algebras and spaces, we have constructed two (complementary) 
Kasparov modules, Vd and A,. We have done this to better align our results with 
existing literature on the topic, in particular [30, 31]. In the case k = 1, these 
Kasparov modules directly coincide. 

For higher k, we can explicitly connect V4 and A; by a Morita equivalence 
bimodule [27, 29]. For k even, there is an isomorphism Cl, > End(C2"”) by 
Clifford multiplication. This observation implies that C2” is a Zo-graded Morita 
equivalence bimodule between C£; and C, where we equip C2” with a left Cey- 
valued inner-product ce,(- | -) such that ce,(wi | w2)-w3 = wi(W2,w3)cv. This 
bimodule gives an invertible class [(C£,, oar 0)] € KK(Cé,, C). One can take the 
external product of ae with this class on the right to obtain (complex) A,. That is, 


[AS ]&cl(Cl, C?”",0)] = [Ak] € KK(A@CLy,B) . 
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Similarly [9] = [Ad@[(C, (CE Ol with (CP Rs, the conjugate module 


providing the inverse to [(Céx, ore 0)], see [32] for more details on Morita 
equivalence bimodules. 

For k odd we use the graded Kasparov module (2) instead of i. We can again 
compose this graded Kasparov module with the KK-class from the Morita equiva- 
lence bimodule (C£;,_;, ov, 0). The external product gives [A;] € KK*(A, B). 
Hence from an index-theoretic perspective, the Kasparov modules pie and A, are 
equivalent up to a normalisation coming from the spinor dimension. 

In the case of real spaces and algebras, a similar (but more involved) equivalence 
also holds for real spinor representations. Namely, for K = R, C or H, there is a 
unique irreducible representation Cf,,, > Endx(Gx) if s—r+ 1 is not a multiple of 
4, otherwise there are 2 irreducible representations [26, Chapter 1, Theorem 5.7]. To 
relate these modules to /\* R*, one also uses that C = R? and H = R*. Obviously 
there are more cases to check in the real setting, but because we do not use the spin 
Kasparov module in the real case, the full details are beyond the scope of this paper. 

In order to consider weak invariants in the real case, we will often go beyond the 
limits of semifinite index theory and will need to work with the Kasparov modules 
and KK-classes directly. In such a setting, we prefer to work with the ‘oriented’ 
Kasparov module A; for several reasons: 


1. The oriented structure, /\* R*, and its corresponding Clifford representations is 
at the heart of Kasparov theory and, for example, plays a key role in the proof 
of Bott periodicity [16, §5] and Poincaré duality [17, §4]. This is also evidenced 
in Theorem 3 below (also compare with [13], where to achieve factorisation of 
equivariant (spin) spectral triples, a ‘middle module’ is required that plays of the 
role of the complex Morita equivalence linking ae and A, for complex algebras). 

2. The Clifford actions of Cfo, and Cé;9 on N\* R* are explicit. This makes the 
Clifford representations more amenable to the Kasparov product as well as the 
Clifford index used to define real weak invariants (see Sect. 4). 


2.2.3, Kasparov Module to Semifinite Spectral Triple 


Returning to the example B = C(Q2) xg Z4, it will be assumed that 2 possesses 
a probability measure P that is invariant under the Z4-action and supp(P) = 2. 
Hence P induces a faithful trace on C({2) and C(2) xg Z*~ by the formula 


x( 5" gm) = [ go(w) dP(w) . 


me Zak 


Thus, we will assume from now on that our generic algebra B has a faithful and norm 
lower semicontinuous trace, tg, that is invariant under the Z*-action. This trace now 
allows to construct a semifinite spectral triple from the above Kasparov module. We 
first construct the GNS space L?(B, tg) and consider the new Hilbert space ¢7(Z*) ® 
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L?(B, tg). Let us note that £?(Z‘) @ L?(B, tg) = €?(Z*, B) ®g L’(B, tg) so the 
adjointable action of A = B x» Z* on £7(Z*, B) extends to a representation of A on 
£?(Z*) ® L?(B, tp). 


Proposition 3 ([24, Theorem 1.1]) Given T € Endg(¢?(Z*, B)) with T > 0, define 
Tre(7) = sup) tol | Ta] « 
T ‘tel 
where the supremum is taken over all finite subsets I c 7(Z*, B) with Veer Oge <1. 


1. Then Tr; is a semifinite norm lower semicontinuous trace on the compact 
endomorphisms End},(¢?(Z*, B)) with the property Tr;(@g, ¢,) = Tal(& | &1)al- 

2. Let Wbe the von Neumann algebra Endy (¢?(Z*, B))" © Ble? (Z*) @ L?(B, ts)]. 
Then the trace Tr, extends to a faithful semifinite trace on the positive cone 4.. 


Recall that the operator (1 + |X|?) acts diagonally on the frame {5,, ® 1g} mez, SO 


(+ (XP)? = SO + |m?)*7 5, 1 bn @le- 


me Zk 


Using the properties Tr,, one can compute that 


Tr-((1 + |x|?)~*/7) => = ad + |m|?)~8/2 TB((Sin ® lp | bm ® 1z)z) 


méeZk 


Y- (1 + |m|?)-*? rap). 


meéeZk 


II 


This observation and a little more work gives the following result. 


Proposition 4 ([7, Proposition 5.8]) For & C B x» Z* the algebra of operators 
nezk S"Dn with Schwartz-class coefficients, the tuple 


k 
(<Actox O(Z*) ® L’(B, t)® /\ RB‘, \ 1X; @ 1ey') 


j=l 


is a QC® and k-summable semifinite spectral triple relative to N®End(/\* R*) 
with trace Tr; Trp « Rk 
We have the analogous result for the spin Dirac operator. 


Proposition 5 The tuple 


k 
(« (2) ® L?(B, ts) @C”, 9) X} @ 197’) 
j=l 


Application of Semifinite Index Theory to Weak Topological Phases 213 


is a QC* and k-summable complex semifinite spectral triple relative to 
N®End(C”) with trace Tr,@Trev. The spectral triple is even if k is even with 
grading operator Iy = (—i)/?! ... *. The spectral triple is odd if k is odd. 

Therefore all hypotheses required to apply the semifinite local index formula are 
satisfied. Furthermore, the algebra ./is Fréchet and stable under the holomorphic 
functional calculus. Therefore all pairings of K;,() extend to pairings with 
K(B x6 Z*). 


3 Complex Pairings and the Local Index Formula 


Let us now restrict to a complex algebra A = B xg Z*, where B is separable, unital 
and possesses a faithful, semifinite and norm lower semicontinuous trace tg that 
is invariant under the Z‘-action. First, the semifinite index pairing is related to the 
‘base algebra’ B and the dynamics of the Z‘-action. 


Lemma 1 The semifinite index pairing of a class |x] € K,(B x Z*) with the spin 
semifinite spectral triple from Proposition 5 can be computed by the K-theoretic 
composition 


(TB) * 


K,(B x9 Z*) x KK*(B xg Z*,B) > Ko(B) ——> R, (4) 


with the class in KK*(B x9 Z*, B) represented by 8 from Proposition 1. 


Proof We start with the even pairing, with p € M,(B x» Z*) representing [p] € 
Ko(B xo Z*). Taking the double X = Xy if necessary, the semifinite index pairing is 
given by the semifinite index 


(pl. (4% AX)]) = (Tr, @ Tre) (Prer(o(X@1,) 47) — (Mr @ Tre) Prer(px@1,)% )) + 


with Pxerr) the projection onto the kernel of 7, Trc the finite trace from the spin 

structure and the operator X;+ comes from the decomposition X = € a) due 
+ 

to the grading in even dimension. Next we compute the Kasparov product in Eq. (4) 

following, for example, [31, Section 4.3.1]. The product [p]®,[Ax] € KK(C, B) is 

represented by the class of the Kasparov module 


ren : 0 p(X ® 1,)-p —ara(! ° 
(c. ot (2°, By") @C Lene 0. )). y=aa(s Si). 


After regularising if necessary, Ker(p(X ® 1,)+p) is a finitely generated and 
projective submodule of p (0? (Zk, B)®4) ®C’ and the projection onto this submodule 
is compact (and therefore finite-rank). We can associate a K-theory class to this 
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Kasparov module by noting that End} ( p(l?(Z*, B))®4 @ c') ~ B® #and taking 
the difference 


[ Pker(p(X@1,)+7)] ~~ [PKer(n(x@14)%p)] € Ko(B) 


Because Ker( p(X ® 1,)+p) is finitely generated, there exists a finite frame {e;}"_, 
in p(¢?(Z*, B)®7) @ C! such that pe Oc,c; = Wdker(p(x@1,)4.)- Taking the induced 
trace (tg) : Ko(B) — R, one can use the properties of the dual trace Tr, to note that 


TB( PKxer(p(x@1,)4p)) = > ta((ej | ea) = >| Tre(@z,.¢;) 


j=l j=l 


The right hand side is now a trace defined over Endy’ ( p(t?(Z‘, B)®2) @ C!) Cc 
AN®End(C') and by construction it is the same as (Tr, ® Trev) (Pxer( p(X@1q)+p)): 
An analogous result holds for Ker(p(X @® 1,)%p), so (te) «([P]®@pseyzk And) is 
represented by 


(Tr, ® Trev) (Pker(px@1,)4p)) — (tr @ Troi) ( Pxer(px@14)% p)) : 


and thus the pairings coincide. 

For the odd pairing, the same argument applies for Indexy,, J7uJ7) with IT the 
positive spectral projection of X and [u] € K,(B xg Z*). For this, one has to appeal 
to the appendix of [15] or [31, Section 4.3.2]. oO 

Lemma | means that the semifinite pairing considered here has a concrete K- 
theoretic interpretation. In particular, we know that ([x], [(% 4 X)]) C te(Ko(B)), 
which is countably generated for separable B. This is one of the reasons we build 
a Kasparov module first and then construct a semifinite spectral triple via the dual 
trace Tr,. 


Remark 2. We may also pair K-theory classes with the Kasparov module A, from 
Proposition 2 by the composition 


(tB) x 


K.(B »o Z*) x KK*(B x Z‘,B) > KK(C£2x,B) —> Ky(B) —~—> R (5) 


where KK (C£;, B) = Ko(B) by stability and [16, §6, Theorem 3]. We can think of 
Eq. (5) as the definition of the complex semifinite index pairing of K-theory with the 
semifinite spectral triple from Proposition 4 over the graded algebra B xg Z‘@C2x. 
Indeed, in more general circumstances, the K-theoretic composition is how the 
semifinite pairing is defined, where in general one pairs with the class in KK*(A, C) 
with C a subalgebra of 4 [10, Section 2.3]. 

Equation (5) also has a natural analogue in the real case, namely 


(te) x 


KO,(B x Z‘) x KKO"(B x Z‘, B) > KKO(Cl,9Clox,B) —> KOo(B) ——> R 
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as CL p @CLo x ~ M,(R) which is Morita equivalent to R. Of course, we also want 

to pair our Kasparov module with elements in KO;(B x ZF‘) for j # k, and in this 

situation we use the general Kasparov product (see Sect. 4). © 
To compute the local index formula, we first note some preliminary results. 


Lemma 2 The function 
C(s) = Tr-(S"*b + |XP)"7) , os > k, 
has a meromorphic extension to the complex plane with 


res Tr, (S"b(1 + |X2)~/7) = 8n,0 Vole—1(S*) tg (0) . 


Proof We use the frame {8p ® 1g}mezt for €7(Z*, B) and note that S"b- (5, ® 1g) = 
b m+n ® Am—n (O(n, m))a_»(b). Computing, for s > k, 


Tr,(S"b(. + [XP?)~"”) = Tr (sv Yat Inl?)~*??6,,614401) 


me Zk 


= > (1 + fly Te, (5,4 orn —n (8 (14M) (B),5n 1) 


meZk 


ae (I |m|?)*? tB((Smn, bn-+-m) 2(zk) &—m—n (O(n, m))0—m(b)) 


meZk 


bn0 > ( aa |m|?)~*/?t(0(0, m)b) 


meZk 


bn,0 ta(b) Y) (1 + ||?) 


meZk 


II 


r(*) r (sk 
6n,0 tp(b) Volk—1(S*') oe s 
2 


II 


where the invariance of the a-action in the trace was used. By the functional 

equation for the /”-function, ¢(s) has a meromorphic extension to the complex plane 

and is holomorphic for i(s) > k. Computing the residue obtains the result. Oo 
Next let us note that any trace on B can be extended to “by defining 


Ay sn] = TB(bo) , 


where .7is faithful and norm lower semicontinuous if tg is faithful and norm lower 
semicontinuous. A direct extension of Lemma 2 then gives that 


res Tre(a(1 + |X???) = Vok-(S*"') Fa), ae we. (6) 
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3.1 Odd Formula 


We will compute the semifinite pairing with the spectral triple constructed from 
Proposition 5, which aligns our results with [31]. The equivalence between spin 
and oriented semifinite spectral triples means that we also obtain formulas for the 
pairing with the semifinite spectral triple from Proposition 4, where the result would 
be the same up to a normalisation. 

Except for certain cases where specific results on the spinor trace of the gamma 
matrices are needed, we will write the trace Tr, QTrcv on the von Neumann algebra 
AN®End(C’) as just Tr,. 


Theorem 1 (Odd Index Formula) Let u be a complex unitary in M,(&) and 
Xoaa the complex semifinite spectral triple from Proposition 5 with k odd. Then the 
semifinite index pairing is given by the formula 


k 


(Wh, Boal) = Ck DCW Cree @ A(T] Hor) 


oES; i=1 


—2(27)"n! 
tl (Qn+1)!’ 
group on {l,..., k} and dja = —i[X;, a] for anya € Mandj € {1,..., k}. 

Let us focus on the case g = 1 and then extend to matrices by taking (D ® 1,) 


where Con4+1 = Tres is the matrix trace on C4, S, is the permutation 


with D = ae Xj ® I’. Because the semifinite spectral triple of Proposition 5 is 
smooth and with spectral dimension k, the odd local index formula from [8] gives 


2N-1 


do gh,(Ch"(u)) , 


({u), Xoaa]) = == _ tes 
amt r=(-1/2 m=1,odd 


where u is a unitary in. N = |k/2| + 1 and 
Ch"t!(u) = (-1)"nlu* @u@u* @-+-@u, (2n+2 entries) . 


The functional ¢7, is the resolvent cocycle from [8]. To compute the index pairing 


we recall the following important observation. 


2N-1 
Lemma 3 ([4, Section 11.1]) The only term in the sum > $/ (Ch™(u)) that 


m 
m=1,odd 
contributes to the index pairing is the term with m = k. 


Proof We first note that the spinor trace on the Clifford generators is given by 


Tro (Pr) PH) = (A MEPDPIQIE D/A (7) 
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and will vanish on any product of j Clifford generators with 0 < j < k. The resolvent 
cocycle involves the spinor trace of terms 


agRs(A)[D, ai]Rs(A) +++ [D, am|Rs(A) , RA) = A-(1+s8?+D?))', 


for ao,..-,4m € & Noting that [D, a)] = i> oi dja, @ I and R,(A) is diagonal in 
the spinor representation, it follows that the product agR;(A)[D, a1] ---[D, am|Rs(A) 
will be in the span of m Clifford generators acting on €?(Z') @ L?(B, t,)@C’. 
Furthermore, the trace estimates ensure that each spinor component of ¢/, 


[oPa0a — (1 +s? + |X[?))718j,41 ---8;,4m(A — (1 + 8? + |X?) 1 dA 


is trace-class for do,...,@m € Wand real part H(r) sufficiently large. Hence for 
0 <m <k, the spinor trace will vanish for i(r) large and $7 (Ch”(u)) analytically 
extends as a function holomorphic in a neighbourhood of r = (1—k)/2 for0 < m < 
k. Thus $7 (Ch (u)) does not contribute to the index pairing for 0 < m <k. Oo 


Proof (Proof of Theorem 1) Lemma 3 simplifies the semifinite index substantially, 
namely it is given by the expression 


-1 
res "(Ch*(u)) . 
ere pj (Ch' (u)) 


Therefore one needs to compute the residue at r = (k — 1)/2 of 


([u], [Xoaa]) = 


Cx i “e ‘Te, ( / A? HR, (A)[D, u]R,(A)[D, u*] ++ [D, u]Rs(A) ands , 
0 £ 


where k = 2n + 1 and the constant 


Z (-1)"!'n!_ /2i 241 (d/2 + 1) 
eT Onis? Fas 
comes from the definition of the resolvent cocycle, see [10, Section 3.2], and Ch*(u). 
To compute this residue we move all terms R,(A) to the right, which can be done 
up to a function holomorphic at r = (1 — k)/2. This allows us to take the Cauchy 
integral. We then observe that [D, u][D, u*]---[D, u] € 1c», so Lemma 2 implies 
—_—_—_—_—_—_—_—_—S_ —_—_——— 


; k terms 
that the zeta function 


Tr, (u*[D, u][D, u*] ---[D, uJ. + D?)~/) 
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has at worst a simple pole at 3i(z) = k. Therefore we can explicitly compute 


V2 ra(- "1/2 


1 A * * —z 
= (-1" "al FG no res Tre(u [D, u][D, u*]---[D, uJ + D?)~*7) , 
. hI 


oj (Ch*(u)) 


where the numbers 6,,; are defined by the formula 
n—-1 n 
[]@+i+1/2) = Do 26,,. 
j=0 j=0 


Hence the number G,,o is the coefficient of 1 in the product [Tj \(z +14 1/2). This 
is the product of all the non-z terms, which can be written as 


(1/2)(3/2)++-(a— 1/2) = ark). 


ae 


Putting this back together, our index pairing can be written as 


IV(k/2 
(Xa) = I" EE ges Tr (uD Dou] Daal + DY”), 
We make use of the identity [D, u*] = —u*[D, u]u*, which allows us to rewrite 


u* [D, u][D, u*]---[D, u] 


k=2n-+ | terms 


(—1)"u* [D, u]u* [D, ulu* ---u*[D, u] 


= (-1)" (w*[D, ul)" 


Recall that [D, u] = se uals =i Sj 0;(u)@I7 so the relation u* [D, u] = 
i = u* I(uor/ follows. Taking the kth power 


(u* [D, u))‘ = i PS u* (dj, u)++-u* (0j,u)Q@r! vee Dk 
J=(Giek) 
where the sum is extended over all multi-indices J. Note that every term in the sum 


is a multiple of the identity of C” and so has a non-zero spinor trace. Writing this 
product in terms of permutations, 


k 
(-1)" (w*D,u))® = Dy" 0-2 T] Bor". 


TES, j=l 
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with S; is the permutation group of k letters. Let’s put all this back together. 


([u], Xoaa]) = (- Figg ee 


= Lae) res Tr, 
- Ka z=k 


res Tr, (u*[D, u][D, u*]--- [D, u](1 + D*)~*/) 


# Cb? I [Goer ~ py? | 


OES, 


nll (k/2)2Le-)/J ae 7 
= —Seare ge ST CD? [Te Cooma + xP"), 


TES, j=l 


where we have used Eq. (7) and that (1 + D*) = (1 + |X|?) @ lc». We can apply 
Eq. (6) to reduce the formula to 


11" (k/2)Volg—1 (St) 2L@-D/2! k 
(Wh. oa) = — eee oe (TG). 
oESK i= 


Now the identity Vol,_;(S*~!) = rao allows to simplify 
nll (k/2)Vol—1(SE')2KEDAI 22) "n! 
iLE+D/2NKY Joe — @tlOn+ 1)!’ 


for k = 2n + 1, and therefore 


k 


- ™! 
({u], Xoaa]) = Cx yo (-l” AT] "Gow ; Conti = 5 oe 


n+l 1? 
rd ee *l(2n + 1)! 


which concludes the argument. Oo 


3.2. Even Formula 


Theorem 2 (Even Index Formula) Let p be a complex projection in M,(&) and 
Xeyen the complex semifinite spectral triple from Proposition 5 with k even. Then the 
semifinite index pairing can be expressed by the formula 


k 
(1h Bowel) = Ce DD" rer ®:-A( P|] ao) 
i=1 


ES, 


(2miyk/2 


where C, = EDI 


and S;, is the permutation group of {1,...,d}. 
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Like the setting with k odd, the computation can be substantially simplified with 
some preliminary results. Let us again focus on the case g = 1 and first recall the 
even local index formula [9]: 


k 
S> g),(Ch"(p)) . 


»Xeven]) = res 
([P],[Keven]} = _ res. , 2 
where ¢/, is the resolvent cocycle and 
nN n (2n)! NN 
Ch"(p) = (D"ZEy Cp— Ne", Ch°¢p) = p. 


Proof (Proof of Theorem 2) The proof of Lemma 3 also holds here to show that 
" (Ch (p)) does not contribute to the index pairing for 0 < m < k. Therefore the 


m 
index computation is reduced to 


([p], Xeven]) = : doy /2 $(Ch*(p)) , 


which is a residue at r = (1 — k)/2 of the term 
Ce i; Tr, (4 / A-*/2-" (2p — 1)R,(A)[D, p]R,(A) = [D, p]Rs (A) da) ds 
0 l 


where Iy = (—i)*/?''’?--- I is the grading operator of C” and 


— (—1)/2k1 2‘ (k/2 + 1) 
in(k/DI Pk + 1D 


comes from the resolvent cocycle and the normalisation of Ch‘(p). Like the case 
of k odd, one can move the resolvent terms to the right up to a holomorphic error 
in order to take the Cauchy integral. Lemma 2 implies that the complex function 
Tr, (Io(2p — 1)((D, p]|)‘(1 + D?)~*?) has at worst a simple pole at H(z) = k. 
Computing the residue explicitly, 


—] k/2 ; 
wee it (Ch‘(p)) = aE ee Tes Tr, (I(2p — 1)([D, p])*(. + D*)*”) , 


where 0x/2,1 is the coefficient of z in 2 & + j) and is given by the number 


Ox/2,1 = ((k/2) — 1)!. Putting these results back together, 


1 
([P], even) = (-1)'/? > res Tre (Io(2p — IND. pl" + DY”). 


Application of Semifinite Index Theory to Weak Topological Phases 221 


Next we claim that Tr, (To((D, p)ka + D?)~/?) = 0 for H(z) > k. To see this, 
let us compute for Ty = (—)*/?2! --- VF, 


[D, lk = YE 1)” 10 ai)» pier = MT VCE 1)° Fu PI@le . 


oES, oES, 


Because >>, (—1)” Ue [Xo(j),p] is symmetric with respect to the +1 eigenspaces 
of I, the spinor trace Tr,(Ip[D, p]‘(1 + D?)~*/) will vanish for R(z) > &k. 
Therefore the zeta function Tr, (Ip[D, p|*(1 + D?)~*/?) analytically continues as 
a function holomorphic in a neighbourhood of z = & and its residue does not 
contribute to the index. 

We know that [D, p] = 1X, POL! =i 4 d;p@I/ and so 


k 
PD, ply = (-1)*?p YOC1? T J aor I" 
oeS, j=l 


Therefore, recalling the spinor degrees of freedom and using Eq. (6), 


([p]. [Xeven]) >= (1)? se Tr, (Io 2p((D, p])k + py) 


5 k 
Tr, =1" wenn Se iXiry 
res THe (p Do (-" [ [atl + IXP)~*?) 


o€St j=l 


i k/2\y i Sk-l k 
es “= i 9p Rote) 


OES j=l 


=f 1K)" jk/29K/ 


Lastly, we use that Vol,_;(S*~!) = 


am 


_ 2ni)¥? ‘ 
([p], [Xeven]) _ (k/2)! 2D (eT inp) ; 


and this concludes the proof. Oo 

The even and odd index formulas recover the generalised Connes—Chern charac- 
ters for crossed products studied in [31, Section 6]. We emphasise that while we can 
construct both complex and real Kasparov modules and semifinite spectral triples, 
the local index formula only applies to complex algebras and invariants. 
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3.3. Application to Topological Phases 


Here we return to the case of A = (C(22) xg Z**) > Z‘ with B = C(Q) xg Z**. 
If the algebra is complex and the system has no chiral symmetry, then the K-theory 
class of interest is the Fermi projection Pr = X(~o0,,](H), which is in A under the 
gap assumption. If there is a chiral symmetry present, then H can be expressed as 


(° . ) with Q invertible (assuming the Fermi energy at 0). Therefore one can take 


the so-called Fermi unitary Ur = Q|Q|~' and obtain a class in Kj (A). Of course, this 
unitary is relative to the diagonal chiral symmetry operator R.;, = & ) and so 
the invariants are with reference to this choice, see [12, 35] for more information on 
this issue. Provided A is a matrix of elements in .e/(which is physically reasonable), 
then the above local formulas for the weak invariants will be valid. 

Firstly, if k = d then the index formulae are the Chern numbers for the strong 
invariants studied in [30]. If the measure P on {2 is ergodic under the Z4-action, then 
Ka) = Trvoi(%(a)) for almost all w, where Try) is the trace per unit volume on 
£?(Z4) and {1w}we@ is a family representations C(2) xy Z4 > B(l?(Z*)) linked 
by a covariance relation [30]. Under the ergodicity hypothesis, the tracial formulae 
become 


k 
([Ur], Xoaal) = Ce ¥>(-1)? (Trea @ Tow)( TT ty(Ur)*(—i) Xo; n(U0))) 


ESE i=1 


k 
(| Pr, [Xeven]) — Cx SOC)? (Tree ® Trvo1) (rain | [CaKo. (Pr) ’ 


oESK i=1 


for almost all @ € 2. As the left hand side of the equations are independent of 
the disorder parameter w, the weak invariants are stable almost surely under the 
disorder. Recall that we require the Hamiltonian H,, to have a spectral gap for all 
@ € §2,s0 our results do not apply to the regime of strong disorder where the Fermi 
projection lies in a mobility gap. 

The physical interpretation of our semifinite pairings has been discussed in [30]. 
For k even, the pairing ([ Pr], [Xeven]) can be linked to the linear and non-linear 
transport coefficients of the conductivity tensor of the physical system. For k 
odd, the pairing ([U,], [Xoaa]) is related to the chiral electrical polarisation and 
its derivates (with respect to the magnetic field). See [30] for more details. All 
algebras are separable, which implies that the semifinite pairing takes values in a 
discrete subset of IR. Hence we have proved that the physical quantities related to 
the semifinite pairings are quantised and topologically stable. 
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4 Real Pairings and Torsion Invariants 


The local index formula is currently only valid for complex algebras and spaces. 
Furthermore, the semifinite index pairing involves taking a trace and thus it will 
vanish on torsion representatives, which are more common in the real setting. 
Because of the anti-linear symmetries that are of interest in topological insulator 
systems, we would also like a recipe to compute the pairings of interest in the case 
of real spaces and algebras. 

Given a disordered Hamiltonian H € M,(C() x Z“) (considered now as a real 
subalgebra of a complex algebra) satisfying time-reversal or particle-hole symmetry 
(or both) and thus determining the symmetry class index n, one can associate a class 
[H] € KO,(C(2) x Z“) (see [6, 19, 23, 36]). The class can then be paired with 
the unbounded Kasparov module A, from Proposition 2. As outlined in Sect. 2.2.2, 
we prefer to work with the Kasparov module A; coming from the oriented structure 
Piz. B)® AN” IR‘ as the Clifford actions are explicit and easier to work with. In the 
case of a unital algebra B and A = B ™ Z*, there is a well-defined map 


KO,(B ™» Z‘) x KKO*'(B x Z‘, B) > KKO(C0,,%,B) . 


The class in KKO(C£,,x, B) can be represented by a Kasparov module (C¢,,x, Ez, x) 
which can be bounded or unbounded. Up to a finite-dimensional adjustment (see [6, 
Appendix B]), the topological information of interest of this Kasparov module is 
contained in the kernel, Ker(X), which is a finitely generated and projective C*- 
submodule of Eg with a graded left-action of Cl,,. If B is ungraded, an Atiyah— 
Bott-Shapiro like map then gives an isomorphism KKO(C¢,,%,B) — KOn—«(B) via 
Clifford modules, see [34, Section 2.2]. 

Considering the example of B = C(2) x Z¢*, then one has the Clifford module 
valued index 


KO, (C(Q) » Z4) x KKO‘(C(Q) » Z4, C(2) x Z**) > KO,-.(C(2) x Z**) . 


If k = d, then the pairing takes values in KO,—g(C(2)) and constitute ‘strong 
invariants’. Furthermore, fixing a disorder configuration w € {2 provides a map 
KO,—a(C(@)) — KO,—a(R) and then a corresponding analytic index formula can 
be obtained as in [14] (note, however, that [14] also covers the case of a mobility 
gap which does not require a spectral gap). 

To compute range of the weak K-theoretic pairing, let us first consider the case 
of §2 contractible. Then one can compute directly 


d-k 
KOn-4(C(2) x Z4*) = KO, (CZ) = @B (75 ") 089 
j=0 
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which for the varying values of k € {1l,...,d — 1} recovers the weak phases 
described for systems without disorder in Eq. (1). Computing the range of the pair- 
ing for non-contractible {2 is much harder, see [18, Section 6] for the computation 
of KO,(C(S2) x Z) for low j. Note also that a different action a’ on 2 or a different 
disorder configuration space £2’ could potentially lead to different invariants. 

If the K-theory class [x] € KOo(B) is not torsion-valued and B contains a trace, 
then one may take the induced trace [tg(x)] and obtain a real-valued invariant. 
For B = C(Q) x Z**, the induced trace plays the role of averaging over the 
disorder and (d — k) spatial directions. For non-torsion elements in KO;(B) with 
j # 0, we can apply the induced trace by rewriting KO;(B) = KOo(Co(R’) ® B) = 
KKO(R, B®CLo,). This equivalence comes with the limitation that one either has 
to work with traces on suspensions or graded traces on Clifford algebras. Of course, 
if [x] is a torsion element the discussion does not apply as [t(x)] = 0. See [18] for 
recent work that aims to circumvent some of these problems. 


5 The Bulk-Boundary Correspondence 


We consider the (real or complex) algebra B 9 Z‘ with k > 2 and the twist 6 such 
that 6(m,—m) = 1 for all m € Zé [21, 30]. Then one can decompose B xg Z‘ = 
(B x9 Zk“) x Z, which gives us a short exact sequence of C*-algebras 


0 > (Bx Z') @ ACN) —- F>BxgZ > 0. (8) 


The Toeplitz algebra .%z for the crossed product is described in [7, 21, 30]. In 
particular, the algebra 7 acts on the C*-module 02(Z‘"! x N,B), thought of as 
a space with boundary and the ideal (B x9 Z‘~!) @ (¢7(N)) can be thought of as 
observables concentrated at the boundary ¢7(Z‘~! x {0}, B). 

Let A. = B xg Z‘" be the edge algebra with bulk algebra B xg Z‘ = A, x Z. 
Associated to Eq. (8) is a class in Ext !(A, x Z,Ac) & KKO'(A, x Z, Ae) by [16, 
§7]. 

Proposition 6 ([7, Proposition 3.3]) The Kasparov module i, from Proposition 2 
with k = 1 and representing [A,] € KKO'(A, x Z,A,) or KK'(A, x Z,A_) also 
represents the extension class of Eq. (8). 

Similarly, one can use Proposition 2 to build an edge Kasparov module A,—1 
representing a class in KKO*!(B xg Z‘“!,, B) or KK*"! (Bx, B). Hence we have a 
map 


KKO'(B x Z*, Bx Z*') x KKO*!(B x Z‘, B) — KKO*(B x Z*,B) 


given by the Kasparov product [A;]®4, [Ax—1] at the level of classes. 
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Theorem 3 ([7, Theorem 3.4]) The product [Ai] @a, [Ax—1] has the unbounded 
representative 


k-1 
(cto, (Zk, B)p® /\ R*, X,ey! aa > xer"") 


j=l 


and at the bounded level [A\]®q,[Ax—1] = (—1)*! [Ax], where —[x] represents the 
inverse of |x] in the KK-group. 

Recall that the weak invariants arise from the pairing of A; with a class [H] € 
KO, (B x Z*) (or complex). Theorem 3 implies that 


[H]@aPd = (H]@a(Ail@a.Aca]) = CD! ((A1@a1)) G4. Dei] . 


by the associativity of the Kasparov product. On the other hand, let us note that 
[H]®4[A1] = d[H] € KO,—;(Ac) as the product with [A;] represents the boundary 
map in KO-theory associated to the short exact sequence of Eq. (8). Hence the weak 
pairing, up to a possible sign, is the same as a pairing over the edge algebra A, = 
B Xo Ze. 


Corollary 1 (Bulk-Boundary Correspondence of Weak Pairings) The weak 
pairing [H|®a[Ax] is non-trivial if and only if the edge pairing d[H]®q,[Ax—1] is 
non-trivial. 

In the real case we achieve a bulk-boundary correspondence of the K-theoretic 
pairings representing the weak invariants. The Morita equivalence between spin and 
oriented structures means that Theorem 3 also applies to the spin Kasparov module 
a In particular, the bulk-boundary correspondence extends to the semifinite 
pairing, allowing us to recover the following result from [30]. 


Corollary 2 (Bulk-Boundary Correspondence of Weak Chern Numbers) The 
cyclic expressions for the complex semifinite index pairing are the same (up to sign) 
for the bulk and edge algebras. Namely for k = 2 and p,u € M,(2#), 


({u], [Xoaa]) = (O[u], [Xeven]) . ([p], Xeven]) = —(0[p], Xoaa]) - 


Proof Because the factorisation of pairings occurs at the level of the Kasparov 
modules i, the result immediately follows when taking the trace. Oo 
Recall that for B = C(&2) xg Z*, the complex K-theory classes of interest were 


the Fermi projection Pr or the Fermi unitary coming from sgn(H) = & : ) 
F 


if H is chiral symmetric. We take the edge algebra, Ae = (C(Q2) xg Z**) 9 
ZI! = C(Q) xg Z*!, which is an algebra associated to a system of 1 dimension 
lower. The boundary maps in K-theory 0[ Pr] and 0[Ur] can be written in terms 
of the Hamiltonian H € Jz, associated to the system with boundary. Furthermore, 
the pairings (0[ Pr], [Xoaa]) and (0[Ur], [Xeven]) can be related to edge behaviour of 
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the sample with boundary, e.g. edge conductance, see [21, 30]. Hence in the better- 
understood complex setting, the bulk-boundary correspondence has both physical 
and mathematical meaning. 
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Abstract We introduce filtered algebraic K-theory of a ring R relative to a 
sublattice of ideals. This is done in such a way that filtered algebraic K-theory of 
a Leavitt path algebra relative to the graded ideals is parallel to the gauge invariant 
filtered K-theory for graph algebras. We apply this to verify the Abrams-Tomforde 
conjecture for a large class of finite graphs. 


1 Introduction 


Since the inception of Leavitt path algebras in [1, 4] it has been known that 
there is a strong connection between Leavitt path algebras and graph C*-algebras. 
In particular many results for both graph C*-algebras and Leavitt path algebras 
have the same hypotheses when framed in terms of the underlying graph and 
the conclusions about the structure of the algebras are analogous. For instance, 
by [13, Theorem 4.1] and [5, Theorem 4.5] the following are equivalent for a 
graph E. 


S. Eilers () 

Department of Mathematical Sciences, University of Copenhagen, Universitetsparken 5, 
DK-2100 Copenhagen, Denmark 

e-mail: eilers@math.ku.dk 


G. Restorff 

Department of Science and Technology, University of the Faroe Islands, Néattin 3, FO-100 
Torshavn, Faroe Islands 

e-mail: gunnarr@setur.fo 


E. Ruiz 

Department of Mathematics, University of Hawaii, Hilo, 200 W. Kawili St., Hilo, HI 96720-4091, 
USA 

e-mail: ruize@hawaii.edu 


A.P.W. S¢grensen 
Department of Mathematics, University of Oslo, PO Box 1053 Blindern, N-0316 Oslo, Norway 
e-mail: apws @math.uio.no 


© Springer International Publishing AG, part of Springer Nature 2018 229 
D.R. Wood et al. (eds.), 2016 MATRIX Annals, MATRIX Book Series 1, 
https://doi.org/10.1007/978-3-319-72299-3_11 


230 S. Eilers et al. 


1. E satisfies Condition (K) (no vertex is the base point of exactly one return path). 
2. C*(E) has real rank 0. 
3. Lc(E) is an exchange ring. 


That real rank 0 is the analytic analogue of the algebraic property of being an 
exchange ring is justified in [3, Theorem 7.2]. 

One of the most direct connections we could possibly have between Leavitt path 
algebras and graph C*-algebras would be: If E, F are graphs then 


Lc(E) & Le(F) <=> C*(E) & C*(P). 


This is called the isomorphism question and it is unknown if it is true. As currently 
stated the question is very imprecise, while it is clear what is meant by isomorphism 
of C*-algebras, we could consider isomorphisms of Leavitt path algebras both as 
rings, algebras, and *-algebras. In the last case the forward implication of the 
isomorphism question holds. In [2] Abrams and Tomforde take a systematic look 
at the isomorphism question and many related questions, for instance whether or 
not the above holds with Morita equivalence in place of isomorphism. They provide 
evidence in favor of a positive answer to the Morita equivalence question and elevate 
one direction to a conjecture. 


Conjecture I (The Abrams-Tomforde Conjecture) Let E and F be graphs. If Lc(E) 
is Morita equivalent to Lc( F), then C*(£) is (strongly) Morita equivalent to C*(F). 

In [17] the third named author and Tomforde use ideal related algebraic K-theory 
to verify the Abrams-Tomforde conjecture of large classes of graphs. They introduce 
ideal related algebraic K-theory as a Leavitt path algebra analogue for filtered K- 
theory for graph C*-algebras. This then allows them to prove the Abrams-Tomforde 
conjecture for all classes of graphs where the associated C*-algebras are classified 
by filtered K-theory. 

The authors have shown in [10] that when classifying graph C*-algebras that 
do not have real rank 0, it can be useful to replace the full filtered K-theory with 
a version that only looks at gauge invariant ideals. Motivated by this, we develop 
a version of ideal related algebraic K-theory relative to a sublattice of ideals. Our 
goal is to get an ideal related K-theory for Leavitt path algebras that only considers 
graded ideals, but we try to state our result in greater generality. We look at a 
sublattice .Y of ideals in some ring R and consider the spectrum of these ideals, 
that is the set of “prime ideals. This set is equipped with the Jacobson (or hull- 
kernel) topology. In nice cases there exists a lattice isomorphism from the open sets 
in the spectrum to the ideals in .% Specializing to the case of a Leavitt path algebra 
L,(E), we show that the spectrum associated to the graded ideals is homeomorphic 
to the spectrum of gauge invariant ideals in C*(E). Using this we define filtered 
algebraic K-theory of L,(E) relative to the graded ideals in complete analogy to the 
C*-algebra definition. We then follow the work of [17] and establish the Abrams- 
Tomforde conjecture for all graphs where the C*-algebras are classified by filtered 
K-theory of gauge invariant ideals. By [10] this includes a large class of finite 
graphs. 
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In this section we set up the notation we will use throughout the paper and we recall 
the needed definitions. We begin with the definitions of graphs, graph C*-algebras 
and Leavitt path algebras. 


Definition 1 A graph E is a quadruple E = (E°,E!',r,s) where E° is the set of 
vertices, E! is the set of edges, and r and s are maps from E! to E® giving the range 
and source of an edge. 


Standing Assumption. Unless explicitly stated otherwise, all graphs are 
assumed to be countable, i.e., the set of vertices and the set of edges are 
countable sets. 


We follow the notation and definition for graph C*-algebras in [11] and warn the 
reader that this is not the convention used in the monograph by Raeburn [15]. 


Definition 2 Let E = (E°, E', r,s) be a graph. The graph C*-algebra C* (E) is the 
universal C*-algebra generated by mutually orthogonal projections { Py 2 VE E°} 
and partial isometries 18 :eckE 1 satisfying the relations 


° s*sy =Oife, fe E' ande Ff, 

° ats = Pr) for alle € E!, 

* ses* < pye) for alle € E', and, 

© Pv = Veces—t(yy Se5e for all v € E® with 0 < |s~!(v)| < 00. 


We get our definition of Leavitt path algebras from [1, 4]. 


Definition 3 Let k be a field and let E be a graph. The Leavitt path algebra L,(E) is 
the universal k-algebra generated by pairwise orthogonal idempotents {v | v € E°} 
and elements {e, e* | e € E'} satisfying 


* &f=0,ifeFf, 

* e*e=r(e), 

* s(ele =e =er(e), 

° e*s(e) = &* = r(e)e*, and, 

‘v= eer ee*, if s_'(v) is finite and nonempty. 


Recall that graph C*-algebras come with a natural gauge action and that Leavitt 
path algebras come with a natural grading. We now turn to the ideal structure of 
Leavitt path algebras and graph C*-algebras, where we are particularly interested in 
graded ideals and gauge invariant ideals. 
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Standing Assumption. Unless explicitly stated otherwise, all ideals in rings 
are two-sided ideals and all ideals in a C*-algebra are closed two-sided ideals. 


Definition 4 For any ring R we denote by I(R) the lattice of ideals in R. 

As per usual we write v > w if there is a path from the vertex v to the vertex 
w. We call a subset H C E° hereditary if v € H and v > w imply that w € H, 
and we say that H is saturated if for every v € E® with 0 < |s~!(v)| < oo and 
r(s-'(v)) C H we have v € H. If H is saturated and hereditary we define 


By = {vE E°\H : |s"'(v)| = co and0 < |s“'(0) Nr (EB \ B)| < oo}. 


In other words, By consists of infinite emitters that are not in H and emit a non-zero 
finite number of edges to vertices not in H. We say that those vertices are breaking 
for H. 


Definition 5 ((19, Definition 5.4]) An admissible pair (H, S) consists of a saturated 
hereditary subset H and a subset S of By. We put an order on the set of admissible 
pairs by letting (H,S) < (A’,S’) if and only if H C H’ and S C H’ US’. This is in 
fact a lattice order. 


Theorem 1 ({6, Theorem 3.6] and [19, Theorem 5.7]) Let E be a graph and let k 
be a field. 


¢ There is a canonical lattice isomorphism from the set of admissible pairs to 
the set of gauge invariant ideals of C*(E). We write las for the image of an 
admissible pair. 

¢ There is a canonical lattice isomorphism from the set of admissible pairs to the 
set of graded ideals of Ly(E). We write ies for the image of an admissible pair. 


One of the main reasons the sublattice of graded ideals can be used to study 
the Morita equivalence classes of Leavitt path algebras is that the graded ideals are 
preserved by (not necessarily graded) ring isomorphisms. 


Lemma 1 Let E be a graph and let k be a field. Suppose I is an ideal in L,(E). 
Then I is graded if and only if I is generated by idempotents. 


Proof Suppose I is graded. Then J = fas for some admissible pair (H, S). By 


definition (see for instance [19, Definition 5.5]) Lee is generated by {v : v € H} 
and 


fv - > ee* :v ES}. 
s(e)=v 


r(e)¢H 


Hence / is generated by idempotents. 
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Suppose instead J is generated by idempotents. Let e € J be an idempotent in 
the generating set S of idempotents for J. By [12, Theorem 3.4], e is equivalent in 
Moo (Lx(G)) to a finite sum of the idempotents of the form v € E° and w— yee 
where s(e) = w € E®, |s~!(w)| = 00, and each e; is an element of s~!(w). Then S, 
where e is replaced by these new idempotents in the generating set S will generate 
the ideal J. Thus, J is generated by idempotents in the vertex set and idempotents 
of the form v — )“_, ee*, where s(e) = v € E®, |s~!(v)| = 00, and each ¢; is an 
element of s~!(v). Therefore, J is a graded ideal. 

Finally we briefly recall from [10, Section 3] the definition of Prime, (C*(E)) 
and FK“?-t (Prime, (C* (E)); C*(E)). 


Definition 6 Let E = (E°, E',r,s) be a graph. Let Prime, (C*(E)) denote the set 
of all proper ideals that are prime within the set of proper gauge invariant ideals. 

We give Prime, (C*(E)) the Jacobson topology and can then show that C*(E) 
has a canonical structure as a Prime,(C*(£))-algebra. So when E has finitely 
many vertices—or, more generally, Prime,(C*(£)) is finite—we can consider 
the reduced filtered ordered K-theory of C*(E): FK’?'* (Prime, (C*(E)); C*(E)). 
Loosely speaking this is the collection of the K-groups associated to certain 
subquotients //J of gauge invariant ideals J, J in C*(E) together with certain maps 
of the associated six-term exact sequences. 


3 .~#Prime Spectrum for a Ring 


We will now introduce the Prime-spectrum of a ring relative to a sublattice of ideals. 
Our primary motivation is to look at prime graded ideals in Leavitt path algebras. 


Definition 7 Let R be a ring and let .“be a sublattice of 1(R) containing the trivial 
ideals {0} and R. An ideal P € .Wis called Wprime if P # R and for any ideals 
LJe FS, 

WoOP = jI!CP or JCP. 


We denote by Spec ,(R) the set of all “prime ideals of R. 
We note that if P is “prime and /, J are in “then JJ CIM J so we have 


INJCP => ICP ot JCP. 


We will equip Spec.(R) with the Jacobson (or hull-kernel) topology. For each 
subset T C Spec ,(R) we define the kernel of T as 


ker(T) = () p 


per 
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and the closure of T as 
= {p € Spec (R) : p 2 ker(T)}. (1) 
Note that if R is a commutative ring and .Y = I(R), then Spec ,(R) is the spectrum 


of R with the Zariski topology. 


Lemma 2 Let R be a ring and let / be a sublattice of \(R) closed under arbitrary 
intersections and containing the trivial ideals {0} and R. The closure operation 
defined in (1) satisfies the Kuratowski closure axioms, that is 


6 = @, 

. T CT, forall T € Spec AR), 

. T=T, forall T C Spec AR), and, 

. T| U Th = = T U T, for all Ti, Tr C Gc Spec (R). 


Proof Once we recall that by definition ker(@) = R it is clear that 1. holds and 
since we have p > ker(T) for all p € 7, 2. also holds. For 3. we observe that 


ker(T) = ker(T), and then clearly T = T. 
Finally suppose that 7;, T, C Spec ,(R). Since ker(T; U T7) = ker(T\) Nker(7>) 
we have that 


T,; UT) = {p € Spec ,(R) : p D ker(T; UT>)} 
= {p € Spec (R) : p D ker(T) N ker(T>)} 
= {p € Spec (R) : p D ker(7}) or p D ker(T>)} 
=F, 07, 
So 4. holds. 


We now describe the open sets in the Jacobson topology. To this end we define 
for each J € ./ the set 


W(D) = {p € Spec AR) : p AT}. 
Lemma 3 Let R be a ring and let Y be a sublattice of 1(R) closed under 
arbitrary intersections and containing the trivial ideals {0} and R. Then for all 
U C Spec ,(R), U is open if and only if 
U = Wker(U‘)). 
Furthermore, if I € is such that 
I =ker({p € Spec (R) : p > J}), 


then W(1) is open. 
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Proof Let U be a subset of Spec ,(R). Then U is open if and only if US = U* if and 
only if 


U* = {p € Spec ,{R) : p > ker(U")} 
if and only if 
U = {p € Spec (R) : p Z ker(U*)} = Wiker(U*)). 
Let now J € .“be such that 
I = ker({p € Spec (R) : p > Jj). 
To ease notation we let H = {p € Spec ,(R) : p 2 7}, so that J = ker(H). Then 
W(D° = {p € Spec (R) : p ZI)" = tp € Spec A(R) : p Z ker(H)}* 
= {p € Spec,(R) : p D ker(H)} = A. 
Hence W(J) is open. 


We now define a lattice isomorphism between the open sets of Spec ,(R) and the 
elements of .% 


Theorem 2 Let R be a ring and let “be a sublattice of 1(R) closed under arbitrary 
intersections and containing the trivial ideals {0} and R. Suppose that for each 
I € Swe have that 


I = ker({p € Spec ,(R) : p 2 /}). 
Define @ : O(Spec AR)) > 7 by 
o(U) = ker(U*). 


Then ¢ is a lattice isomorphism. 


Proof To show that ¢ is bijective we define y : .“” > O(Spec ,(R)) by y) = WU) 
and check that it is an inverse. Note that by Lemma 3 the set W(J) is in fact open. 
For each / € .“we have 


o(y(D)) = 6(WU)) = ker(W(D)°) = ker({p € Spec (R) : p 2 T}) = 1, 


by the assumption on J. On the other hand, if U C Spec.(R) is open we can use 
Lemma 3 to get 


y(P(U)) = y(ker(U")) = W(ker(U")) = U. 
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Hence ¢ is bijective. To show that @ is a lattice isomorphism it only remains to 
verify that both ¢ and y preserves order. Let U, V be open subsets of Spec (R) 
with U C V. Then VS C U* so 


p(U) = ker(U*) C ker(V°) = $(V), 
and hence ¢ is order preserving. Let now J, J € .“be such that J C J. Then 
W()° = {p € Spec A(R) : p DT} D {p € Spec A(R) : pD J} = WJ), 


which implies that y(J) = W() C W(J) = y(J), ie., y is order preserving. 
In keeping with the notation from C*-algebras we define 


R[U] = o(U) 


for every U € O(Spec.(R)). Whenever we have open sets V C U we can form 
the quotient R[U]/R[V]. The next lemma shows that the quotient R[U]/R[V] only 
depends on the set difference U \ V up to canonical isomorphism. 


Lemma 4 Let R be a ring and let ./be a sublattice of 1(R) closed under arbitrary 
intersections and containing the trivial ideals {0} and R. Suppose that for each 
I € .Swe have that 


I = ker({p € Spec (R) : p> 7}). 
Then for all U,V € O(Spec ,(R)) we have 
R[U UV] = R[U] 4 RIV] and) R[UNV] = R[U] 2 RIV). 


Consequently, if V,, V2, U;, U2 € O(Spec ,{R)) are such that V; © U,, V2 © U2, 
and U; \ Vi = U>2 \ V2, then there exits an isomorphism from R[U\|/R[V\] to 
R[U2]/R[V2] and this isomorphism is natural, i.e., if also V3, U3 € O(Spec AR)) 
with V3 © U3 and U3 \ V3 = U, \ Vj, then the composition of the isomorphisms 
from R[U,|/R[Vi] to R[U2]/R[V2] and from R[U2|/R[V2] to R[U3]/R[V3] is equal to 
the isomorphism from R[U,]/R[Vi| to R[U3]/R[V3]. 


Proof The first part of the theorem follows from the fact that @ is a lattice 
isomorphism (Theorem 2) and that .“is a sublattice. 

Suppose now Vj, V2, U;, U2 € O(X) are as in the statement of the Lemma. Then 
V, U Un = U, U U2 = U; U V2 and therefore 


R[U2] + R[Vi] = R[Vi U U2] = R[U, U V2] = R[Ui] + [V9]. 
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Since U2 MN (V; U V2) = V2 we get 


(R[U2] + R[ViD)/(R[Vi] + RIVa]) & R[U2]/(R[U2] 1 RIV U V2) 
= R[U>]/R[U2 N (Vi U Vo)] 
= R[U2]/R[V2]. 


Similarly 
(R[Ui] + R[V2])/(RIVi] + V2) & R[Ui/RIViI.- 
Hence 


R[Uy]/R[Vi] = (R[U] + R[V2))/(R[Vi] + R[V2)) 
= (R[U2] + R[Vi])/(R[IVi] + R[V2)) 
= R[U2]/R[V2]. 
Suppose that we also have V3, U3 €« O(Spec ,(R)) with V3 C U3 and U3 \ V3 = 
U; \ Vi. Then 
VY, UU, = U; UU, = U, UN), 
V2 U U3 = U2 U U3 = U2 U V3, 
VV, U U3 = U; U U3 = UU V3, 


Vi =U,N(V; UV2) = U,N (VY, U V3) = U,N(V; UV, U V3), 

Y= UN (V; UV) = U.N (V2 U V3) = U.N (Vi U V2 U V3), and 

V3 = U3N (V; U V3) = U3 (V2 U V3) = U3N(V; U V2 U V3). 
Now, by considering the isomorphism constructed above, one then gets that the 
isomorphism is natural from Noether’s isomorphism theorem. 


Definition 8 Let X be a topological space and let Y be a subset of X. We call Y 
locally closed if Y = U \ V where U, V € O(X) with V C U. We let LC(X) be the 
set of locally closed subsets of X. 


Definition 9 Let R be a ring and let .be a sublattice of I(R) closed under arbitrary 
intersections and containing the trivial ideals {0} and R. Suppose that for each] € .Y 
we have that 


I =ker({p € Spec (R) : p 2 J}). 
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For Y = U\ V € LC(Spec,,(R)), define 
RLY] := R[U]/R[V]. 


By Lemma 4, R[Y] does not depend on U and V up to a canonical choice of 
isomorphism. 


4 Spec, (Lx(E)) and Prime, (C*(E)) 


Having set up our notion of prime ideal spectrum relative to a sublattice, we will 
now apply it to the graded ideals of Leavitt path algebras. 


Definition 10 Let E be a graph and let k be a field. We denote by I,(L,(E)) the 
sublattice of I(Z,(£)) consisting of all graded ideals of L,(£) and for brevity we let 
Spec, (Lk(E)) = Specy, (1,(2)) (Lk (E)). 

Similarly we let I, (C*(E)) be the sublattice of I(C*(E)) consisting of all gauge 
invariant ideals of C*(E). 

Recall from [10, Section 3] that Prime, (C*(E)) denotes the collection of prime 
gauge invariant ideals of C*(E). We first prove that the lattice of graded ideals and 
the lattice of gauge invariant ideals are isomorphic in a canonical way. 


Lemma 5 Let E be a graph. The map B : ly(Lx(E)) > 1,(C*(E)) that is given 
by Aes) a Tas is a lattice isomorphism. Furthermore B maps Spec, (Ly(E)) 
bijectively onto Prime, (C*(E)). 
Proof By Theorem | there is a lattice isomorphism fag from the set of admissible 
pairs to I,(Z,(E)) given by Bag((H,S)) = ee and a lattice isomorphism Pio, 
from the set of admissible pairs to I,(C*(E)) given by Biop((H,S)) = Tas: 
Consequently, B = Biop ° Bus is a lattice isomorphism. 

Let Y = I,(Lx(£)). It follows from [14, Proposition II.1.4] that a graded 
ideal J of L,(E) is “prime if and only if J is a prime ideal of L,(E). Thus, by 
[16, Theorem 3.12], every “prime ideal J of L,(E) is of the form 


+ [= T=... where E° \ H is a maximal tail and S = By, or 


(HS)? 
T=". where E° \ H = M(w) and S = By \ {u} for some breaking vertex, 


(HS) 
and that these ideals are distinct. In [10, Section 3] it is shown that every ideal 3 in 
Prime, (C* (£)) is of the form 


a 1G 43 where E° \ H is a maximal tail and § = By, or 


2 = eae where E° \ H = M(u) and S = By \ {u} for some breaking vertex, 
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and that these ideals are distinct. Hence ie s) 1s in Prime, (C*(E£)) if and only if 
pis 


(is) 18 in Spec, (Lx(E)). In other words B maps Spec,,(Lx(E)) bijectively onto 
Prime, (C* (E)). 

We can now prove that the collection of graded ideals satisfies the kernel 
assumption we used in Sect. 3. 


Proposition 1 Let E be a graph. If I is a proper graded ideal of Lx(E), then 
I = ker ({p € Spec, (Lx(E)) : p 2 T}). 


Proof Let B be the lattice isomorphism from Lemma 5 and let J € I,,(Lx(E)) be a 
proper ideal. 
By [10, Lemma 3.5] we have that 


pO= f) 4. 


q€Primey (C* (E)) 
q2BM) 
Since J is a graded ideal J = i 5) for some admissible pair (H,S). As the 
intersection of graded ideals is again graded we also have 


— fils 
() P= Tas»: 


peSpec, (Lk(E)) 
pol 
for some admissible pair (H’, S’). We will now show that i )= Te sis 
Since ie s) is an intersection of ideals that all contain Tees le Cc i s/) 


which implies that ji EF lege sf) as B is order preserving. If q € Prime,(C*(E)) 


eae C q, then Tis ¢ B-'(q). Therefore B—!(q) is one of the ideals 


whose intersection define /*® so 


is such that 
(H’,S’) 
0} al; = 

in = ila) S tC OVaa 


We now have the following inclusions 


top top = ___;top 
VoSipws [\) a=tO=T2 5: 
q€Prime, (C* (E)) 
q2Hi7 5 
Therefore, ley = - i sy): Hence (H, S) = (H’, S’) so 
alg alg : 
T=lesy=lesy= ()  p=ker({p € Spec, (x(E)) : p>). 


peSpec, (Lx (E)) 
pol 


240 S. Eilers et al. 


Corollary 1 The map 


UR ‘a p 
peSpec, (Lx (E))\U 


is a lattice isomorphism from O(Spec, (Lx(E))) to Ty (Lk (E)). 


Proof This follows from Theorem 2 which is applicable by Proposition | and the 
fact that the intersection of graded ideals is again a graded ideal. 

As the final result in this section we prove that 6 restricts to a homeomorphism 
between the graded prime ideals and the gauge prime ideals. 


Theorem 3 Let E be a graph. Then ¢ = B|spec,(14(E)) 8 €@ homeomorphism from 
Spec, (Lx(E)) to Prime, (C*(E)), where B is the lattice isomorphism from Lemma 5. 


Proof We first observe that Lemma 3 and Proposition 1 combine to show that the 
open sets of Spec, (Lx(E)) are precisely the sets of the form W(/) for some proper 
ideal J € 1,(Lx(E)). 

Let a proper ideal J € I, (Lx(E)) be given. Then 


B(W(1)) = B (tp € Spec, (Le(E)) : p 2 T}) 
= {B(p) : p € Spec, (Lx(E)) and p Z I} 
= {B(p) : p € Spec, (Zx(E)) and B(p) 2 BID} 
= {q € Prime,(C*(E)) : qZ BID}. 


By [10, Lemma 3.6] the last set is open, and hence $7! is continuous. 

The above computation used that 6 was a lattice isomorphism and that we had 
complete, and similar looking, descriptions of the open sets in Spec, (L,(E)) and 
Prime, (C* (E)). Hence a completely parallel computation will show that @ is also 
continuous. Therefore ¢ is a homeomorphism. 


5 Filtered Algebraic K-Theory 


In this section we define filtered algebraic K-theory for rings and show that if 
two Leavitt path algebras over C have isomorphic filtered algebraic K-theory then 
the associated graph C*-algebras have isomorphic filtered K-theory. We then use 
this result to answer the Abrams-Tomforde conjecture for a large class of finite 
graphs. 

Let R be a unital ring and let BGL(R)* be Quillen’s +-construction (see [20, 
Chapter IV, Definition 1.1]). Consider Ko(R) as a topological space with the discrete 
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topology. Let K(R) = Ko(R) x BGL(R)* with the product topology. Define Ki® (R) 
to be 
mM(K(R)) ifn >0 


Ki (R) = 
Ko(). "R) ifn <0, 


where )_A denotes the suspension of a ring A. For a non-unital ring R, define 
alg 
K,,°(R) to be 


m,(fiber(K(R*+) > K(Z))) ifn >0 


K3(R) = 
ker(K,(R*) > K,(Z)) ifn <0 


where R™ is the ring obtained from R by adjoining a unit. Therefore, Kae (R) agrees 


with the usual definition of Ko(R) using idempotents and que (R) agrees with the 
usual definition of K,(R) using invertible matrices. 

Suppose R is a ring and .“is a sublattice of ideals. Moreover, assume that every 
I € “has a countable approximate unit consisting of idempotents, i.e., for every 


I € YF, there exists a sequence {e,}°° , in J such that 


* é, is an idempotent for all n € N, 
© €n€nt+1 = en for alln € N, and 
¢ forall r € J, there exists n € N such that re, = e,r = r. 


Then for any locally closed subset Y = U \ V of Spec ,(R), we have a collection of 
abelian groups Ke" (RI Y])}nez-. Moreover, for all U;, U2, U3 € O(Spec ¥(R)) with 
U; © U2 C Us, by [17, Lemma 3.10], we have a long exact sequence in algebraic 
K-theory 


lx Tx Ox 
Kz (R[Up \ Ui]) —> Kn®(R[Us \ Ui]) —> Kn®(R[Us \ Us]) —> K2®, (R[U2 \ Ui). 


Definition 11 Let R be a ring and let .“be a sublattice of I(R) closed under arbitrary 
intersections and containing the trivial ideals {0} and R. Suppose that for each € .Y 
we have that 


I = ker({p € Spec (R) : p> 7}). 


Moreover, assume that every J] € .“has a countable approximate unit consisting of 
idempotents. 


1. Fork,m € ZU {+00} with k < m, we define FK?": (Spec AR); R) to be the 
collection 


{Kale (R[ Y]) }e<n<m,YeLC(Spec ,(R))> 


equipped with the natural transformations {t., 1, 0x}. 
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2. Fork,m € ZU {400} with k < 0 < m, we define FKyEt (Spec ,(R), R) to be 
the collection FES. (Spec ,(R); R) together with the positive cone of K?'*(R[ Y]) 


for all Y € LC(Spec ,(R)). 


Set 


FK"" (Spec (R); R) = FK"S, .(Spec,(R);R) and 


— 00,00 


FKale.+ (Spec ,(R); R) = FK°SS (Spec A(R); R). 


Definition 12 Let R, R’ be rings, let “be a sublattice of I(R) closed under arbitrary 
intersections and containing the trivial ideals {0} and R, and let .7 be a sublattice 
of I(R’) closed under arbitrary intersections and containing the trivial ideals {0} and 
R’. Suppose that for each J € Awe have that 


I = ker({p € Spec (R) : p 2 Jj), 
and that for each I’ € .Y we have that 
I' = ker({p € Spec (R’) : pD I'S). 


Moreover, assume that every J € .Wand every I’ € .Y have a countable approximate 
unit consisting of idempotents. 
For all k,m € ZU {+00} with k < m, an isomorphism from FKiE (Spec (R); R) 


km 
to FKi'S (Spec y(R’);R’) consists of a homeomorphism ¢:Spec(R) > 
Spec ,(R’) and an isomorphism qay,, from K,(R[Y]) to K,(R’[¢(Y)]) for each n 
with k < n < mand foreach Y € LC(Spec ,(R)) such that the diagrams involving 
the natural transformations commute. 
Let kim € ZU {too} with k < 0 < am. If the isomorphism from 
FK?= (Spec ,(R); R) to FK*= (Spec y(R’); R’) restricts to an order isomorphism on 


‘km 


Ko(R[Y]) for all Y ¢ LC(Spec ,(R)), we write 


FK;=** (Spec ,(R); R) & FK¢8* (Spec (R’): R’). 
Lemma 6 Let E be a graph and let k be a field. Then every graded-ideal of Ly(E) 
has a countable approximate unit consisting of idempotents. Consequently, for all 
k,m € ZU {+00} with k < 0 < m, FKi®* (Spec, (Lx(E)); Lx (E)) is defined. 


km 


Proof Let F be a graph and set Fo = {v1,v2,...}. Then {)-;_, 4}, is a 
countable approximate unit consisting of idempotents for L,(F). Thus, every 
Leavitt path algebra has a countable approximate unit consisting of idempotents. 
The lemma now follows since by [18, Corollary 6.2] every graded-ideal of Ly (E) is 
isomorphic to a Leavitt path algebra. 
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Lemma 7 Let E be a directed graph and let $ : Spec, (Lc(E)) — Prime, (C*(E)) 
be the homeomorphism given in Theorem 3. Then for all U € O(Spec, (Lc(E))), 


there exists an admissible pair (H,S) such that Lc(E)[U] = ies and 


C*(E)[¢(U)] = Cay where Lc(E)[U] is the graded ideal corresponding to the 
open set U under the lattice isomorphism from O(Spec,(Lc(E))) to 1,(Lc(E)) 
given in Theorem 2. 


Proof This follows from the construction of ¢ in Theorem 3 as the restriction of the 
lattice isomorphism f that sends ie s) to ie s): 


Let 21 be a C*-algebra and let A be a *-algebra. Suppose ty, is a *-homomorphism 
from A to 2. Denote the composition 


al Kn(la) al to 
Kn (4) —> Kn" (Q) ——> Kr? (Q) 


top 


by Yn, where K,, (20) is the (usual) topological K-theory of the C*-algebra 2. 
Theorem 4 Let E be a directed graph and let 


 : Spec, (Lc(E)) — Prime, (C*(E)) 


be the homeomorphism given in Theorem 3. For all U,, Uz, U3 € O(Spec, (Lc(E))) 
with U; © U2 C U3, the diagrams 

Ky (Lc(E)[U2 \ Ui]) —>K}8(Le(E)[Us \ Ui) —> Kq®(Lc(E)[Us \ U2]) —> Kp*(Lc(E)[U2 \ Ui) 
Y1,.C* @)[Y2\"11 Y1,C* )¥3\"1] Y1,C% )[V3\V2] | Y0,C* (E)[V2\"11 | 


Ky? (C*(E)[V2 \ Vil) —>Ky?(C*(E)[Vs \ Vil). —> Ky?(C*(E)(Vs \ Val) —> Ky? (C*(E)Y2 \ Mid) 


and 
K5*(Lc(E)[U2 \ Ui]) —> Kp*(Lc(E)[Us \ Ui) —> KG*(Lc(E)[Us \ U2) 
yocraira\ni| rerenrsvn| rrerents\r 


Ko? (C*(E)[V2 \ Vil) —> Ko? (C*(E)[V3 \ Vil) —> Ko? (C*(E)IVs \ V2) 


are commutative, where V; = $(Uj). 
Proof This follows Lemma 7 and from [7, Theorems 2.4.1 and 3.1.9] . 


Lemma 8 Let E be a graph. Then for all (H,,S,), (H2,S2) admissible pairs with 
(H,, 81) < (A, S2), we have that 


. palg ; alg alg top ; ;top top 
Yo,j'or Ko Tens) (Mais) > Ko Ceb.sy) 11.51) 


top 
(Hy,59)/ "a, 51) 
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is an order isomorphism and 


eh alg alg top rn 
11 6 ft? 5 Kt Ceen.sy Men sy) > Ki Gen.s)/Fn.81)) 
is surjective with kernel a divisible group. 

Suppose F is a graph and suppose there exists an order isomorphism 


alg ;zalg alg alg ; alg alg 
ao: Ko Cot, so)/Man,.s,)) > Ko Ciu.s)/Tur.s')) 


and there exists an isomorphism 


alg ;zalg alg alg ; alg alg 
KY Ue sy)/Men sy) > Kv Ca 1) Man sp) 


where (H;,S;) is an admissible pair of E for i = 1,2 and (H‘, S') is an admissible 


pair of F fori = 1,2 with (Hy, S81) < (Ho, Sz) and (H}, S|) < (H5,S5). Then ao and 
a, induce isomorphisms 


Qo: Ke Wie Me, 


top , top top 
(H2.2)/"H.81)) > Ko Coan sey /t 


(H},,S5)! ° (H}, sy) 
and 


~ . ptop;;top top top ; top top 
a1 Ky Ta,.s)/Tun, sy) > Ki Can sy Lan sy) 


such that Qo is an order isomorphism and 


7eP top od; = CF O° Vit top 
ag sy lat st S/) lity, sy /Mah, 1) 


Proof Let tg:Lc(E) — C*(E) be the *-homomorphism sending v to p, and 
e to s,. Note that for all admissible pairs (H,S), tee 5 Ss las Therefore, 


for all admissible pairs (H), S,), (Hz, S2) with (H;,S,) < (Hp, S), lg induces a 
*-homomorphism from i 5) eae to Te i, 5); We denote this map by 
l 


a ee Thus, the composition of this induced map in K-theory with the 
(H2.S)/ "(Ay .S1) 


homomorphism from Ki (5/5) KEP UR 5/15) 8 Yai 8 

We will show that it is enough to prove the first part of the lemma for case 
(Hy, S>) = (@,@) and (Hj,S;) = (E°,@). Let (H,S) be an admissible pair. Let 
Eu, s) be the graph given in [18, Definition 4.1]. By the proofs of [18, Theorems 5.1 
and 6.1], there exist *-isomorphisms 


— al = 
Busy: Lc (Ea,s)) = las) and XH): G (Ev.s)) > las 
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given by 
v ifvueH 
vt ifvueS 
Buu,sy(v) ‘= * : 
aa ifv =a € F\(A,S) 
ar(a)4a* ifv =a € Fy(H,S) 
e ife € E! 
Bus) (e) = 4a if e=a€ F\(H,S) 
ara)" ife=@e€F,(H,S) 
e* ife € E! 
Burs (e") = 4 a* ife =@ € F\(A,S) 
r(a)"a* ife=a@ € F(H,S) 
and 


II 


AH.s) (qv) * 


Se 
As) (te) = 4 Sa 


HT 
SoP. r(@) 


Note that the diagram 


fe 
Eis 


Po 

Bi 

Su Sy 

SaP ra) Sa 


ifvue H 
ifveS 
ifv =a € F\(A,S) 
ifv =a € F2(A,S) 


ife € E! 
if e=a@ € F,(H,S) 
ife =a € F,(H,S). 


Le (Eu,s)) —————> C* (Ear.)) 


BcH,s) | | A(HS) 
alg top 
luis) — ~ Lars) 
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commutes. Therefore, for admissible pairs (H;,S,),(H2,S2) with (H),S;) < 
(Hp, Sz), the diagram 


i 
ic pis OO) HE Pes OG pe 
cEun.s.))/ Bots s,) Crs 51) (Evtns))/4 Gn,s,) Lim s1)) 
BiH Sy) | | A (Hy, Sp) 
ps rl pg ie /I por 
Lins, Sz)! ~ (7,581) Linn, Sz)!“ (A Sy) 


EOP Ne 
El Hy So) Uh S51) 


where bass and Xu Ss ) are the induced +-isomorphisms on the quotient, com- 
mutes. Therefore, it is enough to prove the lemma for the graph Eun, so). Hence, we 
may assume that (H>, 52) = (E°, @). 

Set (1,51) = (H,5S) to simplify the notation. Let E \ (H,S) be the graph 
defined in [19, Theorem 5.7(2)]. Then by the proof of [19, Theorem 5.7(2)] and 
the discussion before [6, Corollary 5.7], there are *-isomorphisms 


6(u,s): Lc(E \ (A, S)) > Le(E)/Tas) 


and 


nus): CE \ (H,S)) > C™(E)/Jans) 
such that the diagram 


5(H,S) 
Lc(E \ (H, S)) ————+> Lc(E)/Tus) 


l 
“E\(H,S) | | E,C* ()/Jazs) 


C*(E \ , S)) ~ hee” C*(E)/S(x,) 


commutes. Hence, it is enough to prove the lemma for the graph E \ (H, S). Hence, 
we may assume that (H, S) = (@, @). Thus, proving the claim. 

The fact that yo,c*(z)/o is an isomorphism follows from [12, Corollary 3.5]. To 
prove that y1,c*(z)/o is surjective and its kernel is a divisible group we reduce to the 
case that E is row-finite. Let F be a Drinen-Tomforde desingularization of E defined 
in [8]. Then there are embeddings w: Lc(E) — Lc(F) and p: C*(E) > C*(F) such 
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that the diagram 


Le(E) “> Le(F) 


| |e 


CE) > CF) 


commutes, w(Lc(E)) is a full corner of Lc(F), and p(C*(E)) is a full corner of 
C*(F). Hence, w and p induce isomorphisms in K-theory. Therefore, it is enough 
to prove y},c*(£),0 iS surjective with kernel a divisible group for the case that E is 
row-finite. The row-finite case follows from [17, Lemma 4.7]. The first part of the 
lemma now follows. 

For the last part of the lemma, since Ko(t,, red aa) er eo is an order isomorphism, 
it is clear that @ induces an order isomorphism @o such that 


Yo. top pon 0M = Qo © Yo pop 
Ole styl (HY .S4) Olay, syn. Sy) 


The fact that a; induces an isomorphism @ such that Vy por, po, OL = @10 
(H5,55)"" (HyS1) 
Vy por pe is the result of the kernel of y, 1 ite being a divisible group 
(H2.S2) on 51) (Hz ,S2)! "(Hy .S1) 
and K; (1'°P, H!,S) rh H, s') ) being torsion free, thus [17, Lemma 4.8] applies. 


Theorem 5 Let E and F be graphs. 


1. Suppose FK%\"* (Spec, (Lc(E));Lc(E)) =  FKG* (Spec, (Lc( F)); Lc( F)). 
Then FK"°?:* (Prime, (C* (E)); C*(E)) & FK?* (Prime, (C*(F)); C*(F)). 
2. Suppose |E°|, | F°| < oo. If 


6: FKa** (Spec, (Lc(E)); Lc(E)) > FKq%* (Spec, (Lc( F)); Le(F)) 


is an isomorphism such that @ sends [lrecE)]o € K*"(Le(E)) to [liecrylo € 
me (Lc(F)), then there exists an isomorphism 


@: FKP + (Prime, (C*(E)); C*(E)) > FK'?:* (Prime, (C*( F)); C*(F)) 


such that Oo sends [1c*(zy]o € kc (E)) to [lc*(rH]o € Ky °(C*(F)). 
Proof The theorem follows from Lemmas 7 and 8, and Theorem 4. 
Corollary 2 Let E and F be graphs. 
1. If Lc(E) and Le (F) are isomorphic as rings, then 


FK'"+ (Prime, (C*(E)); C*(E)) = FK°* (Prime, (C*(F)); C*(F)). 
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If, in addition, |E°|, | F°| < 0, then there exists an isomorphism 
O: FK?-* (Prime, (C*(E)); C* (E)) > FK"?* (Prime, (C*(F)); C*(F)) 


such that ©o sends [1c*(zy]o € Ce (E)) to [lc* Ao e Ky? (C*(F)). 
2. If Lc(E) and Lc(F) are Morita equivalent, then 


FK'°?-+ (Prime, (C*(E)); C*(E)) & FK?* (Prime, (C*(F)); C*(F)). 


Proof 1. Follows from Lemma | and Theorem 5. 

Suppose Lc(E£) and Le( F) are Morita equivalent. Then by [2, Corollary 9.11], 
Moo(Lc(E)) = Moo(Lc(F)) as rings. By [2, Proposition 9.8(2)], Moo(Lc(E)) & 
Lc(SE) and Mx(Lc(F)) & Lc(SF) as C-algebras, where SE and SF are the 
stabilized graphs of E and F respectively (see [2, Definition 9.4]). Note that every 
graded ideal Lc (SE) is of the from M.o(J) for a unique graded ideal of J of Lc(E) 
and every graded ideal of Lc(SF) is of the from Mo (J) for a unique graded ideal J 
of Lc( F). We also have that 


FK5* (Spec, (Lc(E)); Le(E)) & FKs4'* (Spec, (Lc(SE)); Le(SE)) 
~ Fi (Spec, (Le(SF)): Le(SF)) 
~ FKiS* (Spec, (Le( F)): Le(F)). 

Therefore, by Theorem 5, 
FK'°?-* (Prime, (C*(E)); C*(E)) & FK'°?* (Prime, (C*( F)); C*(F)). 


Corollary 3 The Abrams-Tomforde conjecture holds for the class of finite graphs 
that satisfy Condition (H) of [10, Definition 4.19]. In particular the Abrams- 
Tomforde conjecture holds for the class of finite graphs that satisfy Condition (K). 


Proof The first part is just a combination of Corollary 2 and [10, Theorem 6.1]. 
Finally, all graphs that satisfy Condition (K) satisfy Condition (H). 


Remark I Corollary 2 will be used in [9] to show that the Abrams-Tomforde 
conjecture holds for the class of graphs with finitely many vertices. 
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Gysin Exact Sequences for Quantum M®) 
Weighted Lens Spaces Greet 


Francesca Arici 


Abstract We describe quantum weighted lens spaces as total spaces of quantum 
principal circle bundles, using a Cuntz-Pimsner model. The corresponding Pimsner 
exact sequence is interpreted as a noncommutative analogue of the Gysin exact 
sequence. We use the sequence to compute the K-theory and K-homology groups of 
quantum weighted lens spaces, extending previous results and computations due to 
the author and collaborators. 


1 Introduction 


Quantum lens spaces, both weighted and unweighted, have been the subject of 
increasing interest in the last years. They are Cuntz-Krieger algebras of a directed 
graph [16] and have played an important role in the classification program of C*- 
algebras [12]. Using graph algebra techniques their K-theory groups have been 
computed recently in [8] under very general assumptions on the weight. From a 
more geometric point of view, they have a natural structure of noncommutative 
principal circle bundles over quantum weighted projective spaces [2, 4, 6, 7, 22] 
and can thus be interpreted as a deformation of their classical counterparts. In this 
paper we focus on the noncommutative topology of quantum weighted lens spaces, 
realising them as Cuntz-Pimsner algebras of self-Morita equivalence bimodules. 
This allows us to compute their K-theory and K-homology groups, using different 
techniques than those in [8]. 

Being graph algebras, quantum weighted lens spaces admit a Cuntz-Pimsner 
model where the coefficient algebra is the algebra of functions on the vertex space. 
This picture is very well suited to encode the dynamical information contained in 
the graph, but has the disadvantage that the fixed point algebra for the natural gauge 
action does not agree with the coefficient algebra. In the Cuntz-Pimsner model 
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we employ here, which comes from the geometric analogy described above, the 
coefficient algebra is the algebra of functions on a quantum weighted projective 
space and the resulting Cuntz-Pimsner algebra can be thought of as the total space 
of a noncommutative circle bundle. 

The associated six term exact sequences can then be interpreted as the operator 
theoretic counterpart of the classical Gysin exact sequence for circle bundles (cf. 
[18, IV.1.13]). Under some mild assumptions on the weight, we will describe the 
K-theory and K-homology of quantum weighted lens spaces of any dimension, thus 
extending the results of [2] and [4]. 


2 Quantum Weighted Projective and Lens Spaces 


In this section we describe the coordinate algebras of weighted projective and lens 
spaces, as described in [3, 7, 11] and their C*-completions, which were extensively 
studied in [8]. 

Classically, weighted projective and lens spaces are quotients of odd-dimensional 
spheres by actions of the circle and of a finite cyclic group, respectively. The same 
is true upon replacing the sphere by a quantum sphere. 

Let g € (0,1). We recall from [23] that the coordinate algebra of the quantum 
odd-dimensional sphere Os) is the universal +-algebra with generators the n + 
1 elements {z;};=0,.... and relations: 


2g = QZ O0<i<j<n, 


* * . . 
Ze = Gz, iFxj, 


[Zn > Zn] = 0, tz] = (—9) >> yet i=0,...,.n—-1, 
j=itl 


and a sphere relation: 


20% HU te tae = 1. 
The notation of [23] is obtained by setting g = e”/?. 

A weight vector M = (mo, ..., My) is a finite sequence of positive integers, called 
weights. A weight vector is said to be coprime if g.c.d.(mo,...,1™,) = 1; and it is 
pairwise coprime if g.c.d.(m;,m,) = 1, for all i F j. 

For any weight vector mM = (mo,...,m™,), we define a weighted circle action 
{on} eet! On the quantum sphere, given on generators by 


ofa) =e" = EET, (1) 
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The Z-grading induced by this action is equivalent to that obtained by declaring 
each z; to be of degree m; and z* of degree —mj. 

The degree zero part or, equivalently, the fixed point algebra for the action, is 
the coordinate algebra of the quantum n-dimensional weighted projective space 
associated with the weight vector m, and it is denoted by O(WP;(m)). 

By D’Andrea and Landi [11, Lemma 3.2] a set of generators for the algebra 
O(WP;(m)) is given by the elements 


zz, amd 2 := zi... zhn 


fori = 0,...,nandk € Z"*! withk-m := komo +---+k,m, = 0. Note that such 
a set of generators is in general not minimal. 

For some particular classes, one gets a complete characterisation of generators 
of the algebra O(WP7(m)). Indeed, we have two classes of weighted projective 
spaces, in some sense orthogonal to each other, for which it is possible to describe 
the generators and the representation theory. 

The first class consists of those weighted projective spaces for which the weight 
m is of the form m = p? for p pairwise coprime, where p" is defined as the weight 
vector whose i-th component is equal to Iz ; p;- Classically those are the weighted 
projective spaces that are isomorphic, as projective varieties, to the unweighted 
projective space CP”. By D’Andrea and Landi [11, Theorem 3.8], having such a 
weight is a necessary and sufficient condition for the algebra O(WP{(m)) to be 
generated by the elements 


at (zt yn ie 


Nj = m;/g.c.d.(mj, mj) Vij = 0, oe N. 

The second class of examples, that goes in another direction with respect to 
the class we just described, is that of the multidimensional teardrops [7], that are 
obtained for the weight vector m = (1,..., 1,m) having all but the last entry equal 
to 1. As described in [7, Lemma 6.1] the algebra O(WP(, ...,m)) is generated, 
as a *-algebra, by the elements 


i | 
byte (2 )q and gq Sze rie 


for0 <i<j<n-—1and1€N" such that )7~ So =m. 

As a particular case of both constructions, form = (1,...,1) one gets the 
coordinate algebra O(CP’) of the quantum projective space CP). This is the *- 
subalgebra of 0(S7"*') generated by the elements py := jz for i,j = 0,1,...,n. 


Let now N > 2 be fixed. By restriction Oe) admits an action of the cyclic 
group Zy given by 


1/N, i 
of /: 7, = emiz, 


Qni/N 


where € =e € T is the generator of Zy. 


254 F. Arici 


The coordinate algebra of the quantum lens space O(L;"*'(N; m)) is defined as 
the fixed point algebra for this action: 


OGP  im)) = OG)", (2) 


2.1 Principal Bundle Structures 


In noncommutative geometry the notion of a free action of a quantum group H 
on is translated into that of a principal coaction on .&% which in algebraic terms 
amounts to having a Hopf-Galois extension. In the case of a classical Abelian group, 
principality is equivalent to the notion of a strong grading. 

Given a group G, a G-graded algebra .#is an algebra that decomposes as a direct 
sum & = Deeg W, with LY, C Vy. Whenever LV, = Gy» for all g,h € G, 
one says that the grading is strong. Note that it is enough to check this condition on 
a set of generators of the group. 

As described in [19, Theorem 8.1.7], having a strongly graded algebra over a 
group G is equivalent to having a Hopf-Galois extension over the group algebra 
CG. In this work we will only focus on classical Abelian groups; as said, in that 
case principality is equivalent to the induced grading over the Pontryagin dual being 
strong. 

By Brzezinski and Fairfax [7, Lemma 2.1] strong gradings are preserved under 
extensions of Abelian groups, i.e. given an exact sequence 


2 oT 
0 —— kK —> G —  H — 0, 


a G-graded algebra is strongly graded if the induced H-grading on «and the 
induced K-grading on AH := Qyex pie) are strong. 

In our case we will be dealing with the group Z = T and the finite group cyclic 
group Zy = Ze, so we will be interested in the short exact sequence 


0 + Z + Z > Zn > 0. 


As described in [7, Proposition 4.1], the Zy-action on Og) induces a Zy- 
grading which is strong, and ON ;m)) is the degree-zero subalgebra with 
respect to that grading. The lens space OL tN; m)) is a Z-graded algebra 
with respect to the grading induced by that of O(S7""'), by saying that x € 
O(L7"*!(N;m)) has degree n if and only if it has degree nN in O(S?"*'). The 
degree-zero part is given by the coordinate algebra of the quantum projective space 
O(WP/(m)). The induced grading is not always strong. However, by Brzeziriski 
and Fairfax [7, Proposition 4.2], for Nm := | [j_, mi, the algebra OL" *" (Nm: m)) 
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is strongly Z-graded. As a consequence, the coordinate algebra of the quantum 
weighted lens space 2] 8 igi (Nm; M)) has the structure of a quantum principal circle 
bundle over the n-dimensional weighted projective space O(WPi(m)). 

Let d > 1. By Proposition 4.6 in [4] the coordinate algebra of the quantum 
weighted lens space O(L;"*'(d- Nm; m)) also has the structure of a quantum prin- 
cipal circle bundle over the n-dimensional weighted projective space O(WP7(m)). 
This can be seen as a consequence of the aforementioned Lemma 2.1 of [7]. 


2.2 C*-Completions 


The C*-algebra C oe) of the odd-dimensional quantum sphere is the completion 
of the *-algebra os) in the universal C*-norm. This C*-algebra can be realised 
as a graph C*-algebra. 

The C*-algebra C(WP”(m)) of the quantum weighted projective space is defined 
as the fixed point algebra for the circle action on C (sort) obtained by extending 
o. A complete characterisation of those C*-algebras is not available at the moment; 
partial results were obtained in [8] for a large class of weighted lens spaces, those 
with weight vector m satisfying g.c.d.(mj,m,) = 1 for at least one j < n. By 
Brzezinski and Szymanski [8, Proposition 3.2] there exists an exact sequence of 
C*-algebras 


0 —> #®™ ——, C(WP"(m)) ——> C(WP*'(m,)) —> 0, @) 


where m,, denotes the weight vector (mm, ..., ™n—1)- 

The K-theory groups of the C*-algebraic weighted projective spaces can be 
computed by iterative use of the extension (3) under suitable assumptions on the 
weight vector mM. 


Proposition 2.1 ([8, Corollary 3.3]) Let m be a weight vector with the property 
that for each j = | there exists i < j such that g.c.d.(m;, mj) = 1. Then the K-theory 
groups of the quantum weighted projective spaces are given by 


K)(C(WP*(m)) = Z1t==1™, KK, (C(WP"(m)) = 0. 


The C*-algebraic quantum lens space is defined as the fixed point algebra for the 
action of Zy on C OF"); By constructing a conditional expectation for the Zy- 
action, one can show that it agrees with the closure of the algebraic quantum lens 
space Cer TN, m)) with respect to the universal C*-norm on CSP"). It is 
isomorphic to the C*-algebra of a directed graph. 
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3 A Cuntz-Pimsner Model for Quantum Lens Spaces 


Cuntz-Pimsner algebras [20] are universal C*-algebras constructed out of a C*- 
correspondence E over a C*-algebra B. They encompass a large class of examples, 
like crossed product by the integers, Cuntz and Cuntz-Krieger algebras [9, 10], graph 
algebras and C*-algebras associated to a partial automorphism [13]. We now give a 
simple description of Pimsner’s construction for the case of interest for this work. 
Under the assumptions that B is unital and that F is a self-Morita equivalence 
bimodule, i.e. we have left action implemented by an isomorphism @ : B — 
Endg(E), the Cuntz-Pimsner algebra Og admits a description in terms of generators 
and commutation relations. This construction, which can be found for instance in 
[17, Section 2], works for any finitely generated projective module over a unital C*- 
algebra and relies on the existence of a finite frame for the module E, i.e. a finite set 


of elements {&}'_, of E satisfying 


E =) njlnj.€)s. 
j=l 


for any € € E. 
The algebra Og is realised as the universal C*-algebra generated by B together 
with n operators $,..., S,, satisfying 


S*S; = (ni. nj)B. SSF = 1 and bS = D5 Si(ni. 6) n)8. (4) 


forb € B,andj = 1,..., n. 


Example 3.1 The module I"(é) of sections of the tautological line bundle & over 
the quantum projective line is a self-Morita equivalence bimodule over the algebra 
C(CP'). The corresponding Cuntz-Pimsner algebra Orie is isomorphic to the 
algebra of continuous functions on the three sphere C(S°). 

More generally, the Cuntz-Pimsner algebra Og of a self-Morita equivalence 
bimodule can be thought of as the algebra of continuous functions on the total space 
of a quantum principal circle bundle. While the commutative version of this analogy 
was spelled out in [14], the more general case of quantum principal circle bundles 
was described in [4]. We also refer to the review article [3] for more details and 
recall the salient points here. 

Given a C*-algebra A together with a strongly continuous circle action 0 := 
{O¢}eer!, we define the n-th spectral subspace as 


Aq := {ae A|o;(a)=€"a VE ETS. 
Then the invariant subspace Aq C A is a C*-subalgebra and each A,,) is a Hilbert 


C*-bimodule over Aq). If the module Aq) is a self-Morita equivalence bimodule, 
which is equivalent to the Z-grading given by the spectral subspaces being strong, 
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then the action o is said to be saturated. Then by Prop. 3.5 in [4] the Cuntz-Pimsner 
algebra O,,,, of the first spectral subspace A(1) is isomorphic to the algebra A. 

Let see what this means in our examples: if we denote by E the first spectral 
subspace of C(S7"+!) for the weighted action of T', then we get that the C*- 
algebra C ce (Nm; M)) is isomorphic to the Pimsner algebra Og over C(WP7(m)) 
associated to E. 

More generally, by Thm. 3.9 in [4] for any d > 1, the C*-algebraic lens space 
Card - Nm;M)) is isomorphic to the Pimsner algebra Og associated to the 
module E®4 over C(WP)(m)). 

As particular cases, C(S7"t') is a Pimsner algebra over C(CP4), and more 
generally the unweighted lens space C(L2"*1 d; 1)), for the weight vector with 
entries identically one, is a Pimsner algebra over C(CP{) for any d > 1. Those 
algebras and their K-theory group were the subject of [2]. 


3.1 Six-Term Exact Sequences 


For a Pismner algebra one has natural exact sequences in bivariant K-theory, relating 
the KK-groups of the Pimsner algebra Og with those of the base space algebra B. 
Those sequences were constructed by Pimsner, see [20, Theorem 4.8] and arise as 
six-term exact sequences associated to a semisplit extension of C*-algebras in which 
the Pimsner algebra is the quotient, the ideal is Morita equivalent to the base and 
the middle algebra is KK-equivalent to the base. Using those identifications, the 
resulting exact sequences in bivariant K-theory read: 


@zs(1-[E)) ix 
REC BY ——> KGIC. BR) —_5 KECOS) 


s] |: 
KK,(C, Op) <—— KK,(C,B) <— KK, (C,B) 


@a(1—[E}) 


and 


(1-[E))® a 


a al 


(1—-[E])® 


A crucial role is played by the Kasparov product with the class of the identity 
1 € KK(B, B) minus the class [E] € KK(B, B) of the bimodule E. 
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The connecting homomorphism 0 is implemented by taking the Kasparov 
product with the class of the defining extension. An unbounded representative for 
this extension class was constructed in [21] and later generalised in [15]. A treatment 
of the non-unital case is in [1]. 

In the case of self-Morita equivalence bimodules these could be considered as a 
generalization of the classical Gysin sequence in K-theory for the noncommutative 
line bundle EF over B, the Kasparov product with 1 — [E] plays the role of the cup 
product with the Euler class of the corresponding line bundle. 

Examples of Gysin sequences in K-theory were given in [2] for line bundles 
over quantum projective spaces leading to a class of quantum lens spaces. These 
examples were generalized later in [4] for a class of quantum lens spaces as circle 
bundles over quantum weighted projective spaces with arbitrary weights. 

To ease our notation, we let C(L,(d)) := C(L;"*"(d-Nm,m)). Also, E will 
denote the Hilbert C*-module given by the first spectral subspace for the weighted 
circle action on C(S2"*"). 

Then, given any separable C*-algebra C, we obtain the following two six term 
exact sequences in KK-theory: 


@(1-[E%4)) 
KKo(C, C(WPG(m))) ——> KKo(C, C(WPi(m))) ——4 KKo(C, C(L,(d))) 


°] |e 


KKi(C, C(Lq(a))) —— KK\(C, C(WPi(m))) <—— _Kki(C, CCWP7(m)) 
@(1-[E®4}) 


(5) 
and 


1-[E94)@ 
KKo(C(WP{(m)), C). <—— KKo(C(WP7(m)), C) — KKo(C(L,(d)), C) 


| }: 


KK (C(LZ,(d)), C) —— KK (C(WP7(m)), C) on KK, (C(WP{(m)), C) 
(-[E®4)@ 


(6) 


where i, and i* are the maps in KK-theory induced by the inclusion of the coefficient 
algebra into the Pimsner algebra i : C(WP{) > Ogeu ~ C(Lq(d)). 

We will refer to these two sequences as ‘the Gysin sequences (in KK-theory) for 
the C*-algebraic quantum lens space C(L7""! (d- Nm; ™)). 
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3.2 Computing the K-Theory and K-Homology of Quantum 
Lens Spaces 


We finish by describing how the exact sequences (5) and (6) can be used to obtain 
information about the KK-theory groups of quantum weighted lens spaces. 

Even though those sequences exist for every choice of weight m, we will now 
restrict our attention to the case of weight vectors satisfying the assumptions of 
Proposition 2.1. This will allow us to use the computations of the K-theory groups 
of the weighted projective spaces in our computations. 

We will now state an easy corollary of the results contained in [8]. 


Proposition 3.2. Let m be a weight vector satisfying the assumptions of Proposi- 
tion 2.1. Then the C*-algebra C(WE"(m)) is KK-equivalent to Ch} ttm, 


Proof As a first step we use the fact that the UCT class is closed under extensions 
and contains the algebra of compact operators. Whenever the weight vector m 
satisfies the assumptions of Proposition 2.1, by iterated use of the exact sequence 
(3) and the fact that C(WP°(m)) = C we obtain that the C*-algebraic weighted 
projective space is also in the UCT class. By Proposition 2.1 its K-theory groups 
are isomorphic to those of C't™! ++", The claim follows from the fact that in the 
UCT class two C*-algebras are KK-equivalent if and only if they have isomorphic 
K-theory groups (cf. [5, Corollary 23.10.2]). 

Note that for = 1 the extension (3) admits a completely positive splitting, hence 
KK-equivalence follows from the fact that the algebra C (WP;(m)) is isomorphic to 
the unitalisation “”" @ C. Explicit representatives for the two KK-equivalences 
were constructed in [4]. 

For ease of notation we will denote by M := m, + --- + my. We let [/] € 
KK(C’*', C(WP{(m))) and [JT] €¢ KK(C(WP{(m)),C"*") be the two classes 
that implement the KK-equivalence between C”*! and C (WP; (m)), ie., satisfy 


LH] @ccwer(my LT] = lkeeutieutty, LT] @eu+i YZ] = Uxxccower(my.ccwer(m)))- 


(7) 


These KK-equivalences can be used to simplify the exact sequences (5) and (6). 
Indeed, one can use them to replace the KK-groups of C (WP; (m)) with those of 
the vector space C”*! and then use the natural isomorphisms 


M+1 M+1 
KK(C,C™*!) ~ GVK(C) and KK(C’t',.C)~ BKC), 1=0,1. 
k=1 k=1 


Tensoring the class of the Hilbert C*-module E with the KK-equivalences [/] and 
[IT] one gets a class 


1] @cewen my [E] @cewenmy [IT] € KK(C“*", CMF). (8) 
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Since the ring KK(C”*!, C“*!) is isomorphic to (M + 1) x (M + 1) matrices 
with entries in Z, we can look at the corresponding matrix implementing the map 
(8), that we denote by A. The six term exact sequence in (5) becomes 


eit! kK (Cc) =eee Bilt!K°(C) ——>+ KKo(C, C(L,(d))) 


| 


KK,(C,C(L,(@))) —— eMt'K1(C) -——. ot! K1() 
1—A? 


while, denoting the transpose of A by A’, the six term exact sequence in (6) becomes 


@MtlKy(C) —<—— _ @M11Ko(C) —— KKo(C(L,(a)), C) 


| 1-(Até 
1 (A‘4 


KK, (C(LZ,(d)),C) ——> @M4'K\(C) ——> @i4'kKi(C) 


For C = C, using the fact that K\(C) = K'(C) = 0, the corresponding Gysin 
exact sequences in K-theory and K-homology become of the form 


0 —> K)(C,4(@d) — 2M) At gun K)(C,(@)) —> 0 , 


and 


0 <— K°(C(L,(d))) ¢ Va ZMt K°(C(L,(d))) +— 0. 
1-(a’4 


thus allowing for the computation of the K-theory and K-homology groups of the 
quantum lens spaces as kernels and cokernels of a suitable integer matrix. 


Theorem 3.3 Let m be a weight vector satisfying the assumptions of Proposi- 
tion 2.1. Then for the matrix A constructed using (8) and any d € N we have 
that 

Ko(C(L,(d))) ~ Coker(1 — A“), K,(C(L,(d))) = Ker — A“) 
and 


K°(C(L,(dlk: k, l))) ~ Ker(1 — (A‘)*), K'(C(L,(d))) = Coker(1 — (A‘)’). 


It remains an open problem to describe the precise relationship of our matrix A with 
the matrix used in [8] to compute the K-theory of quantum lens spaces. 
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4 Final Remarks 


An interesting class of lens spaces that lies in the intersection of those studied in [8] 


and [11] is that for which the weight vector M satisfies mp = 1 and m; = m for 
alli = 1,...,n. The associated coprime weight vector p for which m = p? is then 
p = (m,1,...,1). It is straightforward to check that the number of independent 


Fredholm modules constructed in [11], given by the formula 


n 
1+ Y- pop oo Deals 
k=1 


equals in that case 1+M, the dimension of the K-homology group K°(C (WP{(m))). 

We are also able to give, at least for this special class of examples, a positive 
answer to the question left open at the end of [11, Section 9], where the authors 
asked whether the Fredholm module they constructed actually built a complete set 
of generators for the K-homology group K°(C (WP{(m))). 

Moreover these Fredholm modules can be used to give an explicit expression 
for the KK-equivalences [JT] in (7), using a construction similar to the one of [4, 
Section 7.4], thus allowing one to write the matrix A in the form of a matrix of 
pairings. 

Those computations go beyond the scope of the present paper and we postpone 
them to a later, more detailed work, where we plan to also address the problem 
of finding explicit representatives of K-theory and K-homology classes under less 
restrictive conditions on the set of weights. 
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A Signed Version of Putnam’s Homology ®) 
Theory: Lefschetz and Zeta Functions cts 


Robin J. Deeley 


Abstract A signed version of Putnam homology for Smale spaces is introduced. 
Its definition, basic properties and associated Lefschetz theorem are outlined. In 
particular, zeta functions associated to an Axiom A diffeomorphism are compared. 


1 Introduction 


Let (M,f) be an Axiom A diffeomorphism [9]. Then there are two natural zeta 
functions associated to (M,f), the dynamical zeta function and the homological 
zeta function, see [9, Section I.4]. The former is defined as follows: 


Nn 
Caym(s) “= exp | De" 


n>1 


where WN, is the cardinality of the set of points with period n. The definition of latter 
is 


Nn 
Chom(S) = exp > ar 


n>1 


where N,, is obtained by counting the points of period n with “sign” (see Example 8 
or [9, Section I.4] for further details). 

Both these functions extend meromorphically to rational functions. For the 
former, this is an important theorem of Manning [6]. For the latter, it is a corollary of 
the Lefschetz fixed point theorem. Based on Manning’s result, Bowen asked whether 
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there exists a homology theory for basic sets of an Axiom A diffeomorphism along 
with an associated Lefschetz theorem that implies that the dynamical zeta function is 
a rational function in the same way the classical Lefschetz theorem implies that the 
homological zeta function is a rational function. Recently, Ian Putnam constructed 
such a homology theory and proved the relevant Lefschetz theorem [7] (in particular 
see [7, Section 6]). For more on the relationship between zeta functions, homology, 
and Lefschetz theorems see [9, Section I.4] or [7, Section 6.1] for brief introductions 
or [5] and references therein for more details. 

Putnam’s homology theory is defined using the framework of Smale spaces. 
Smale spaces were introduced by Ruelle [8]. The reader who is unfamiliar with them 
can assume that any Smale space in the present paper is either the nonwandering set 
or a basic set of an Axiom A diffeomorphism. The precise definition of a Smale 
space is given in Sect. 2. 

It is important to note that the dynamical zeta function of an Axiom A 
diffeomorphism depends only on its restriction to the nonwandering set, but this is 
not the case for the homological zeta function. In particular, the two zeta functions 
defined above are not in general equal and as such the classical homology of M 
and Putnam’s homology of the nonwandering set of M are (again in general) not 
isomorphic. 

The modest goal of the present paper is to outline the construction of a homology 
theory defined in the same spirit as Putnam’s homology, but whose associated 
Lefschetz theorem is more closely related to the classical Lefschetz theorem; it 
counts periodic points with “sign”, see Theorem 5 for the precise statement. This 
goal is achieved by considering signed Smale spaces. By definition, a signed Smale 
space is a Smale space along with a continuous map to {—1, 1}, which is called a 
sign function. Then, by following Putnam’s constructions in [7] quite closely but 
with this additional sign function, one obtains a new “signed version” of Putnam’s 
homology. In the case of an Axiom A diffeomorphism, the signed homology theory 
of the nonwandering set with a particular sign function is more closely related (in 
particular through the associated Lefschetz theorem) to the standard homology of 
the manifold, at least in particular situations, see Theorem 6 and Example 10. The 
notion of signed Smale space is based on work of Bowen, see in particular [1, 
Theorem 2]. 

If the Smale space is connected the only possible sign functions are constant 
and the signed homology is essentially the same as Putnam’s homology. However, 
typically the nonwandering set of an Axiom A diffeomorphism is not connected and 
this can also occur for basic sets (e.g., shifts of finite type). 

I have assumed the reader is familiar with Putnam’s monograph [7] and Bowen’s 
paper [1]. In particular, see [1] for more on filtrations and the no-cycle condition. 
Also, the reader should be warned that there are many definitions and a number 
proofs are omitted. Most notable among these are Theorems 4 and 5. Although, 
proofs of these theorems are long, the reader familiar with the proofs in [7] 
will likely see how they are proved. In particular, for Theorem 5, one follows 
almost verbatim the construction (which is based on Manning’s proof in [6]) in 
[7, Section 6]. Detailed proofs of these theorems will appear elsewhere. 
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2 Main Results 


Definition 1 A Smale space (X, g) consists of a compact metric space (X, d) and a 
homeomorphism g : X — X such that there exist constants «xy > 0,0 < A < 1 and 
a continuous partially defined map: 


{(x,y) € Xx X | d(x, y) < ex} b [x,y] EX 


satisfying the following axioms: 


Bl [x, x] =X, 

B2 [x,[y, z]] = bx. zl, 

B3 _ [[x, y],z] = [x, z], and 
B4 glx, y] = [9@), gO): 


where in these axioms, x, y, and z are in X and in each axiom both sides are assumed 
to be well-defined. In addition, (X, ~) is required to satisfy 


Cl Forx,y € X such that [x, y] = y, we have d(g(x), g(y)) < Ad(x, y) and 
C2 Forx,y € X such that [x, y] = x, we have d(g~!(x), 9 !(y)) < Ad(x, y). 


The map [-, -] in the definition of a Smale space is called the bracket map; it is 
unique (provided it exists). 


Example I If (M,f) is an Axiom A diffeomorphism, then the restriction of f to the 
nonwandering set is a Smale space and likewise the restriction of f to a basic set is 
also a Smale space. The bracket map in the definition of a Smale space is, in these 
cases, given by the canonical coordinates. 

An important class of Smale spaces are the shifts of finite type. They can be defined 
as follows. Let G = (G, G',i, t) be a directed graph; that is, G° and G! are finite 
sets called the set of vertices and the set of edges and each edge e € G! is given 
by a directed edge from i(e) € G° to t(e) € G®, see [7, Definition 2.2.1] for further 
details. 

From G a dynamical system is constructed by taking 


Xe := {(g/jez | gj € G' and t(g;) = i(g;41) for each; € Z} 


with the homeomorphism, 0 : Xg — XG given by left sided shift. Then, see for 
example [7], (XG, 0) is a Smale space and one can define a shift of finite type to be 
any dynamical system that is conjugate to (“‘g, a) for some graph G. Often we will 
drop the G from the notation and denote a shift of finite type by (2,0). 

From G and k > 2, one can obtain a higher block presentation by constructing 
another graph G* whose edges are paths in G of length k and whose vertices are 
paths in G of length k — 1; for the precise details see [7, Definition 2.2.2]. 


266 R.J. Deeley 
2.1 Signed Smale Spaces 


Definition 2 A signed Smale space is a Smale space (X, y) along with a continuous 
map Ay : X — {—1, 1}. Furthermore, for n > 1, we define 


n-1l 
AY (x) = [] Ax(o'). 


i=0 


A signed Smale space is denoted by (X, y, Ay) and Ay is called the sign function; 
it is often denoted simply by A. 


Example 2 Let (2, f|q) be a basic set of an Axiom A diffeomorphism, (Mf). We 
assume that the bundle E”|q can be oriented and then define A : 22 > {-1, 1} as 
follows: 


A(x) = 1: D.(f) : (E“|a)|x > (E“|a2) |e) preserves the orientation 
—1: D,(f) : (E“\@)\|x > (E“|@)|¢cy teverses the orientation. 

The fact that {2 is hyperbolic implies that A is continuous; hence (2, f|g, A) is a 
signed Smale space. 

A special case of Example 2 occurs in both the statement and proof of [1, Theorem 
2]. Another class of examples are hyperbolic toral automorphisms: 


Example 3 Let M = R*/Z? and f = A where A € M)(Z) with det(A) = +1 
and eigenvalues A; and A such that 0 < |A2| < 1 < |A,|. This diffeomorphism is 
globally hyperbolic and the nonwandering set is the entire manifold; that is, 2 = M. 

The bundle E” is isomorphic to the trivial rank one bundle. Its fiber, for example 
at the origin, is the eigenspace associated to A;. One can then show that for any 
x € M, A(x) = sign(A}). 


Definition 3 Let (’,o) be a shift of finite type and Ay : © — {-1,1} bea 
continuous function. Then (X’',0, Ay) is called a signed shift of finite type. 


2.2 The Signed Dimension Group 


Proposition 1 Let (X',0, As) be a signed shift of finite type. Then, there exists a 
graph G such that 


1. there is conjugacy h: (Xg,o0) > (2,0); 
2. for any (gj)jez € XG, (Ax o h)((gj)jez) depends only on go. 
Proof The first item is a possible definition of a shift of finite type. Using the fact 


that Ay is continuous, one can obtain the second item by taking a higher block 
presentation. 
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Definition 4 Let (2,0, As) be a signed shift of finite type and G is a graph which 
satisfies the conclusions of the previous theorem. Then, G (and the conjugacy h : 
(X‘G,0) > (2, 0)) is called a signed presentation of (X',0, Ax). We denote Ay oh 
by Ayg- 

By assumption, for (g;)jez € XG, Ac((g;)jez) depends only on go. As such, the 
function Ag : G' > {—1, 1} defined via Ag(g) := Ax, ((g;)jez) (where go = g) is 
well-defined. Moreover, for a path gq --- g,, in G and n < m, we define 


m 


AG.n(80°+* 8m) = I] Ac(gj). 


j=m—-n 
Finally, given Ag as above, we define Ax : G* — {—1, 1} via 


Agt(gog1*** 8-1) = AG(gk-1) 


where 2081 - +: gx—1 is an element in G* (i.e., a path of length k in G). This choice is 
based on [7, Theorem 3.2.3 Part 1]. We use (XG, 0, Ag) to denote a signed shift of 
finite type with a fixed signed presentation. It is important to note that Ay, and Ag 
are related, but not the same; their domains are different. 


Definition 5 Suppose (2’, o, Ag) is a signed shift of finite type with a fixed signed 
presentation. Define yg ,,, : ZG — ZG? as follows: for each v € G°, we let 


vie >) i(e)- Ace). 


e€G! t(e)=v 


Furthermore, define D', .(G) to be the inductive limit group: lim_, (ZG°, YG.Ag)" 


Example 4 Let G be the graph with one vertex and two edges labelled by 0 and 1. 
Then the associated shift of finite type is the full two shift, (XG, o). Furthermore, 
let Ag : G > {-1, 1} be the continuous map 


1 g=1 
Ac(g)=)_, oa 0 


Then, in this case, Diy, (XG) = {0}. 


Theorem 1 (Reformulation of [1, Theorem 2]) Suppose (M,f) is an Axiom 
A diffeomorphism satisfying the no-cycle condition, dim(Q;) = 0, and q := 
rank(E“|9,). Then there exists signed shift of finite type (“g, 0, Ag) such that 


1. (XG, 0) is conjugate to (Q;,f\a,); 
2. the map YG Aq: ZG — ZG° has the same nonzero eigenvalues as the map on 
homology: f|m, : Hy (M,, M,-1) > H,(M,, M,-1); 
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3. the map Y¢.y, : Dy,(G) > Diy, (G) has the same nonzero eigenvalues as the 
map on homology: f\|y, : Hq(Ms,Ms—1) > Hg(Ms, Ms-1); 


where (M,)<_, is a fixed filtration associated to the basic sets, (82;)"_,, of (M,f); 
we assume it satisfies the assumptions in [1]. 


Proof Theorem 2 of [1] implies the existence of the signed shift of finite type 
satisfying items (1) and (2) in the statement. Basic properties of inductive limits 
of abelian groups imply that for any signed shift of finite type yg 4, : D,(G) > 
Di,(G) and yea, * ZG — ZG? have the same nonzero eigenvalues; item (3) 
follows from this observation. 


2.3 Signed Homology 


Definition 6 (See [7, Definition 2.5.5]) Suppose (X,@g) and (Y,w) are Smale 
spaces and z : (X,g) — (Y,W) is a factor map. Then z is s-bijective (resp. u- 
bijective) if, for each x € X, |x (resp. 1|xx()) is a bijection to X*(z(x)) (resp. 
X"(a(x))). 

Definition 7 (Compare with [7, Definition 2.6.2]) Suppose (X, y, Ay) is a signed 
Smale space. Then a signed s/u-bijective pair is the following data: 


1. signed Smale spaces (Y, y, Ay) and (Z,¢, Az) such that Y*(y) and Z“(z) are 
totally disconnected for each y € Y and z € Z; 

2. s-bijective map mz; : (Y, W) —> (X, 9); 

3. u-bijective map 7, : (Z,¢) > (X, 9); 


such that Ay = Ay oz, and Az = Ay o7y. 


Proposition 2 (Compare with [7, Theorem 2.6.3]) Jf (X, 9, Ax) is a nonwander- 
ing signed Smale space, then it has a signed s/u-bijective. 


Proof By Putnam [7, Theorem 2.6.3], (X,g) has an s/u-bijective pair: (Y, W, as, Z, 
C, ,). Taking 


Ay := Ayo, and Az := Ayon, 
leads to a signed s/u-bijective pair. 


For L > 0, M = 0, consider the Smale space (obtained via an iterated fiber product 
construction): 


L'p.m (I) = {(yo. eee >YL> 20> vos , Zu) |s( yi) = Ty (Z) for each i,j} 


with o defined to be yw x---x wx x---x€. As the notation suggests (17, y (7), 0) 
is a shift of finite type. 
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Moreover, again for each L > 0, M > 0, As, yin) : Sam(a) > {-1, 1} defined 
via 


Asp u(r) (Y0,--++ YL 20.--+,2Zu) = Ay(yo) 


is a continuous map. We note that Ay, y(2)(Yo.---. YL, Z0,---»Zm) is to equal Ay(y,) 
for any 0 < i < L and is also equal to Az(z) for any 0 < j < M. In particular, 
A>, y(r) 18 constant on orbits of the natural action of S74 < Sy+1. For more details 
on the action (which is the natural one) see [7, Section 5.1]. 


Definition 8 Suppose that 7 = (Y, w, m5, Z, 6, 1.) a signed s/u-bijective pair for a 
signed Smale space, (X, y, A). Then a graph G is a signed presentation of z if G is 
a presentation of z, in the sense of Definition 2.6.8 of [7], and G is also a signed 
presentation, in the sense of Definition 4, of (29.9, 0, Ao,0). 


Proposition 3 (Compare with [7, Theorem 2.6.9]) If (X, y, A) is a signed Smale 
space anda = (Y,W,15,Z,6, 1) is a signed s/u-bijective pair for (X,@), then 
there exists a presentation of m. Moreover, if G is a signed presentation of 1, then, 
for each L> 0 and M = 0, Gy.y is a signed presentation of (X't.m (a), 0). 


Proof Work of Putnam (see [7, Theorem 2.6.9]) implies that wz has a presentation 
in the sense of [7, Definition 2.6.8]. That is, there is a graph G and conjugacy e : 
Xoo(«) + XG satisfying the conditions in [7, Definition 2.6.8]. Moreover, since 
Ay (x) 18 continuous, by possibly taking a higher block presentation of G we can 
ensure that this presentation leads to a signed presentation of (2%o,9(7), 0, Ao,o). The 
second statement in the proposition follows as in the proof of [7, Theorem 2.6.9] and 
is omitted. 


Definition 9 (Compare with Definition 5.2.1 of [7]) Suppose (X, g, A) is a signed 
Smale space, 7 = (Y, v, m5, Z, 6, 1) a signed s/u-bijective pair for (X, g), and G is 
a presentation of z. Fix k > 0, L > 0, and M => 0 and let 


1. BG, mu SLX 1) be the subgroup of ZG, u Which is generated by elements of the 
following forms: 


ape GF a with the property that p- ((a,1) = p for some non-trivial 
transposition, a € S;413 
b. p’ = q: (a, 1) — sign(@)q for some q € Gy anda € Sr413 


2. Q(Giy. Sz x 1) be the quotient of ZG}, by A(G},y); we denote the quotient 
map by Q; 

3. AG y, 1 x Su4i) be {a € ZG) y | a- (1, B) = sign(B)-a for all B € Sy}; it 
is a subgroup of ZGi y- 

Proposition 4 (See the Remark Between Definitions 5.2.1 and 5.2.2 in [7]) 


Suppose m = (Y,W,1;5,Z,6,1,) a signed s/u-bijective pair for a signed Smale 
space, (X,q@, A) and G is a signed presentation of x. Then, for each k => 0, L = 0, 
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and M > 0, 


(AGE y, St x 1) © AGE y, Spx D 


Ky 
k 
sca Ak ry, 


Vx (AGE y. St x 1)) © AGE St X 1) 
Cre , , 


where Vox is defined in Definition 5. 
L, 


Ack 
Me CLM 


Definition 10 (Compare with [7, Definition 5.2.2]) Suppose 7 = (Y,wW, 7;,Z, 
¢,,) a signed s/u-bijective pair for a signed Smale space, (X,y, A) and G is a 
signed presentation of 2. Using the previous proposition, we define 


Diya nagg (Ohan) = lim (Wot 1X SMD V5p yas 
LM 


For each 0 < i < L, there is a map defined at the level of graphs, 5° : Cy > 
Gr. y obtained by removing the ith entry. Likewise, for 0 <j < M, one has a map 
oF : Ga > CF i that is defined by removing the L + j-entry. As in [7], these 
induce maps at the level of the abelian groups introduced in the previous definition: 


Proposition 5 (Compare with [7, Lemma 5.2.4]) Suppose x =(Y,W, 15,Z,¢, 1) 
a signed s/u-bijective pair for a signed Smale space, (X,g, A) and G is a signed 
presentation of m. Then, there exists k € N such that 6;, and 5; induced group 
homomorphisms: 


. k k 
57: Doak Age (Gru) > DoaGkAce (Grim) 
and 
6e* _ ps (Gt )= D’ (Gt ) 
Jo OAGE AG SLM O,A,GE, Age 7 L.M+1 


respectively. 


Definition 11 (Compare with [7, Definition 5.1.7] and [7, Sections 5.2 and 5.3]) 
Suppose z = (Y,W,75,Z,¢, 1) is a s/u-bijective pair for a signed Smale space, 
(X, gy, A), G is a signed presentation of z, and k is as in the statement of previous 
proposition. Then, we let 


: k k k 
do A.GhAcs (™)iM ° DoaAgs (Gi) > DOA Agi (Gi-i.m) ® DOA Ack (Giu+v 


be the map 


LCs, +(-1)! )°C-18". 


i=0 j=0 
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Finally, for each N € Z, we let do AG Age (1)w = @r_ven G0 ACh Age (7) L- 


Theorem 2 (See [7, Sections 5.1 and 5.2]) Assuming the setup of the previous 
definition, 


( D Doss (Gum), Sy, fs oraglDua) 
, NeZ 


L—M=N L—M=N 


is a complex. 


Definition 12 (Compare with [7, Definition 5.1.11]) Suppose z = (Y, W, m5, Z, 
¢, 2) is a s/u-bijective pair for a signed Smale space, (X,y, A) and G is a signed 
presentation of 2. We define H°(X, y, A, x, G*) to be the homology of the complex 


( D Peasy Gun) DB fy sorag(ta) 
: NeZ 


L—M=N L—M=N 


from the previous theorem. We call this the signed homology and denote it by 
H3(X, 9, A, 2, G"); it is a Z-graded abelian group. 


Theorem 3 (Compare with [7, Theorem 5.1.12]) The signed homology groups 
have finite rank and vanish for all but finitely many N € Z. 


Proof Basic properties of inductive limits imply that the signed dimension groups 
have finite rank. Hence the homology is finite rank (see for example page 131 of 
[7] for further details). That the homology vanishes for all but finitely many N also 
follows as in [7, pages 131-132]. 


Theorem 4 (Compare with [7, Theorem 5.5.1]) The signed homology is indepen- 
dent of the choice of signed presentation, and the choice of s/u-bijective pair. 


Definition 13 Suppose (X, ¢, A) is a signed Smale space. Based on the previous 
theorem, for any choice of signed s/u-bijective pair, z, signed presentation G, and k 
large enough, we can define H\(X,, A) := Hy(X,9, A, 2, G*). 


Proposition 6 (Compare with a Special Case of [7, Theorem 5.4.1]) Suppose 
(X, gy, A) is a signed Smale space. The homeomorphism @ and its inverse induces 
graded group homomorphism at the level of the signed homology groups. We denote 
the induced maps by y* and (y~') respectively. 


Remark I General functorial properties Putnam’s homology theory are nontrivial, 
see [3, 4, 7]. The functorial properties of the signed version are further complicated 
by the requirement that the map at the level of Smale space must respect the signed 
structure. The full details of these properties are not discussed here as they are not 
needed for the signed Lefschetz theorem. 
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Example 5 Suppose (X,g) is a Smale space and we take Ay to be the constant 
function one. Then, it follows from the definitions involved that H*(X,@, A) is 
Putnam’s stable homology theory. 


Example 6 Suppose (X'g,o, Ac) is a signed shift of finite type. The signed 
homology, Hy, (2g, 0, Ag) is the signed dimension group when N = 0 and is the 
trivial group when N 0. 


2.4 Lefschetz and Zeta Functions 


Definition 14 Suppose (X, gy) is a Smale space. Then, for eachn € N, 
Per(X, 9,n) := {x € X | g"(x) = x}. 


Definition 15 Suppose (X, g, A) is a signed Smale space. Then, the signed dynam- 
ical zeta function is 


n 


° Nn(X, 0, A 
fcx,a)(Z) = exp (> ad 


n=1 


where N,,(X,g~, A) = >> A® (x). 


x€Per(X,g,n) 


Example 7 If (X,g, A) is a signed Smale space with A = 1, then the signed 
dynamical zeta function is the dynamical zeta function (see the Introduction): 


tate) = exp (> Pet») 


n 
n=1 


For more details on this case, see [9, Section I.4] (and also [7, Chapter 6] and 
references therein). 


Example 8 Suppose (M,f) is an Axiom A diffeomorphism, (2,f]q) be the 
restriction of f to the nonwandering set, and for each m € Per(2,f|g, 1), 


L(m) := sign(det([ — Df(m) : T,(M) > T,,(M))). 
The Lefschetz fixed point formula implies that 


dim(M) 
dD Lam) = YP CY Tf : Hi(MR) > HMR). 


mé€Per(2,f|2,1) i=0 
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Moreover, by for example [5, Proposition 5.7] or [9, Section 14], L(m) = 
(—1)’A(m) where q is the rank of E“ at the point m and A is as in Example 2. 
From this one obtains the homological zeta function discussed in the Introduction. 


Theorem 5 (Compare with [7, Theorem 6.1.1]) For eachk €N, 


YOED Tr ((@™)y @ idg)") = D> AM@) 


NeEZ x€Per(X,g,n) 


where (ge!) @ idg : Hy(X,g, 4A) ® Q > Ay(X,¢, A) ® Q is the map on 
rationalized homology induced from o~'. 


Definition 16 Suppose (M,f) is an Axiom A diffeomorphism satisfying the no- 
cycle condition, (S2,)""_, are the basic sets of (M,f), and (M,)"_, is a filtration 
associated to the basic sets that satisfies the assumptions in [1]. Then we let feven 
and foaq denotes the map induced by f on 


QB Ay, (Ms, M,-1) and QB A, (Ms, M,-1) 


neven nodd 


respectively. 
Likewise if (X, g) is a Smale space, we let y;,!,, and v7, denote the map induced 


by gy! on 


GD Hi(X, 9, A) ®@Qand G) Hi(X, 9, A) @Q 


neven n :odd 


respectively. 


Theorem 6 Suppose (M,f) is an Axiom A diffeomorphism satisfying the no-cycle 
condition, and E"|g, is orientable. Then (using the notation introduced in the 
paragraph preceding this theorem) there exists a signed Smale space, (X,@, A), 
such that 


(1) (X,9) is conjugate to (Q5.f|a,)s 

(2) (even case) if q is even, the maps es ® foda and Poti ® feven have the same 
nonzero eigenvalues or 

(3) (odd case) if q is odd, the maps (ae ® feven and Poa ® fodaa have the same 
nonzero eigenvalues. 


Corollary 1 Suppose (M,f) is an Axiom A diffeomorphism, (&2,f|q) is the non- 
wandering set of (M,f), E"|q is orientable, and A : 2 — {-1, 1} is defined as in 
Example 2. Let q: 8&2 — {0,1} be the function defined by q(x) = rank(E%) mod 2. 
Then 


1. ifq =O, then Cnom(Z) = (2,4) (2); 
2. ifq = 1, then Crom(Z) = 1/6(0,a)@)- 
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Proof By definition, the signed zeta function is given by 


bo(2) = exp (> = 22) 


n 
n=1 


where Nn(X, 9, A) = Drepercxy.ny A (). If q = 0, then 


 I@= Yo AMG) 


x€Per(2,f|9,n) x€Per(2f|@.n) 


while if g = 1, then 


y+ t@=CD >> Aq. 


x€Per(2,f|Q,n) x€Per(2 f|a,n) 


The result then follows. 


3 Examples 


To conclude the paper, two examples are discussed. These examples point to 
the possibility of a stronger relationship between the signed version of Putnam’s 
homology and the standard homology of the manifold associated with the Axiom A 
diffeomorphism. However, such a relationship is (at this point) highly speculative. 


Example 9 (Shifts of Finite Type) In [2], Bowen and Franks prove the following 
results: 


Theorem 7 (Reformulation of [2, Theorem 3.2]) Suppose (M,f) is an Axiom 
A diffeomorphism satisfying the no-cycle condition, dim(82;) = 0, and q := 
rank(E"|9,). Then there exists signed shift of finite type (XG, 0, Ag) such that 


1. (%g, 0) is conjugate to (25, f\2,); 

2. the maps YG.AG : ZG° > ZG° and f\u, : H,(M,, M,-1) = H,(M;, Ms-1) are 
shift equivalent; 

3. the maps Y¢@_4, : Dy,(G) > Diy, (G) and fm, : Hq(Ms,Ms—1) > Hq(Ms, Ms-1) 
are shift equivalent 

where (M,)""_, is a fixed filtration associated to the basic sets, (9;)"_,, of (M,f). 


The reader might notice that Bowen’s and Franks’ result implies [1, Theorem 2] 
(stated as Theorem | above). However, the proof in [2] uses [1, Theorem 2]. 


Example 10 (Two Dimensional Hyperbolic Toral Automorphisms) We give an 
example in which one can compute the standard homology, Putnam’s homology 
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and the relevant actions explicitly. Let 


and consider the induced action on the two-torus, R?/Z?. In this example, Q is the 
entire manifold and A is the constant function one and q = 1. 
In regards to the standard homology, we have the following 


R:N=0,2 
Hy(R?/Z7;R) ~?R?: N=1 
0 : otherwise 


and the action is given by the identity on Hp(R?/Z7; R), A on H,(R?/Z?;R), and 
minus the identity on H2(R*/Z7; R). 

In regards to Putnam’s homology (based on [7, Example 7.4]) we have the 
following 


R:N=-1,1 
Hj,(IR*/Z?, A) @R=iR*?: N=0 
0 : otherwise 


and the action of ((p~')°) ® Idp is given by the identity on H®_,(R?/Z?,A) ® R,A 
on Ho(R*/Z?, A) @ R, and minus the identity on H}((R?/Z’, A) @ R. 

Thus, in this very special case, there is an even stronger than predicted by 
Theorem 6 relationship between the homology of torus and Putnam’s homology 
of the Smale space (IR?/Z7, A). Namely, they are the same with dimension shift of 
one (this is exactly the rank of bundle E” in this case). Moreover, the actions induced 
by f and g~! are also the same (again with dimension shift). 
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A Simple Model of 4d-TQFT ®) 


Check for 
updates 


Rinat Kashaev 


Abstract We show that, associated with any complex root of unity w, there exists 
a particularly simple 4d-TQFT model defined on the cobordism category of ordered 
triangulations of oriented 4-manifolds. 


1 Introduction 


Pachner or bistellar moves are known to form a finite set of operations on triangu- 
lations such that arbitrary triangulations of a piecewise linear (PL) manifold can be 
related by a finite sequence of Pachner moves [13, 15]. As a result, the combinatorial 
framework of triangulated PL manifolds combined with algebraic realizations 
of Pachner moves can be useful for constructing combinatorial 4-dimensional 
topological quantum field theories (TQFT) [1, 20]. Realization of this scheme 
in three dimensions has been initiated in the Regge—Ponzano model [16], where 
the Pachner moves are realized algebraically in terms of the angular momentum 
6j-symbols satisfying the five term Biedenharn—Elliott identity [3, 7], which has 
eventually led to the Turaev—Viro TQFT model [18] and subsequent generalizations 
based on the theory of linear monoidal categories [17]. The same scheme in four 
dimensions is more difficult to realize, mainly because of the complicated nature of 
algebraic constructions generalizing those of the linear monoidal categories though 
some realizations are known [4—6, 11, 12]. In this paper, to any complex root of unity 
@, We associate a rather simple model W,, of 4d-TQFT defined on the cobordism 
category of ordered triangulations of oriented 4-manifolds. The definition is as 
follows. 

A simplicial complex is called ordered if the underlying set is linearly ordered. 
We denote by N := ord(w) the order of w, and we recall that in any ordered 
triangulation of an oriented d-manifold, each d-simplex S comes equipped with a 
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sign €(S) taking the positive value 1 if the orientation induced by the linear order 
on the vertices of S agrees with the orientation of the manifold. We specify W,, 
by associating the vector space C to each positive tetrahedron and the dual vector 
space (Cc ) * to each negative tetrahedron. For a pentachoron (4-simplex) P realizing 
an oriented 4-ball, we associate the vector 


W.(P) € W,. (OP) = @4.y We (9;P) (1) 
defined by the formula 
QO ife(P) =1; 
W.(P) = 4 = : 2 
(P) Q otherwise. (2) 
where 
=n = oe, @ &41 ®@ €) @ 4m ®@ Cm: (3) 
k,L.méEZ/NZ 
on y oe, @ C41 @ & @ Citm @ Em (4) 
k,L.méEZ/NZ 


with {ex}xez/nz and {@x}xez/wz being the canonical dual bases of C” and (C¥)* 
respectively. 
Let X be an ordered triangulation of an oriented 4-manifold. We define 


W,, (X) = NOX") /2 Ev(®pexW,(P)) (5) 


where the tensor product is taken over all pentachora of X, Ev is the operation 
of contracting along all the internal tetrahedra of X, and |X;"| is the number of i- 
dimensional simplices in the interior of X. Our main result is the following theorem. 


Theorem 1 W,, is a well defined 4d-TQFT. 
This TQFT is unitary in the sense that 


W.»(X*) = W,,(X)* (6) 


where X* is X with opposite orientation, while W,,(X)* is the Hermitian conjugate 
of W.,(X) with respect to the standard Hilbert structure of the space C’ where the 
canonical basis is orthonormal. We collect a few results of calculation into Table 1 
where y(X) is the Euler characteristic. 


Remark I Strictly speaking, the term TQFT (Topological Quantum Field Theory) 
here is used in an extended sense of TQFT with corners [14, 19]. In particular, for 
an ordered triangulation X of an oriented compact closed 3-manifold, the cylinder 
X x [0,1] admits an ordered triangulation that extends that of X, see e.g. [8], and 
the partition function W,,(X x [0, 1]), interpreted as an element of End(W,,(X)), is 
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Table 1 The values of the X x(x) | W(X) 
invariant W,, and the Euler s 7 i 
characteristic x in the case of so NW 
few oriented compact closed Sox 4 B+ (1)")/2 : 
4-manifolds CP? 3 N12 wk 
: k=1 
Sx s! 0 1 


Sx six s! 10 (3+ (-1)%)/2 


not the identity map, as it would be if W,, was an ordinary TQFT in the sense of 
Atiyah [1], but only a projection operator to a vector subspace W,,(X) C W,,(X). 
It is this system of subspaces that can be given an interpretation of a TQFT in the 
sense of Atiyah. One can show that dim W,,(S*) = 1, and this fact implies that the 
invariant is multiplicative under the connected sum. 


Conjecture 1 For a given compact oriented closed 4-manifold X, the quantum 
invariant W,,(X), considered as a function on the set of all complex roots of unity, 
takes only finitely many different values. 

The first preprint version of this paper is available as [9], where a different 
normalization of pentachoral weight functions is used and the corresponding TQFT 
is denoted M,,. In the case of closed 4-manifolds, the two TQFT’s are related by the 
formula 


W.(X) = N2XC9/21,, (X). (7) 


In the next two sections we prove Theorem | by identifying the transformation 
properties of W,, under order changes and its invariance under the Pachner moves. 


2 Behavior Under Order Changes 


Proposition 1 For two ordered triangulations X and Y of a compact oriented 4- 
manifold related by a change of ordering, one has the equality 


W..(Y) = b(W.(X)) (8) 
where 
b: W(0X) > W.(0Y). (9) 


is an isomorphism of vector spaces. 
Let us fix a square root ./@. Following [2], we define a function 


®:Z/NL>C, (bk) = (Jo), (10) 
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which has the properties 
Dkr =o, D(-kh=G(k), O(k+) = O(KSDo". 


We also denote 


Next, we define two vector space isomorphisms 
S,T:(C¥)* + C%, 
by the formulae 


Se = N71? 2 O(k—De, Te = B(k)e-x. 
lEZ/NZ 


Notice that their inverses are given by the Hermitian conjugate maps : 


Sle, = Se, = N7'/? ~ P(k—le, Te, = Tex = B(k)e_x. 
leZ/NZ 


We also define the permutation maps 


P:(C’)*@c" + CX’ @(C’)*, P= PC’ @(Cr)* > (C)* oC". 


The proof of Proposition | is based on the following lemma. 


Lemma 1 ([10]) One has the equalities 
O=(P®T®T@T)O=(T®PQS@S)O 
= (S@S@PBT)O=(T®T®T@P)O 


where the vectors Q and O are defined in (3) and (4). 


Proof Let us prove the first equality: 


N'/4(P ® T ® T ® T)O = 3s wens ® ex ® Te; ® Tet+m ® Tem 


k,l,m€Z/NZ 


= 2 ao" &(1) (I + m)P(m)ex+i ® & ® €-1 @ @-1-m ® C—m 


k,L.méEZ/NZ 


(11) 


(12) 


(13) 


(14) 


(15) 


(16) 


(17) 
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_ Go ep @ & @ €-1 @ @-m ®@ Cm 
kl.méEZ/NZ 


—km S S 
= ) w Cx ® Cx] ® €-] ® €-1-m ® C—m 
k,L.meEZ/NZ 


= x oe, @ 41 ® €) @ 4m @ Cm = NAO (18) 
k,lm€Z/NZ 


where, in the third equality, we used the last relation in (11), in the forth equality 
we shifted the summation variable k — k — /, and in the fifth equality we negated 
the summation variables / and m. The other relations are proved in a similar manner, 
see [10] for details. 


Proof (of Proposition 1) For a triangle f of an ordered triangulation, we let 
C(f) denote the set of all tetrahedra containing f. Let X and Y be two ordered 
triangulations differing in the orientation of only one edge e. The change of the 
orientation of e results in changing the sign of each pentachoron of X containing 
e. By applying the appropriate equality of Lemma | to each such pentachoron in 
W..(X) we observe that for each triangle f containing e, there is a cancellation of 
an inverse pair of S or T operators for each internal tetrahedron of C(f). In this 
way, we immediately obtain the equality W, (Xx) = b(W.,(Y)) where b is given by 
the product of non-canceled S or T operators acting on the boundary tetrahedra. We 
finish the proof by remarking that any ordering change can be obtained as a finite 
sequence of single edge orientation changes. 


3 Invariance Under the Pachner Moves 


A Pachner move in dimension 4 is associated with a splitting of the boundary 
of a 5-simplex into two non-empty disjoint sets of 4-simplices (pentachora). A 
Pachner move is called of the type (k, 1) with k + 1 = 6, if the two disjoint subsets 
of pentachora consist of k and / elements respectively. Thus, altogether, we have 
Pachner moves of three possible types (3,3), (2,4) and (1,5). Let us discuss in more 
detail their algebraic realizations in terms of polynomial identities for the matrix 
coefficients of the vectors (3) and (4) defined by the formulae: 

ik = (6 @ €1 @ bj @ Cm @ &, Q) = N74 ar'*S) 4 Sin jth (19) 


Lim 


and 


Owe = (€; @ 2 @ & ® &m @ ex, Q) = N45, 54 Spr (20) 
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3.1 The Type (3,3) 


This is the most fundamental Pachner move as it is the only one which can be written 
in the form involving only the pentachora of one and the same sign and, in a sense, 
it implies all other types. 

Consider a 5-simplex with linearly ordered vertices A = {vo, v1,..., Us}. Its 
boundary is composed of six pentachora 0;A = A \ {v;} of which three are positive 
corresponding to even i’s and three are negative corresponding to odd i’s. All even 
(respectively odd) pentachora compose a 4-ball, to be called even (respectively 
odd) 4-ball, so that the boundary of both balls are naturally identified as simplicial 
complexes. Both of these balls, when considered separately, are composed only in 
terms of positive pentahora, and the corresponding algebraic condition on the vector 
Q takes the form 


A, oO ae ko Lj,t 
= Qi. mG eg te uy => Q”". ny eptees gis s (21) 


SOU StU 


where the left hand side corresponds to the even 4-ball and the right hand side to 
the odd one, while the summations in both sides correspond to their own interior 
tetrahedra. Namely, denoting the tetrahedron A \ {v;, vj} by Aj, the indices s, t, u 
correspond to the tetrahedra Ao2, Ao4 and Aq in the even 4-ball, and to the tetrahedra 
As, A35 and Aj3 in the odd 4-ball, while the exterior indices i,j, k,1,m,n,p,q,r on 
both sides correspond to the boundary tetrahedra Ao), A23, Aas, Ao3, Aos, A2s, A12; 
Aj4, A34 respectively. All other forms of the Pachner relation of the type (3,3) can 
be obtained from (21) by applying the symmetry relations (17). 


Lemma 2 The Pachner relation (21) holds true for the weights (19). 
Proof By substituting one after another the explicit forms from (19), we have 


NPAC, h.s. of (21)) = = by wo" Q i+Lj, ‘oe 


oF u 
u 

— ,,im+(i+)n /--m,j-+n,k 
=o sere ser Ol 


im+ (i+)n+(l-+m)k 
wo eee ee Sp ititi bg-+m+j+nOrjtntks 


and, similarly, 


usr 


N*/4 (hus. of (21)) = y is Onaga € gs um-+n 


at lath) s | i,J--j,sm-+n 


rjtntkQp g 
= ES 


jtntkOp itl +j5ql+j-+m-tn: 
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Comparing the obtained expressions, we see that they are the same. 


Remark 2 It is interesting to note that by defining three families of linear maps 


Li,M, RECN @ CX SCX @C, 
[nk = (GB &,L'(€1 @ en)) = (2 ® &, MM(e1 B en)) 
= (2 @ 2, R*(e1® em)), (22) 
we can rewrite the system (21) as a 3-index family of matrix Yang—Baxter relations 
inc’ @C* @c*: 
LipM R53 = RosM} Lip (23) 
with the standard meaning of the subscripts, for example, L',, := L' @ iden, etc. It 


would be interesting to understand the significance of this fact in relationships of 
4d-TQFT with lattice integrable models of statistical mechanics. 


Remark 3 Another equivalent form of the system (21) is given by a 3-index family 


of “twisted” pentagon relations either for the R'-matrices 


RURY RSs = OM R Rin = Noa’ RET ERI, (24) 


S;t 
or for the L'-matrices 


myl yi _ idmyps yt _ ny-l/4_.imyit+tlyl+m 
Ly3L,3L)2 = bey Lyglo3 = No" Ly3'Ly3", (25) 
Sit 


where we use the matrices defined in (22). 


3.2 The Type (2,4) 


We split the pentachora of the 5-simplex A = {vo, v1,..., Us} into a subset of two 
pentachora 0;A and 03A and the complementary subset of other four pentachora. 
The corresponding algebraic relation takes the form 


N72 > ol" Op oO = i 2 2ir0 (Cave (26) 
k,m,n,u,v,w 

where the factor N~!/? in the left hand side corresponds to the internal edge v; 03, 
according to our TQFT rules. All other forms of the Pachner move of the type (2,4) 
can be obtained from (26) combined with the symmetry relations (17). 
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Lemma 3 The relation (26) holds true for the weights (19) and (20). 


Proof We rewrite (26) in the equivalent matrix form 


>> RGR RON, = NOR Rip (27) 


kmn 


and easily prove it by using (24): 


So RARER Ota, = NOMS Yo OO RG RE RG 


kym,n n 


= NDEs aN VR RG. 2s) 


Remark 4 As the proof of Lemma 3 shows, the Pachner relation of the type (2,4) 
given by Eq. (26) is clearly weaker than the Pachner relation of the type (3,3) 
given by Eq. (21). Namely, we cannot revert the argument of the proof to obtain 
an equivalence between the two relations. 


3.3. The Type (1,5) 


We split the pentachora of the 5-simplex A = {vo, v1,..., Us} into the set composed 
of only one pentachoron 0;A and the complementary set of other five pentachora. 
The corresponding algebraic relation takes the form 


N~ > gil Lm fe Se 8 2 Aap 5 Poe = Qi wUS (29) 


JAK Lmnyrt,.0 Wx 


where the factor N~? in the left hand side corresponds to one internal vertex v, and 
five internal edges which connect it to other five vertices, so that N“~>)/? = N-?, 
As before, all other forms of the Pachner relations of the type (1,5) can be obtained 
from (29) by using the symmetry relations (17). 


Lemma 4 The relation (29) holds true for the weights (19) and (20). 
Proof By using (26), we write 


—2 idm v,jn Wxwk ASL Aur 
N Oi Ons Oo; Crank Oi 


DALM Nr t.0,WX 


—3/2 Lj, 1X8 Pur __ —2 i,X, 
= N93? S° OH OMMON = NS brabsrt Sree 


Dlr tx Dlr tx 
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i,Uu,S AT—2 — fis ny—-2 
= ONGN ¥ bultjorj+1 = ON 2 Ou lt; 


jr jit 


i,U,S KT —-2 — nis 
=O7qN » 1=Q,7: (30) 
Lt 
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Morse Structures on Partial Open Books ® 
with Extendable Monodromy eed 


Joan E. Licata and Daniel V. Mathews 


Abstract The first author in recent work with D. Gay developed the notion of a 
Morse structure on an open book as a tool for studying closed contact 3-manifolds. 
We extend the notion of Morse structure to extendable partial open books in order 
to study contact 3-manifolds with convex boundary. 


1 Introduction 


In [3], the first author and David Gay developed the notion of a Morse structure ona 
closed 3-manifold with an open book decomposition. Informally, a Morse structure 
is a nice family of functions and vector fields on the pages of the open book: the 
functions are Morse functions on the pages, and the vector fields are gradient-like 
and Liouville in an appropriate sense. In [3] it was shown that every open book 
admits a Morse structure. 

The same paper [3] also developed the notion of a Morse diagram. This is a 
diagram consisting of some tori, one for each binding component, with some curves 
and decorations drawn on them. A Morse structure on an open book has a Morse 
diagram, and [3] (Prop. 3.7) showed that every abstract Morse diagram arises as 
the Morse diagram of an open book. This gives a graphical description, encoded 
by a finite amount of combinatorial data, of an open book and hence of a contact 
structure. 

Morse structures and diagrams give a useful way to study Legendrian knots and 
links in a closed contact 3-manifold. A Legendrian knot or link in the standard 
contact IR? can be studied via its front projection, which projects the knot into a 
plane, and whose distance from the plane at any point is determined by the slope 
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of the projection. In an analogous way, a Morse structure allows one to define a 
front projection for (almost) any Legendrian knot or link in any contact manifold. 
By flowing the link to a neighbourhood of the binding, one obtains a front for the 
link on the associated Morse diagram, and the slope of the diagram at any point 
determines the “distance” of the link from the binding. Fronts were defined in [3], 
along with a set of “Reidemeister moves”: two Legendrian links represented by 
fronts are Legendrian isotopic if and only if their fronts are related by such moves. 

The purpose of this short article is to explore a simple idea: what happens if we 
look at partial open books defined by restrictions of the monodromies in the closed 
case? We examine the consequences of [3] in this context, and extend the results to 
a large family of contact 3-manifolds with convex boundary. We generalise [3] to 
partial open books whose monodromy is extendable to the monodromy of an open 
book in the usual (non-relative) sense. 

Partial open books were introduced by Honda—Kazez—Mati¢ in [7]. They are 
related to open books in the same way that contact 3-manifolds with convex 
boundary are related to closed contact 3-manifolds. In [7] Honda—Kazez—Matié 
stated a relative version of the Giroux Correspondence between contact manifolds 
and open books [6], which was also expounded by Etgii-Ozbagci in [1]. 

Following [3], define a contact manifold W with a contact form a by 


W=(0,0)xS!xS!', w=dz+xdy, 


where x, y, z are coordinates on the three factors of W. We prove the following. 


Theorem 1 Let (M, I’, £) be a contact 3-manifold with convex boundary, presented 
by the partial open book (S,P,h), with binding B. There is a 2-complex Skel C 
Int M with the property that, after modifying & by an isotopy through contact 
structures presented by (S,P,h), the interior of each connected component of 
(M\ (Skel U B) , &) is contactomorphic to a contact submanifold of W. 

Once sufficient notation has been established, in Sect.5 we give a more precise 
description of these submanifolds in terms of the defining data ($,P,h) of an 
abstract open book defining (M, I, €). 

In Sect.4.2 we define a Morse structure for an extendable partial open book 
(S,P,h). A Morse structure consists of a function F and a vector field V, and 
this data can be used to define a Morse diagram, which is a decorated surface 
consisting of tori, punctured tori and annuli. A Morse diagram can be viewed as 
gluing instructions for assembling Skel and submanifolds of W into the original 
manifold M. The components of the Morse diagram are properly embedded in M 
and transverse to the vector field V along the pages of the partial open book. The 
flow of V assigns to points in the complement of Skel and the binding a well-defined 
image on the Morse diagram, which we call a front. 


Theorem 2 /f A is a properly embedded Legendrian tangle in (M, &) disjoint from 
the binding B and transverse to Skel, then the front associated to A \ Skel completely 
determines A. Consequently, any two Legendrian tangles with the same front are 
equal. 
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Fig. 1 Morse diagram for the extendable open book (S, P, h), shown with a front for a Legendrian 
tangle (bold). The bold segments at the top and bottom are identified, as are vertical edges as 
indicated by arrows 


Fronts can effectively distinguish Legendrian tangles up to Legendrian isotopy. 


Theorem 3 The set of moves shown in Fig. 4 has the property that two Legendrian 
tangles in (M, I’, &) are Legendrian isotopic if and only if their fronts are related by 
a sequence of moves and by isotopy preserving sufficiently negative slope. 

We illustrate the ideas with an example adapted from [1]; see Fig. 1. The 
right hand figures show P C S and h(P) C S. The gluing map h extends to a 
homeomorphism of S which is a given by a Dehn twist around a curve parallel 
to the exterior boundary component. The three boundary components of S each 
correspond to a component of the Morse diagram shown on the left, and the thin 
curves encode the extended monodromy. The bold curve on the Morse diagram is a 
front projection of a Legendrian tangle with one closed component and one properly 
embedded interval component. 

We conclude this section with a brief remark about gluing. Contact manifolds 
may be glued along compatible convex boundaries, and the simplest case of this is 
gluing contact manifolds which are products. This gluing can be represented on the 
Morse diagram level by stacking Morse diagrams. Front projection of Legendrian 
tangles also behaves nicely under this operation. In the special case of tangles 
braided with respect to the product structure, front projection offers a new tool for 
studying Legendrian braids in product manifolds. 


2 Partial Open Books 


We follow the definition of partial open books in [1]. All handles will be assumed 
two-dimensional, so a O-handle is a closed disc D? and a I-handle is a closed 
oriented 2-disc of the form Po = [—1,1] x [-1,1]. To add a 1-handle to an 
oriented surface S, select an embedded 0-sphere {p,q} € 0S called the attaching 
sphere and identify a regular neighbourhood of p,q with [—1, 1] x {-1,1} C Po 
in an orientation-reversing fashion. Any connected oriented surface with nonempty 
boundary can be constructed by successively attaching 1-handles to 0-handles. The 
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core of a handle is {0} x [—1, 1] and the co-core is [—1, 1] x {0}. We note that a 
handle attachment may be undone by cutting an attached handle through its co-core 
and deformation retracting it onto its attaching intervals. 

Throughout this paper, (S, P) denotes a pair of compact oriented surfaces, with 
P CS,S connected and 0S 4 0. We allow P = @andP=S. 


Definition 1 A handle structure compatible with (S, P) is a sequence of 1-handles 
P,P2,...,P, in S such that P = P, U---U P, and S is obtained from S\P by 
successively attaching 1-handles P,,..., P,. 

When we have such a handle structure, for convenience we write R = S\P. Thus S 
is obtained form R by attaching the 1-handles of P. Note then that each component 
of dP is either a component of dS or a concatenation of arcs alternating between 
dP M OS and dP\dS. We will denote A = 0PN dS. 


Definition 2. An abstract partial open book is a triple (S, P, h) where (S, P) admits 
a compatible handle structure and h : P — S is a homeomorphism onto its image 
such that h is the identity on A. 

The function h is called the monodromy. Note when P = Q, h is the null function. 
When P = S,h is a homeomorphism of S to itself fixing the boundary, and we 
obtain an (abstract) open book in the usual sense. 

This definition of abstract partial open book differs slightly from Honda—Kazez— 
Matié in [7], who consider pairs (S, P) where P is a subsurface of S such that each 
component of 0P is either contained in 0S or is polygonal with every second side 
in 0S. As noted above, any (S, P) admitting a compatible handle structure has this 
form, but the [7] definition also allows bigon components of P with one side in A. 
Such a boundary-parallel bigon deformation retracts into A and one can show that 
the resulting contact manifold is contactomorphic to the original one. In effect, then, 
the definitions are equivalent. 

Clearly the existence of a compatible handle structure on (S,P) restricts the 
topology of S and P. For the reasons discussed above, no component of dP can 
lie in IntS, and no component of P is a boundary-parallel bigon. 

Following [1], from a partial open book decomposition (S, P, 1) we construct a 
sutured 3-manifold as follows. We define two handlebodies by thickening S and P 
and collapsing portions of their boundaries: 


= S x [-1, 0] 

(x,t) ~ (x, 1’) for x € 0S and t € [—1, 0] 
= P x (0, 1] 

(x,t) ~ (x, t’) for x € A andt € [0, 1] 


(Note we only collapse the part of the boundary along A = dP 1 OS, leaving 
(OP\dS) x [0, 1] unscathed.) Now glue these two handlebodies together, along both 
the common P x {0} C S x {0} and also by identifying points (x, 1) ~ (h(x), -1) 
forx € P. 
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The resulting manifold is denoted M(S, P, h). It has boundary given by 
R x {0} U (—S\h(P)) x {-1} U (€P\OS) x [0, 1] 


and binding given by B = 0S x {0}, modulo the identifications above, and thus has 
a sutured structure, with sutures J” and complementary regions Ry given by 


I = aP\dS x {1/2} U OS\dP x {—1/2}, 
Ry = Rx {0} = S\Px {0}, R_- = —S\h(P) x {-1}. 


Since h is a homeomorphism onto its image, y(R+) = y(R_), so M(S,P,h) is a 
balanced sutured manifold in the sense of [8]. The sutured structure on the boundary 
of (M, I’) is equivalent to the structure of a dividing set for a convex surface in a 
contact manifold [4]. 

Indeed, to a partial open book (S, P,h) we associate a contact manifold with 
convex boundary (up to contactomorphism), given by M(S, P, h), with the unique 
(isotopy class of) contact structure whose restrictions to H and WN are both tight, 
with dividing sets 0S x {—1/2} and 0P x {1/2} respectively [1, 11]. Thus we regard 
M(S, P, h) as a contact manifold. 

Following [1], two partial open books (S,P,h) and (S,P,h) are said to be 
isomorphic if there is a diffeomorphism g : S — S such that g(P) = P 
and h = goho (g™!)|z. The relative Giroux Correspondence establishes a 
bijection between isomorphism classes of partial open book decompositions, up to 
positive stabilisation, and compact contact 3-manifolds with convex boundary, up to 
contactomorphism [1, 5, 7]. 

In order to generalise the notion of a Morse structure from a closed contact 
manifold to one with convex boundary, it is helpful to discuss particular manifolds 
rather than isomorphism classes, so we make the following definitions. 


Definition 3 A closed contact manifold (M, &) is presented by the open book (S, h) 
if it is contactomorphic to M(S,h). A contact manifold with convex boundary 
(M,I°,&) is presented by the partial open book (S, P,h) if it is contactomorphic 
to M(S, P,h). 

In the remainder of this paper we will consider manifolds of the form M(S, h) or 
M(S, P,h) so all results are up to diffeomorphism. In the case that the initial object 
is a manifold with an honest—as opposed to abstract—open book, the identifying 
diffeomorphism may be used to transfer structures from M(S, h) or M(S, P, h) to the 
given contact manifold. 
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3 Slices 


Up to isotopy, the pair (S, P) may be encoded via a simple combinatorial diagram 
generated by the handle structure, which we call a slice and define presently. 

The first step in defining a slice is to extend the core and co-core of each handle 
to a 1-complex. Consider a compact connected oriented surface S constructed from 
a finite collection of 0-handles by successively attaching 1-handles P;, P2,...,P,. 
Since we only consider handle structures up to isotopy, we are free to assume that 
the attaching spheres are disjoint from the corners where two handles meet and 
from the endpoints of any co-core. When a point p of the attaching sphere lies 
on the boundary of a 0-handle, extend the core of P; through p via a ray to the 
centre of the 0-handle. Now assume that the cores of previous handles have already 
been extended. When p lies on the boundary of a 1-handle, there is a unique (up to 
isotopy) way to extend the core of P; through 1|-handles until it reaches a point on 
the boundary of a 0 handle and satisfies the condition that the co-core of P; intersects 
the core of P, in 5; points for all j,k < i. Then one may extend radially, as above. 
We call the union of the co-cores and the extended cores the core complex associated 
to the handle structure. Note that S deformation retracts onto its core complex. If, at 
each stage, we allow attaching points to slide along the boundary, by isotopy in the 
complement of the co-cores, this core complex is still determined up to isotopy. 

Now consider a pair (S, P) with a compatible handle structure as in Definition 1. 
Then S can be constructed from O-handles D,,...,Dqa by first adding 1-handles 
R,,...,, to form R and then adding further 1-handles P;,..., P, to form S. That is, 


R=D,U---UDgUR,U-:-UR,, P=P,U-:-UP,, S=RUP. 


In the corresponding core complex, each core and co-core arises from an R; or Pj. 

The boundary 0S consists of finitely many circles, each of which inherits a 
boundary orientation from S. These circles contain the endpoints of all co-cores, 
which form r + p pairs of points. Each circle either lies in 0S\dP, or in A, or 
decomposes into arcs alternately in A and 0S\dP. We represent the arcs of 0S\dP 
by an additional decoration—a marker denoted by an X. 


Definition 4 Let r,p,q => 0 be integers. A slice YL is a collection of oriented 
circles, together with a set of decorations at 2(r+-p) + distinct points as follows: 


1. r pairs of points called antecedent pairs 
2. p pairs of points called primary pairs 
3. q further points called markers. 


The slice of a handle structure Rj,...,R;, Pi,...,Pp on (S,P) consists of dS, 
together with antecedent pairs given by endpoints of co-cores of the R;, primary 
pairs given by endpoints of co-cores of the P;, and a marker in each arc of 0S\0P. 

Figure 2 shows two examples of pairs (S$, P) with handle structures, together with 
their core complexes and slices. 
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Fig. 2. Two pairs (S, P), 

together with core complexes 2 
and slices. In both figures, P 

is white and R is shaded. In 

both figures, S is an annulus, oe 
and R is a disc. However on 

the left P is an annulus, while 1 1 
on the right P consists of two 

discs. The two handle 

structures are related by an 

isotopy of attaching points 


which passes through arcs of g ) ge C> € ) C> (> 
dS\ OP, resulting in distinct 
1 2 3 1 2 3 


slices 


The oriented circles and pairs of points (antecedent and primary taken together) 
of a slice are sufficient to recover S, up to homeomorphism. To recover the pair 
(S, P), however, we need the distinction between antecedent and primary pairs as 
well as the markers. 


Remark I Slices bear a resemblance to the arc diagrams of bordered Floer theory 
[9], especially in the bordered sutured case of [12] or in the context of the 
quadrangulated surfaces studied by the second author in [10]. This is not surprising, 
since both are essentially boundary data of handle decompositions of a surface, 
though slices have slightly more decoration. 


Lemma 1 /f two pairs (S,P), (S',P’) have isomorphic slices, then there is a 
homeomorphism of pairs (S, P) = (S', P’). 
The proof explicitly reconstructs a surface pair from a slice. 


Proof First consider the slice “YZ of a pair (S, P). Surgery on “ZL at each pair of 
marked points (antecedent and primary) yields a 1-manifold which is the boundary 
of the surface formed by cutting all the 1-handles along their co-cores. This surgered 
surface is homeomorphic to the O-handles, hence the number of components of 
the 1-manifold obtained by surgery on “2 is equal to the number of 0-handles. 
In fact, the boundary of this surface naturally contains the markers, as well as the 
attaching spheres needed to recover R and S in turn. We note that after reattaching 
the antecedent handles, the boundary contains primary pairs of points and markers, 
and each successive primary handle is attached at points on the boundary of R or 
on already-attached primary handles. Up to homeomorphism preserving R and P at 
each stage, there is no choice where to attach handles, so it follows that the slice 
determines the pair (S, P). 


Remark 2 The handle structures which appear in [3] were required to have a unique 
0-handle, but we note that this was a choice of convenience rather than necessity. 
In particular, Lemma 4.5—the key technical lemma in the proof of the existence of 
Morse structures—explicitly covers the case of multiple index 0 critical points. 
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4 Morse Structures 


4.1 Extendable Monodromy 


For fixed S, there are many possible subsurfaces P so that (S, P) admits a compatible 
handle structure, and some such subsurfaces will contain others. If P C P’ and the 
monodromies h : P + S,h' : P’ + S satisfy h’|p = h, then we say h’ extends h or 
that h extends to P’. 


Lemma 2 /fh' : P’ — S extends h: P > S, then there is a contact embedding of 
M(S, P,h) into M(S, P’,h’). 


Proof Consider the construction of the contact manifolds via handlebodies H, N 
and H’, N’, respectively. The construction of H is independent of h and P, so H, H’ 
are contactomorphic. The construction of N,N’ shows that N contact embeds in 
N’. Now the gluing of H and N into M(S, P,h), and the gluing of H’ and N’ into 
M(S, P’,h’), respect this contact embedding. 


Definition 5 A monodromy map h : P > S is extendable if it extends to S, ie., if 
there exists a homeomorphism h : S —> S such that h|p = h. 

Thus, when / is extendable, M(S,P,h) contact embeds into M(S,S, h) = 
M(S,h), a closed manifold. This fact will allow us to use the results of [3] in the 
context of partial open books. 

In general, a monodromy map for a partial open book is not extendable. For 
instance, if 4 is extendable then S \ P & S \ h(P), a condition which often fails; see, 
for example, Example 5. However, certain conditions guarantee that h is extendable. 


Proposition 1 Jf S \ P and S \ h(P) are both connected, then h extends to a 
homeomorphism of S. 


Proof Boundary components of S \ P and S \ A(P) are in bijective correspondence, 
as 0S \ OP is preserved and arcs of dP M Int S map to arcs connecting the same 
pairs of points on 0S \ dP = OS \ dh(P). Since the Euler characteristic and 
number of boundary components of these surfaces agree, they are homeomorphic. 
A homeomorphism between connected surfaces may be chosen to induce any 
permutation of the boundary components; this is easily seen by viewing the 
boundary components as marked points on a closed surface and braiding them. Thus 
the map fixing points of 0S \ dP may be extended to a homeomorphism of S which 
sends P to h(P), as desired. 
Figure | provides an example of an extendable monodromy. 
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4.2 Morse Diagrams for Extendable Partial Open Books 


Section 3 introduced a slice as a combinatorial encoding of the pair (S, P). In order 
to completely encode a partial open book via slices, it remains to encode the map 
h:P->S. 

We begin by building up Morse functions on S x [—1, 1]. 


Definition 6 Given a homeomorphism h : S — S which restricts to the identity on 
0S, a smooth function F : S x [—1, 1] + (—oo, 0] is a Morse structure function for 
h if the following properties are satisfied: 


¢ F1(0) = 0S x [-1, 1]; 

¢ for all values of t € [—1, 1], on the interior of the page S x {t}, F restricts to a 
Morse function f, with finitely many index 0 critical points and no index 2 critical 
points; 

¢ f, is Morse-Smale except at isolated ¢ values, called handleslide t-values; 

¢ f_;oh=f\, where we regard h as a function S x {1} > S x {-1} 


A Morse structure function F : S x [-1,1] ~ (—oo,0] descends to M(S,h) 
and then restricts to a function M(S, P,h) — (—oo, 0], also denoted F. We call a 
function of this form a Morse structure function for the partial open book. 


Definition 7 A Morse structure on M(S,P,h) is a Morse structure function F 
together with a vector field V such that the following conditions are satisfied: 


. the handle structures induced by f, are isotopic for all t € [0, 1]; 

. Vis tangent to each page; 

. the restriction of V to the page S x {t} is gradient-like for f, 

. near each component of the binding, there is a neighbourhood parameterised by 
(p, 4, A) such that B = {p = 0}, uw = t, F = —p’, and V = —($)dp. 


BwWN re 


Strictly speaking, fo and f; are defined on Sx {0, 1}, while f, is defined only on Px {t} 
for t € (0, 1). Condition 1 above refers to f;|p for t € {0, 1}. 


Proposition 2 Every partial open book with extendable monodromy admits a 
Morse structure. 


Proof This is immediate from Proposition 3.3 of [3]; this is a result about a (non- 
partial) monodromy map for a standard (non-partial) open book. It is implicit in the 
proof there that handleslides can happen at chosen values of t; we choose them not 
to happen for ¢ € (0, 1). 

A Morse structure induces a handle structure on S x {t}. In particular, on each 
page the flowlines between index 0 and index | critical points, together with the 
flowlines from the index | critical points to 0S x {t}, form a core complex on S x {7}. 
Thus h yields a slice YZ, on S for each value of t. 


Lemma 3 The slices on S x {—1} and S x {0} determine the mapping class of h. 
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Proof According to Proposition 2.8 in [2], there is a unique mapping class which 
renders the core complex of S x {—1} isotopic to that of S x {0}. The lemma then 
follows from the observation that a slice determines these decorations up to isotopy. 
As the handle structures are isotopic for t € (0, 1), it is sufficient to look at t from 
—1to 0. 

We now consider the slices derived from the partial monodromy h, taking a 
Morse structure (F, V) as above. We restrict the slices from h on S x [—1, 1] to 
Sx [—1, 0] UP x [0, 1]. As P is a collection of handles added to R, for each t € [0, 1] 
we obtain a “slice” on P x {tf}, again denoted .“Z%, consisting of the oriented arcs 
and circles of A = 0PM OS, together with pairs of points from co-cores of primary 
handles. (There are now no antecedent pairs, nor markers, since these arise from R, 
rather than P.) 

Let us now consider all the slices simultaneously. For each t € [—1, 0], we have 
a slice YZ, consisting of the oriented 0S with pairs of antecedent points, primary 
points, and markers. For each ft € [0, 1], we have a slice WZ consisting of A C 0S 
with pairs of primary points only. For any value of f, the associated slice embeds as 
a collection of curves in the corresponding page, and we may assemble these into a 
surface embedded in M(S, P, h). 


Definition 8 Given an extendable partial open book (S, P, 2) and a Morse structure 
(F, V), the associated Morse diagram is the surface formed from the union of slices 


LJ) AA. 


1e/=1,1] 
Thus, the Morse diagram consists of 
dS x [—1,0] UA x [0, 1] 


with the identification (x, 1) ~ (x, —1) for all x € A, together with some decorations. 
(Note the gluing is straightforward since the restriction of h to dS is the identity.) 
The decorations consist of curves, assembled from the points on each slice. Thus if 
a slice with t € [—1, 0] has r antecedent pairs, p primary pairs, and q markers, the 
Morse diagram contains r pairs of antecedent curves, p pairs of primary curves, and 
q marker curves. However, the marker curves need not be drawn, as their location is 
seen automatically: markers correspond to arcs of 0S \ dP, which arise as segments 
of the boundary of the Morse diagram. Note that these curves cannot be assumed to 
be either connected or disjoint from each other; a handle slide of one co-core over 
another leads creates a teleport of the curve associated to the sliding co-core over 
the curve associated to the stationary co-core; a handleslide on the page S x {fo} 
corresponds to a pair of trivalent vertices on the Morse diagram at height fo. See 
Fig. 3. 
Lemma 3 and the discussion above establish the following result: 


Proposition 3 A Morse diagram determines a partial open book (S,P,h) up to 
isotopy of the pair (S, P) and the mapping class of an extension h C MCG(S). 
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t=1 
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eile} Ly |x 


Fig. 3. Left: A Morse diagram for a partial open book. Right: The monodromy / is defined by its 
effect on P shown Note that h is extendable to h which is a single left handed Dehn twist 


Remark 3 The Morse diagram of a partial open book will clearly depend on the 
choice of extension h, but this mirrors the closed case which also makes no claims 
of uniqueness. 


5 Front Projections of Legendrian Tangles 


If the only goal is constructing a Morse diagram, there is a great deal of flexibility 
in the choice of V. However, strengthening the conditions on V allows us to prove 
Theorem | and promotes the Morse diagram to a tool for studying Legendrian 
tangles in M(S, P,h). 


Proof of Theorem I The main result of [3] is that for each component of the binding 
Bof M(S A), the preimage of the flow of V is contactomorphic to (0, 00) x S! x §! 
with coordinates x € (0,00), y,z € S' and with contact structure &y = ker(dz + 
x dy). 

We briefly summarise the idea of the proof and refer the reader to [3] for details. 
The key technical ingredient is a proof that there exists a contact form a and a Morse 
structure ( F, V) with the additional property that V is Liouville for d(|msx,). By 
choosing a@ to have a specified form near the binding, we may define an explicit map 
which sends (p, 4, 2) to (=. A, 4), where the latter represent (x, y, z) coordinates on 
W. This map identifies V near the binding with the vector field xd, on W and this 
identification extends the map to the rest of M \ (Skel U B). 

Given this, we consider any extension h for h and prove Theorem | by 
considering the contact submanifold M(S,P,h) inside M(S hi). In the case of 
closed components of the binding of M(S, P,h), the corresponding component of 
M \ (Skel U B) is contactomorphic to W itself, just as in the case of a closed contact 
manifold. 

For binding components coming from A, we begin with a copy of W and remove 
points which lie in M(S hh) but not M(S, P,h). The contactomorphism described 
above takes pages of the open book to planes corresponding to fixed z value. 
For simplicity, then, we may assume that z takes values in the circle formed by 
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identifying the endpoints of [—1, 1]. For each z € [—1, 0], and annulus (0, co) x S! 
is left untouched. On the other hand, for z € (0, 1), the circle parameterised by y is 
identified with a boundary component of S; thus when we restrict to the partial open 
book, we remove (0, 00) x/ for the image of each interval J in 0S\A. In the language 
of flows, we remove the image of any flowline of V which terminates on a point of 
0S\A, deleting |0S\A| rectangles J x (0, 1) from the Morse diagram. Finally, we note 
that the complete flowline from a point on A (away from the co-cores) terminates 
at an index 0 critical point. Since R contains an open neighborhood of each index 0 
critical point, the flowline exits P after some finite amount of time. Thus for each 
y-interval K which remains, we also remove an open set (0, gly, z)) x K x (0,1) 
from W; here g is a continuous function. 

Having established (via appeal to the closed case) that one may always find a 
Morse structure which is compatible with the contact structure as described in the 
proof of Theorem |, we henceforth assume all Morse structures are of this form. 
Suppose now that A is a Legendrian curve in M(S, P, h) which is disjoint from the 
binding and meets the core complex @ transversely. Viewing the Morse diagram as 
a properly embedded subsurface of the manifold, we may flow A \ (AM @) by +V 
to the Morse diagram to get a front ¥(A) which is sufficient to recover the original 
curve. 


Proof of Theorem 2 In order to see that the front projection of a Legendrian tangle 
determines the tangle itself, it is useful to note that W is a quotient of the x > 0 
half-space of (IR3, &4). Front projection for Legendrian knots is classically defined 
in R*, with the key characteristic that the slope of the tangent in the projection 
recovers the x coordinate of the Legendrian curve. Alternatively, one may take the 
perspective that front projection to the x = c plane in R? is the image under the flow 
of the vector field x0,; this vector field is Liouville for the area form induced by 
a = dz + x dy on each plane z = c. The contactomorphism described above takes 
the Liouville vector field on each page x0, and identifies the image of an x = c plane 
with the Morse diagram. The property that a classical front completely determines a 
Legendrian curve then implies the analogous statement in the context of open books. 

The relationship between fronts in open books and fronts in R? yields the familiar 
properties: 


1. F(A) determines A, as the slope of the tangent to A(A) records the flow 
parameter; 
2. #(A) is smooth away from finitely many semicubical cusps; 


On the other hand, fronts in partial open books have some new features: 


1. the slope of F(A) is negative except where it has an endpoint on the image of 
@; this follows from the description of W as a quotient of the {x < 0} half space 
in R?. 
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2. for t € (0,1), the slope of (A) is bounded from above by —e < 0, as a slope 
limiting to 0 corresponds to a Legendrian curve approaching the index 0 critical 
point and R has an open neighbourhood around each index 0 critical point; 

3. if A intersects a core circle C on the f page, then #(A) will have a pair of 
teleporting endpoints at height to: A(A) will approach a curve on the Morse 
diagram corresponding to C from the left and the other curve corresponding to C 
from the right. 


5.1 Reidemeister Moves 


The Reidemeister moves established for Legendrian links in closed contact man- 
ifolds extend to a family of moves for fronts of properly embedded Legendrian 
tangles. 


Proof of Theorem 3 A complete collection of Legendrian Reidemeister moves for 
front projections of Legnedrian knots in open books is given in [3] and shown 
in Fig.4 (S, H, K moves). Since we now consider contact manifolds with convex 
boundary, we may extend this analysis to properly embedded Legendrian tangles. 
The interior of M(S, P, h) is indistinguishable from the interior of a closed contact 
manifold, so the only new behaviour on fronts occurs at the boundary of the Morse 
diagram. Whether one considers these to be new moves is a question of taste; each 
of the moves listed below is simply the restriction to a Morse diagram for a partial 
open book of a planar isotopy on a Morse diagram for an ordinary open book. 

The boundary of the Morse diagram has three distinct pieces: the floor, which is 
the image under the flow by V of S x {—1} \ h(P); the ceiling, which is the image of 
Sx {0}\ P; and the walls, which are the image of 0P\ (05M 0S) x [0, 1]. In addition to 
moves on the interior of the diagram which alter the combinatorics of the curves and 
projection, we see the following moves near the boundary of the Morse diagram: 
Move NO: The endpoint of a curve on the front may slide freely along a 
component of the floor, the ceiling, or a wall, either crossing or teleporting at any 
trace curve encountered on a floor or ceiling. 

Move N1: The endpoint of a curve on the front may slide right from the ceiling 
onto a wall and vice versa or left from the floor onto a wall and vice versa. 

Move N2: : Given two curves whose endpoints are near each other on the 
boundary of the Morse diagram, one may isotope the endpoints past each other, 
introducing a crossing in the curves. 

Move N2 move is reversible, and we note that it allows n parallel strands with 
adjacent endpoints may be replaced by the front projection of an arbitrary positive 
braid. If performing this isotopy in real time, the slopes at the endpoints must 
be distinct at the moment of superposition to ensure that the endpoints of the 
Legendrian curves remain disjoint. 
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Fig. 4 Moves for Legendrian links and tangles 


6 Examples 


We consider some examples of simple extendable partial open books, Morse 
structures and front projections. 


Example I (Empty Monodromy) Suppose we have a partial open book (S, P, /) 
where P is empty. Then A is trivially extendable. It is not difficult to see then that 
M(S, P,h) is just S x [—1, 1]/ ~, with dividing set 0S x {—1/2}. Legendrian fronts 
exist for any Legendrian knots avoiding the skeleton, and as P is empty there is no 
issue with maximum slope. 


Example 2 (Tight Ball) This example also appears in [1]. Let S be an annulus and 
P a thickened properly embedded arc. Let h be a positive Dehn twist, as shown in 
Fig. 5. A Morse diagram is shown in Fig. 6, together with initial and final pages. 
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Fig. 5 The tight ball of 
Example 2 


~ 
v 


Fig. 6 A Morse diagram 
(left) and pages showing 
initial and final slices (right). 
Note that the shaded region in t=0 
the top right actually the 

image of P under ho! as 

required by the identification 

conventions for the mapping 

torus t=- 


To see why we obtain a tight 3-ball, consider a standard tight contact 3-ball B 
with connected boundary dividing set I”, and positive region R4 a disc. Take a 
Legendrian arc y properly embedded in B, with endpoints on J”. Drill out a small 
tubular neighbourhood T of y. Then the dividing set on the resulting surface is 
shown in Fig. 5. The tube has boundary a cylinder, which is cut into two rectangles 
by the dividing set. One of these rectangles is P. The tube can be regarded as P x 
[0, 1], and its complement can be regarded as S x [—1,0] where S is an annulus, 
consisting of P together with R = R,. A co-core arc c as shown, when pushed 
across the tube to c’, is isotopic in the complement of T to the arc c” on S. Then the 
monodromy takes c” to c. 


Example 3 (S* x I) Let S be a disc, P a thickened properly embedded arc. Then h 
must be isotopic to the identity. So M(S, P, h) consists of a ball D? x [—1, 0], with a 
disc P x [0, 1], glued to a closed curve on its boundary, forming an S? x J. This in 
fact extends to the identity h: S — S, which produces the tight S*, and hence the 
contact structure here is the unique tight one. 


Example 4 (Overtwisted Ball) Let S again be an annulus and P a thickened properly 
embedded arc, as in lower right picture in Fig. 6, but now let h be a negative Dehn 
twist. A Morse diagram is shown in Fig. 8, together with a th = 0 unknot bounding 
an overtwisted disc. 

The manifold M(S, P,h) is shown in Fig.7. As in Example 2, we drill a tube 
T out of a ball. However now the dividing set on the tube twists in the opposite 
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Fig. 7 The overtwisted ball of Example 4 
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tb=0 unknot curve pair onB 


Fig. 8 An overtwisted disc in Example 4. The boundary of the disc is parallel to one of the primary 
curves, and the thinner lines indicate a foliation of the disc by Legendrian curves that teleport across 
the primary curve and meet at a point on the binding represented by a vertical line. (Example due 
to Dave Gay) 


direction (the “wrong way’’) around the tube. Thus the ball is overtwisted: even if 
both the tube and its complement are tight, one can find an attaching arc on the 
tube containing bypasses on both sides. One can again take a co-core curve c, trace 
it through T to c’ and through the complement of T to c” C S to show that the 
monodromy is the restriction of a left-handed Dehn twist. 

Indeed, a Legendrian unknot of Thurston-Bennequin number zero can be seen 
explicitly from its front projection. The leftwards direction of the Dehn twist means 
that we can draw the front shown in Fig. 8. This unknot avoids all curves of the 
Morse diagram and bounds an overtwisted disc that lies in a subset of W. This disc 
can be seen explicitly on the Morse diagram, as an overtwisted disc admits a radial 
foliation by Legendrian curves, each of which can also be projected to the diagram. 
These curves terminate on a vertical line which represents a single point on B. 


Example 5 We conclude with an example which breaks several of the conventions 
already established, but nevertheless illustrates an interesting phenomenon. The 
right hand pictures in Fig. 9 show initial and final pages specifying a monodromy h 
which is not extendable. By way of proof, consider an arc in S \ P connecting two 
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Fig. 9 Example 5 


distinct boundary components; no arc with the same endpoints exists in S \ A(P). On 
the other hand, this monodromy nonetheless appears to have a perfectly valid Morse 
diagram, in the sense that the left hand figure defines a sequence of handle slides 
and isotopies taking the initial core complex to the terminal one. Examples such as 
these may be interesting for further study. 
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Counting Belyi Pairs over Finite Fields ®) 


Check for 
updates 


George Shabat 


Abstract Alexander Grothendieck’s theory of dessins d’enfants relates Belyi pairs 
over Q with certain graphs on compact oriented surfaces; the present paper is 
aimed at the extension of this correspondence. We introduce two closely related 
categories of Belyi pairs over arbitrary algebraically closed fields, in particular 
over the algebraic closures F, of finite fields. The lack of the analogs of graphs 
on surfaces over F, promotes the development of other tools that are introduced 
and discussed. The problem of counting Belyi pairs of bounded complexity is 
posed and illustrated by some examples; the application of powerful methods of 
counting dessins d’enfants together with the concept of bad primes is emphasized. 
The relations with geometry of the moduli spaces of curves is briefly mentioned. 


1 Introduction 


The hidden relations between seemingly different objects cause the increasing 
interest of mathematicians, especially since the middle of twentieth century, when 
it became possible to understand these relations in categorical terms. The recent 
explosions of activity in topological recursion, Langlands program (e.g., [9]), 
monstrous moonshine (e.g., [10]) provide some obvious examples. 

Alexander Grothendieck’s theory of dessins d’enfants (see [13, 24] and [17]) 
demonstrates yet another mixture of combinatorial topology, arithmetic geometry 
and group theory. In its original form it relates Belyi pairs (to be defined soon) 
over Q with certain graphs on compact oriented surfaces. The concept of Belyi 
pair is automatically extended to the case of arbitrary algebraically closed fields, 
in particular they can be defined over the fields F,, the algebraic closures of 
finite fields; the lack of the analogs of graphs on surfaces over F, promotes the 
development of other tools that will be introduced and discussed in the present paper. 
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The objects of the categories that we are going to consider are definable by finite 
amounts of information; hence the task of counting objects of bounded complexity 
arises naturally. The theory is in its infancy and therefore the consideration of some 
simple examples will prevail over the general theorems. 

The paper is based on the author’s talk at the Creswick conference in the 
December 2016; the author is indebted to the organizers of this conference for the 
stimulating atmosphere in this wonderful place. The special thanks go to P. Norbury 
for clarifying the matters that we are going to discuss in the last section. 


2 Belyi Pairs 


We shall work over ground fields k, assuming forever that they are algebraically 
closed, 


k=k. 


The smaller fields kg will be considered as well, such that k = kp; the typical cases 
are ko = Qand ko = F, for a prime p. The intermediate fields K, 


ko CK Ck 


with [K : ko] < co, will also be in the game; typically, these K’s will be fields of 
algebraic numbers and finite fields F, = Fy. 

By a curve we always mean a complete curve over k; it would be nice to assume 
that our curves are irreducible and smooth as well. However, in the cases of bad 
reduction (at least one of) these properties is lost. 

For a smooth irreducible curve X we identify a rational function f € k(X) witha 
regular map f : X — Pj(k) to the projective line. 

For the rest of the paper we assume that these maps are separable, or, equiv- 
alently, that the field extensions k(X) D k(f) are separable, not like F,(2/x) D 
F(x). 

A non-constant f € k(X) \ k defines a surjective map f : X — P,(k), and for 
almost all c € P;(k)—that is, except finitely many c’s—the cardinality of preimages 
#f—!°(c) is the same. It is called the degree of f 


#{c € Pi(k) | #f'°(c) # degf} < oo. 


Since P;(k) is infinite, the degree deg f is well-defined by this statement. 
An equivalent definition is 


degf := [k(X) : k(f)]. 
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The sufficient condition for f to be separable is that either char(k) = 0 or 
char(k) + deg. 

The points c € P;(k) for which the number of c-preimages is non-standard, are 
called the critical values of f; the set of such points is denoted by 


CritVal(f) := {c € P,(k) | #f7!°(c) ¥ degft. 


An alternative way of expressing the inclusion c € CritVal(f) is saying that f 
branches over c. 


2.1 Definition 


A Belyi pair is a pair (X, 8), where X is a smooth irreducible curve over k and 
B € kCX) \ k with CritVal(B) C {00, 0, 1}. If CX, B) is a Belyi pair, then B is a 
Belyi function on X. 

In the picture below we are just trying to fix the set-theoretical behavior of a 
Belyi function—in particular, stressing the lack of ramification over a generic point 
in P\ (k) \ {0, 1, co} C Pi (k) \ CritVal(6). 
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According to the Belyi theorem [1, 2], over k = C a curve X admits a Belyi 
function if and only if X is a complexification, i.e. obtained via a base change, of a 
curve Xo, defined over Q. However, finding a Belyi function on an arbitrary curve 
over Q is a very difficult task, and the minimal possible degree of such a function 
can be tremendous, see [14]. The only thing we can estimate, as it will be reminded 
in the next section, is the total number of Belyi pairs of bounded degree. 


2.2 Cleanness 


A Belyi pair (X, B) is called clean, if all the branchings over 1 € P; (k) are twofold: 
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The formal definition uses the standard concepts: for a point P € X denote its 
local ring Op := {f € k(X) | f(P) # oo} with the maximal ideal mp := {f € 
k(X) | f(P) = 0}. The cleanness of 6 means 


B-1Lemp\mp 


at all points P with 6(P) = 1. Imposing the cleanness condition is not a severe 
one—see below. 


2.3. Examples 


We give a couple of series of the simplest ones. 
Generalized Fermat curves are defined by the affine equation 


x"+y'=1, 
Under some restrictions on the char(k) 
Bp:=x"=1-y" 
is a Belyi function on a generalized Fermat curve, usually not a clean one. 
The concept of a curve with many automorphisms has two versions: in the zero 
and the positive characteristic of the ground field—in the latter case the cardinality 


of the automorphism group is quartic in genus (unlike the former case where the 
Hurwitz bound #AutX < 84(gx — 1) holds). In many cases the factorization map 


pB:X— 


AutX 


is a Belyi function. One should be careful in the case of positive characteristic, since 
the factorization map is often non-separable. 

A detailed treatment of the Klein quartic can be found in [7], and that of the 
Bring curve—in [28]. 


Counting Belyi Pairs over Finite Fields 309 
2.4 Two Categories of Belyi Pairs 


The objects of the category BE LP (k) are Belyi pairs (X, 6) over k as defined above. 
A morphism in BELP(k) from (X, 6) to (X’, 6’) is defined as such a morphism 
f :X— X’ of curves that the diagram commutes. 


f 


x 


Pi (k) 


The category BE LP 2(k) is a full subcategory of BELP(k) consisting of the 
clean Belyi pairs. 


2.5 Cleaning Functor 


Suppose that char(k) # 2. Then the introduced categories are close enough: it is 
easy to check that the functor 


BP(k) > BP2(k) : (X, B) > (X, 46 (1 — B)) 


is well-defined. Thus the problems of counting the objects of bounded complexity 
in both categories are basically equivalent. 


2.6 Fields of Definition and Galois Orbits 


In the above-mentioned case k = kp denote 
I’ := Gal(k/ko) 
the corresponding Galois group. Then the action 
IT: BP(k) 


is defined: take any standard model of k(X)—planar with the simplest singularities, 
or tri-canonical, or whatsoever—and apply the elements of I” coefficientwise to the 
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equations of the curve and to the Belyi function on it. Since a Belyi pair is defined 
by the finite set of elements, algebraic over ko, all the ’-orbits thus defined are 
finite. Therefore for each (X, 6) € BP(k) we have a stationary subgroup of I" of 
finite index 


(X, B) > Ixp) 
and by Galois theory 
(X, B) > Txp) > Fxg), 


where the last field satisfies ky C Fxg) C k. We call this field the field of definition' 
of a Belyi pair (X, 8). Tautologically 


#(C - (X, B)) =  : Ixpy) = Fox) : Ko). 


If a Belyi pair (X, 6) can be defined over some finite extension K D ko (i.e., there 
exists a model of X over K with the coefficients of 6 belonging to K), then it is 
obviously true that F(x,g) C K. However, it can happen that a Belyi pair (X, f) 
can not be defined over its field of definition; the obstruction lies in some non- 
commutative Galois cohomology set, see [4] or [8] for the case ky = Q. The author 
is unaware of similar examples over ko = Fp. 


2.7 Passports and Their Realizations 


The main invariant of a Belyi pair is the set of multiplicities: 
div(B) = aA) + +++ + dgAg — c1C) —-++— enCy, 


div(B — 1) = DB, +---+ b,By, — cyC, —---— cy Cy. 


We collect them in a table called the passport of a Belyi pair: 


pass(X, B):= | 


Lemma 1 For any passport of a Belyi pair (X, B) 


at...tdg=bt+... +b, =e, +... + cn =: d. (la) 


It is often called the field of moduli, but we are going to use the word moduli in its traditional 
algebro-geometrical sense. 
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The genus g of X can be defined by the equality 


atn+N=:d+2—2g. (1b) 


Proof For (1a) we define d := deg 6 and use the well-known property of the degree 
of a branched covering. To establish (1b) note that, according to the definition of 
Belyi function 


a n N 
div(dB) = )°(a;— DA; + Y°(Gj — DB)— Ye + DK 
i=1 j=l 


k=1 


for some points Ai,..., Cy € X, and use deg(d8) = 2g — 2. Oo 
Denote the set of realizations of a passport II, satisfying the above conditions 
(1a) and (1b), 


{X, B) € BP(w) | pass(X, B) = TT} 


Rok) := 
m(k) isomorphism 


This definition makes sense since the categories BP (k) are equivalent to the small 
ones. 


Theorem 1 For any algebraically closed field k and any passport IT, satisfying the 
above conditions (1a) and (1b), the set R7(k) is finite. 

Idea of the proof The set R7(k) is in a natural bijective correspondence with 
the corresponding 0-dimensional subscheme of the moduli space M,(k), where g 
is defined by (1b). The detailed proof will appear elsewhere. oO 

So the basic counting question is to study the cardinalities of these sets: 


#Ry(k) =772 


We don’t have a complete answer even in the case k = C; however, see the 
discussion below. 
As the following simple example shows, this cardinality can depend on the field: 


= 1 
Re3x)(Q) = (yy? = 1-2, p= *), 


while 
Res) (F3) = ©. 


Finally, the general behavior of #7 (k)’s can be studied in the Galois-theoretic 
terms. 


Lemma 2 For any Belyi pair (X, B) 


T- (X, B) c Rpass(X,B) 
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Proof Indeed, the entries of the passports are Galois-invariant since they consist of 

the multiplicities of c-points of Belyi functions for the Galois-invariant points of 

P,(k). Oo 
This obvious fact should be taken into account together with the following 


Observation “Generically” I" - (X, B) = Rpass(x,p) 
Of course, this equality holds only in the absence of more subtle Galois- 
invariants—non-trivial automorphisms and others. 


3  Dessins 


This section is devoted to the objects whose relation with the objects studied in 
the previous one are far from obvious. This relation has been basically discovered 
by Alexander Grothendieck, see [13], and many papers and several books s were 
devoted to it. The books [17] and [11] are addressed to the beginners; however, we 
are going to use the different basic concepts, and the reason for it will be explained 
soon. 


3.1 The Category of Grothendieck Dessins 


The objects of the category DESS are dessins d’enfant in the sense of [13], i-e. such 
triples of topological spaces 


Xo C X C Xo, 


that Xo is a non-empty finite set, whose elements are called vertices, Xz is a compact 
connected oriented surface and X; is an embedded graph, which means that the 
complement X, \ Xo is homeomorphic to a disjoint union of real intervals, called 
edges. We demand as well that the complement X» \ X; is homeomorphic to a 
disjoint union of open discs, called faces. The difference between dessins and two- 
dimensional cell complexes lies in the concepts of morphisms. 

In order to give a short definition of morphisms in DESS, we add X_; = @ 
to each triple as above and call a continuous mapping of surfaces admissible, if it 
respects the orientation, is open” and respects the differences, i.e. such a mapping 
of triples f : (X2, X1, Xo) > (Y2, Yi, Yo) should satisfy 


f(%i \ Xj) S Yi \ Yj 


According to the somewhat forgotten theory, developed by S. Stoilow, any open mapping of 
Riemann surfaces is locally topologically conjugated to a holomorphic one, see [26]. 
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for —1 <j < i < 3. The two admissible mappings are called admissibly equivalent, 
if they are homotopic in the class of admissible mappings, and the morphisms in 
DESS are defined as classes of admissible equivalence of admissible mappings. 


3.2 The Category of Colored Triangulations 


The objects of the category DESS3 are the tricolored dessins, i.e. the dessins Xo C 
X, C Xz endowed with a coloring mapping 


col; : X; —> {blue, green, red}, 


constant on the edges. It is demanded that 


(0) any vertex is incident to edges of only two colors; 
(1) any edge has two vertices in its closure; 
(2) any face has three edges in its closure, colored pairwise differently. 


ee 


Taking into account the assumption (0), we color every vertex by the (only 
remaining) color, that is different from the colors of incident edges. Due to the 
assumption (2) the connected components of X2 \ X will be called (topological) 
triangles. It can be deduced from the orientability of X2 that these triangles can also 
be colored, now in black and white, in such a way that the neighboring triangles— 
ie., having a common edge—will be colored differently. 


S... e 
ae" 
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So the coloring mapping col; can be extended to 
cols : X2 —> {black, blue, green, red, white}, 


with exactly two choices of black/white coloring, corresponding to the orientations 
of X2. We agree that the positive-counter-clockwise orientation of the white triangles 
corresponds to the blue-green-red-blue cyclic order of the colors of edges in its 
closure; this choice will be motivated below. 

The objects of DESS; will be called colored triangulations; we note, however, 
that there is precisely one object of this category, that is not a triangulation of a 
surface in the usual sense; this object is formed by a pair of black and white triangles 
with colored edges after identifying edges with the same color. 

The morphisms in DESS;3 are defined in the same way as in DESS with the 
additional assumption of color-respecting.° 

The theory is fundamentally symmetric with respect to the three colors involved; 
this is the reason why the traditional approach, developed in [17] and [11], where 
two of them are distinguished, does not satisfy us completely. 


3.3. Relations Between Two Types of Dessins 


There is an obvious color-forgetting functor 
DESS3— DESS. 

In the other direction there is a non-trivial one 
DESS — DESS3, 


which we introduce by the picture: 


3The “same” category was considered in [15] under the name oriented hypermaps; our vertexes of 
three colors were called hypervertices, hyperedges and hyperfaces. 
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3.4 Counting Dessins 


For several decades the powerful “physical” methods are used in the study of 
the quantities of dessins of bounded complexity; the corresponding key words 
are matrix integrals and map enumeration. The progress is still impressive. E.g., 
recently the generating function for the weighted* quantities of dessins with the 
prescribed set of degrees of 2-valencies has been (in a certain sense) written down— 
see [16]. 

However, the quantities of dessins with prescribed sets of both 0- and 2- valencies 
are still out of reach. As it will follow from the results of the next section, this 
problem is equivalent to counting Belyi pairs over C with a prescribed passport. 


4 Correspondence Between Belyi Pairs and Dessins 


In this section we work over k = C. 


4.1 The Functor “draw” 


We define the functor 
draw : BELP2(C) — DESS. 
To aclean Belyi pair (X, 8) € BELP2(C) a dessin d’ enfant with 
X, := top(X) 
is assigned; here top means the forgetful functor that assigns to a complex algebraic 


curve (= Riemann surface) the underlying topological oriented surface. 
Next define 


X; := B°({0, 1]) and Xo := B~'°({0}). 


The branching condition imposed on f over 1 implies that while P € Xz moves 
along some edge (a connected component of X; \ Xo) from one vertex (an element 
of Xo) to another, the point B(P) moves from 0 to 1 and back, the edge being folded 
in the point of B~!°(1); a local coordinate z centered at this point can be chosen so 
that B = 14+ 2? in its domain. 


4A dessin D is counted with the weight aon 
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A morphism of Belyi pairs obviously defines the corresponding morphism of 
dessins. 


Theorem 2 The functor draw defines the equivalence of the categories BE LP2(C) 
and DESS. 
A detailed proof can be found in [22]. 


4.2 The Functor “paint” 


In order to define the functor 
paint : BELP(C) — DESSs;; 


we introduce the Belyi sphere P;(C)®*! which is the colored Riemann sphere P,(C). 
Decomposing P;(C) = C | |{oo}, we define this coloring as 


col Be! : P\(C) — {black, blue, green, red, white} : 


black if z € C \ Rand 3z < 0, 

white if z € C \ Rand 3z > 0, 
Zhe blue if z € Rep orz = 1, 

green if z € (0,1) orz =~, 


red ifz € Rx; orz= 0. 


The choice of the colors is motivated as follows. The black and white for the 
lower and the upper parts is quite traditional (hell and heaven...), while the real 
line is colored in such a way that blue (symbolizing cold) corresponds to negative 
numbers, while red (symbolizing hot) corresponds to positive ones. The green is just 
in between and is assigned no meaningful association. The vertices of the colored 
topological “triangle” P; (IR) have the same color as the opposite side. 
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Furthermore, the colors of the pieces of the real line occur in the alphabetical 
order. The motivation of the choice of “colored” orientation can be given now: the 
traditional counter-clockwise detour around the white triangle correspond to moving 
along the real line form —oo to oo. 

Now we can finalize the definition of the functor paint: for a Belyi pair (X, 8) the 
surface X7 := top(X) is colored by cols := prcok, i.e. the points of the surface 
are colored according to the colors of their images under the Belyi mapping: for any 
PEX) 


cols(P) := col8*'(B( P)). 


Obviously, the set X; turns out to be the closure of the union of the green edges and 
Xo the set of isolated red points. 


Theorem 3 The functor paint defines the equivalence of the categories BELP(C) 
and DESS3. 
A detailed proof can be found in [22]. 


4.3 Implications of Belyi Theorem 
According to the above-quoted theorem, the category inclusion 


BP2(O) @ BP2(C) 


is a category equivalence. We emphasize that it is not canonical: introduce the 
absolute Galois group 


Tr := Aut(Q) 


and note that the inclusion Q <> C is defined only up to the [-action. 
According to the previously formulated results, we have the I -set of category 


equivalences 
BP2(Q) <> DESS 


and, as we have just seen, it has some invariant meaning only being considered 
together with the enigmatic action of | on DESS. 

So the true arithmetic meaning can be given not to individual dessins, but only to 
their I -orbits. 
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5 Belyi Pairs over Finite Fields 


The theory is in its infancy. However, it is inevitable, and we start this last section 
with the demonstration of the occurrence of Belyi pairs over F,,’s in the course of 


the constructive realization of the equivalence BP2(Q) <—> DESS. 


5.1 Example 


The Belyi pairs, corresponding to the clean unicellular 4-edged toric dessins, were 
calculated in [23]. In the course of calculations it was impossible to ignore the flows 
of powers of small primes in the denominators. It turned out that in all the cases these 
primes have the invariant meaning: they are the bad primes of the corresponding 
elliptic curves, see [25]. The results are summarized in the following table. 


Here all the toric dessins are drawn either in the square or in the hexagon; it is 
meant that the opposite sides are identified. They are grouped in the raws according 
to the sets of valencies; these raws constitute the Galois orbits, except the two cases 
(in the second and the penultimate raws) where the Galois orbits are split due to the 
obvious symmetries. 
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In most cases the bad primes have an obvious combinatorial meaning; they divide 
one of the valencies. However, the occurrence of 7 can not be explained this way. 
Instead we see the sum of valencies phenomenon: the badness of 7 is explained by 
7 =2+5and7 = 3 + 4. The similar phenomenon in the case of plane trees was 
explained by the author’s students [27] and [20]. 


5.2. Good and Bad Primes 


This subsection is written in a somewhat informal style, since some details of the 
corresponding concepts have not yet been written up (however, see [12]). 

If for a Belyi pair (X, 8) over Q both the equations of X and the coefficients of 
B can be chosen in a finite extension K > Q, such a field K is called a field of 
realization of (X, 6). Let O be the ring of integers of K; it is clear that (X, 8) then 
can be realized over O (nobody claims any kind of uniqueness of such a realization). 

Given a nonzero prime ideal p < ©, we can construct the pair (X, 6) mod p 
over the algebraic closure of the finite field 2. If the curve X mod p is smooth 
(or, equivalently, has the same genus as X) and deg(6 mod p) = deg(f) then K, a 
model and p are called good for (X, 6). A prime p is called good for (X, B), if such 
a good choice exists with char(2) = p. Otherwise p is bad for (X, B). 


For a dessin D denote (Xp, Bp) the corresponding Belyi pair over Q and 
introduce the set of primes of bad reduction 


badp := {p € {2,3,5,...} | pis bad for (Xp, Bp). 


As for many other objects of arithmetic geometry, all the sets badp are finite. 

In the previous subsection the sets of bad primes were presented without any 
attempts of precise definitions; the reason is that in the case of genus | the prime is 
bad if and only if it divides the discriminant of the curve. 

It is an outstanding problem 

to define the sets badp in terms of the combinatorics of D. 


5.3 Counting 


The author is currently unaware of the passports that are realizable over F, but not 
realizable over C. Hence typically 


#Rn (Ey) <#Rn(C), 


and the inequality often becomes strict due to the bad reduction. 
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The numbers of bad reductions often behave systematically in families of dessins. 
Unfortunately, a mathematical definition of a family of dessins (similar, say, to the 
definition of a family of algebraic varieties) hardly exists, so we just consider an 
example. 

nn 3 


The passports with natural n > 3 correspond to the unicellular toric 


dessins 


(the opposite sides identified). In terms of [5] these are the dessins whose pruning 
is a toric hexagon, defined by the passport (333). 


Now, using the notation ##Z := pee Z m= for the weighted sum, introduce for 
a field k 
Hex, (k) := ##R 2 8 (k), 
1 
1 


and give the promised example: 


Hex, (C) — Hex, (F,) = > (n— 4p). 


0<k<4 
P 


The proof can be found in [21]. The summing of the arithmetic progression in the 
right-hand side has not been performed in order to emphasize the nature of the bad 
reduction which is explained in terms of geometry of the modular curves. 


5.4 On the Cohomology of Moduli Spaces 


The geometry of moduli spaces M, y of N—pointed curves of genus g is related to 
dessins in more than one way. The famous decomposition (constructed by Mumford, 
Harer, Penner, Witten and others) 


E(D 
Mgw(C) xR ~ J] RE, 
DEDESS,.v 
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where DESS, y stands for the set of isomorphism classes of N-cellular dessins of 
genus g with all the O-valencies > 3 and E(D) is the set of edges of a dessin D, 
provides a direct way to the singular cohomology of M,(C). In the case (g, N) = 
(2, 1) this approach (modified a bit for a level-3 smooth cover) was realized in [6]. 

In [18] it was shown that replacing Ro be N (i.e. considering ribbon graphs 
with only integer edge lengths) results in replacing C by Q, so more “arithmetic” 
cohomology theories become available. The Witten-Kontsevich integrals then are 
replaced by counting the integral points in the polytopes, the perfect techniques for 
which was developed in [19]. 

The methods of calculating cohomology of moduli spaces by counting curves 
over finite fields, i.e. determining #M,y(F,), are based on the (now proved) Weil 
conjectures. The applications of these methods can be found for example in [3]. 

Since counting Belyi pairs is closely related to counting curves and counting 
dessins (together with the principles of bad reduction, the first steps of understand- 
ing which were mentioned above), there is a fundamental hope of blending all these 
approaches. 


Acknowledgement The paper is supported in part by the Simons foundation. 
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Jonathan Spreer and Stephan Tillmann 


Abstract The hyperbolic dodecahedral space of Weber and Seifert has a natural 
non-positively curved cubulation obtained by subdividing the dodecahedron into 
cubes. We show that the hyperbolic dodecahedral space has a 6-sheeted irregular 
cover with the property that the canonical hypersurfaces made up of the mid-cubes 
give a very short hierarchy. Moreover, we describe a 60-sheeted cover in which the 
associated cubulation is special. We also describe the natural cubulation and covers 
of the spherical dodecahedral space (aka Poincaré homology sphere). 


1 Introduction 


A cubing of a 3-manifold M is a decomposition of M into Euclidean cubes identified 
along their faces by Euclidean isometries. This gives M a singular Euclidean metric, 
with the singular set contained in the union of all edges. The cubing is non-positively 
curved if the dihedral angle along each edge in M is at least 27 and each vertex 
satisfies Gromov’s link condition: The link of each vertex is a triangulated sphere 
in which each 1-cycle consists of at least three edges, and if a 1-cycle consists of 
exactly three edges, then it bounds a unique triangle. In this case, we say that M has 
an NPC cubing. 

The universal cover of an NPC cubed 3-manifold is CAT(0). Aitchison et al. [5] 
showed by a direct construction that if each edge in an NPC cubed 3-manifold 
has even degree, then the manifold is virtually Haken. Moreover, Aitchison and 


J. Spreer (&)) 

Discrete Geometry Group, Mathematical Institute, Freie Universitat Berlin, Arnimallee 2, 
14195 Berlin, Germany 

e-mail: jonathan.spreer @ fu-berlin.de 


S. Tillmann 

School of Mathematics and Statistics FO7, The University of Sydney, Camperdown, 
NSW 2006, Australia 

e-mail: stephan.tillmann @sydney.edu.au 


© Springer International Publishing AG, part of Springer Nature 2018 323 
D.R. Wood et al. (eds.), 2016 MATRIX Annals, MATRIX Book Series 1, 
https://doi.org/10.1007/978-3-319-72299-3_17 


324 J. Spreer and S. Tillmann 


Rubinstein [3] showed that if each edge degree in such a cubing is a multiple of 
four, then the manifold is virtually fibred. 

A cube contains three canonical squares (or 2-dimensional cubes), each of which 
is parallel to two sides of the cube and cuts the cube into equal parts. These are called 
mid-cubes. The collection of all mid-cubes gives an immersed surface in the cubed 
3-manifold M, called the canonical (immersed) surface. If the cubing is NPC, then 
each connected component of this immersed surface is 7 -injective. If one could 
show that one of these surface subgroups is separable in 2, (M), then a well-known 
argument due to Scott [14] shows that there is a finite cover of M containing an 
embedded z-injective surface, and hence M is virtually Haken. In the case where 
the cube complex is special (see Sect.2), a canonical completion and retraction 
construction due to Haglund and Wise [11] shows that these surface subgroups 
are indeed separable because the surfaces are convex. Whence a 3-manifold with 
a special NPC cubing is virtually Haken. The missing piece is thus to show that 
an NPC cubed 3-manifold has a finite cover such that the lifted cubing is special. 
This is achieved in the case where the fundamental group of the 3-manifold is 
hyperbolic by the following cornerstone in Agol’s proof of Waldhausen’s Virtual 
Haken Conjecture from 1968: 


Theorem 1 (Virtual Special; Agol [2], Thm 1.1) Let G be a hyperbolic group 
which acts properly and cocompactly on a CAT(0) cube complex X. Then G has a 
finite index subgroup F so that X/F is a special cube complex. 


In general, it is known through work of Bergeron and Wise [6] that if M is 
a closed hyperbolic 3-manifold, then 2;(M) is isomorphic to the fundamental 
group of an NPC cube complex. However, the dimension of this cube complex 
may be arbitrarily large and it may not be a manifold. Agol’s theorem provides 
a finite cover that is a special cube complex, and the z-injective surfaces of 
Kahn and Markovic [13] are quasi-convex and hence have separable fundamental 
group. Thus, the above outline completes a sketch of the proof that M is virtually 
Haken. An embedding theorem of Haglund and Wise [11] and Agol’s virtual fibring 
criterion [1] then imply that M is also virtually fibred. 

Weber and Seifert [16] described two closed 3-manifolds that are obtained by 
taking a regular dodecahedron in a space of constant curvature and identifying 
opposite sides by isometries. One is hyperbolic and known as the Weber-Seifert 
dodecahedral space and the other is spherical and known as the Poincaré homology 
sphere. Moreover, antipodal identification on the boundary of the dodecahedron 
yields a third closed 3-manifold which naturally fits into this family: the real 
projective space. 

The dodecahedron has a natural decomposition into 20 cubes, which is a NPC 
cubing in the case of the Weber-Seifert dodecahedral space. The main result of this 
note can be stated as follows. 


Theorem 2 The hyperbolic dodecahedral space WS of Weber and Seifert admits a 
cover of degree 60 in which the lifted natural cubulation of WS is special. 
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In addition, we exhibit a 6-sheeted cover of WS in which the canonical immersed 
surface consists of six embedded surface components and thus gives a very short 
hierarchy of WS. The special cover from Theorem 2 is the smallest regular cover of 
WS that is also a cover of this 6-sheeted cover. Moreover, it is the smallest regular 
cover of WS that is also a cover of the 5-sheeted cover with positive first Betti 
number described by Hempel [12]. 

We conclude this introduction by giving an outline of this note. The dodecahedral 
spaces are described in Sect. 3. Covers of the hyperbolic dodecahedral space are 
described in Sect. 4, and all covers of the spherical dodecahedral space and the real 
projective space in Sect. 5. 


2 Cube Complexes, Injective Surfaces and Hierarchies 


A cube complex is a space obtained by gluing Euclidean cubes of edge length one 
along subcubes. A cube complex is CAT (0) if it is CAT(0) as a metric space, and it 
is non-positively curved (NPC) if its universal cover is CAT(0). Gromov observed 
that a cube complex is NPC if and only if the link of each vertex is a Hae omnes 

We identify each n-cube as a copy of [-5. 5]". A mid-cube in [-3, 3!" is the 
intersection with a coordinate plane x, = 0. If X is a cube complex, then a new 
cube complex Y is formed by taking one (n — 1)-cube for each midcube of X and 
identifying these (n — 1)-cubes along faces according to the intersections of faces of 
the corresponding n-cubes. The connected components of Y are the hyperplanes of 
X, and each hyperplane H comes with a canonical immersion H — X. The image 
of the immersion is termed an immersed hyperplane in X. If X is CAT(O), then each 
hyperplane is totally geodesic and hence embedded. 

The NPC cube complex X is special if 


1. Each immersed hyperplane embeds in X (and hence the term “immersed” will 
henceforth be omitted). 

2. Each hyperplane is 2-sided. 

3. No hyperplane self-osculates. 

4. No two hyperplanes inter-osculate. 


The prohibited pathologies are shown in Fig. 1 and are explained now. An edge 
in X is dual to a mid-cube if it intersects the midcube. We say that the edge of X is 
dual to the hyperplane H if it intersects its image in X. The hyperplane dual to edge 
a is unique and denoted H(a). Suppose the immersed hyperplane is embedded. It 


CRaKe so. 


Fig. 1 Not embedded; 1-sided; self-osculating; inter-osculating (compare to [17, Figure 4.2]) 
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is 2-sided if one can consistently orient all dual edges so that all edges on opposite 
sides of a square have the same direction. Using this direction on the edges, H self- 
osculates if it is dual to two distinct edges with the same initial or terminal vertex. 
Hyperplanes H, and Hp inter-osculate if they cross and they have dual edges that 
share a vertex but do not lie in a common square. 

The situation is particularly nice in the case where the NPC cube complex 
X is homeomorphic to a 3-manifold. Work of Aitchison and Rubinstein (see 
§3 in [4]) shows that each immersed hyperplane is mapped z-injectively into 
X. Hence if one hyperplane is embedded and 2-sided, then X is a Haken 3- 
manifold. Moreover, if each hyperplane embeds and is 2-sided, then one obtains 
a hierarchy for X. This is well-known and implicit in [4]. One may first cut 
along a maximal union of pairwise disjoint hypersurfaces to obtain a manifold X, 
(possibly disconnected) with incompressible boundary. Then each of the remaining 
hypersurfaces gives a properly embedded surface in X, that is incompressible and 
boundary incompressible. This process iterates until one has cut open X along all 
the mid-cubes, and hence it terminates with a collection of balls. In particular, if 
Y consists of three pairwise disjoint (not necessarily connected) surfaces, each of 
which is embedded and 2-sided, then one has a very short hierarchy. 


3 The Dodecahedral Spaces 


The main topic of this paper is a study of low-degree covers of the hyperbolic 
dodecahedral space. However, we also take the opportunity to extend this study to 
the spherical dodecahedral space in the hope that this will be a useful reference. 
When the sides are viewed combinatorially, there is a third dodecahedral space 
which naturally fits into this family and again gives a spherical space form: the 
real projective space. The combinatorics of these spaces is described in this section. 


3.1 The Weber-Seifert Dodecahedral Space 


The Weber-Seifert Dodecahedral space WS is obtained by gluing the opposite faces 
of a dodecahedron with a 37./5-twist. This yields a decomposition Aws of the space 
into one vertex, six edges, six pentagons, and one cell (see Fig. 2 on the left). The 
dodecahedron can be decomposed into 20 cubes by (a) placing a vertex at the centre 
of each edge, face, and the dodecahedron, and (b) placing each cube around one of 
the 20 vertices of the dodecahedron with the other seven vertices in the centres of the 
three adjacent edges, three adjacent pentagons, and the center of the dodecahedron. 
Observe that identification of opposite faces of the original dodecahedron with a 
32r/5-twist yields a 14-vertex, 54-edge, 60 square, 20-cube decomposition Aws of 
WS (see Fig. 2 on the right). Observe that every edge of Avs occurs in > 4 cubes, 
and each vertex satisfies the link condition. We therefore have an NPC cubing. 
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Fig. 2 Left: face and edge-identifications on the dodecahedron yielding the Weber-Seifert dodec- 
ahedron space. Right: decomposition of the Weber-Seifert dodecahedral space into 20 cubes 


Fig. 3 Left: Immersed canonical surface in one cube. Right: intersection pattern of one cube, the 
immersed canonical surface, and the boundary of the dodecahedron in ws 


The mid-cubes form pentagons parallel to the faces of the dodecahedron, and 
under the face pairings glue up to give a 2-sided immersed surface of genus four. 
The immersion of this canonical surface into Ays in the neighbourhood of one 
cube is shown in Fig. 3. We wish to construct a cover in which the canonical surface 
splits into embedded components—which neither self-osculate with themselves, nor 
inter-osculate with other surface components. 


3.2 The Poincaré Homology Sphere 


The Poincaré homology sphere Y* is obtained from the dodecahedron by gluing 
opposite faces by a 2/5-twist. This results in a decomposition Yy3 of D> into one 
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Fig. 4 Left: face and edge-identifications on the dodecahedron yielding the Poincaré homology 
sphere. Right: face and edge-identifications on the dodecahedron yielding the real projective space 


vertex, ten edges, six pentagons, and one cell (see Fig.4 on the left). Again, we 
can decompose Ys; into 20 cubes. Note, however, that in this case some of the 
cube-edges only have degree three (the ones coming from the edges of the original 
dodecahedron). This is to be expected since Y? supports a spherical geometry. 


3.3. Real Projective Space 


Identifying opposite faces of the dodecahedron by a twist of z results in identifying 
antipodal points of a 3-ball (see Fig.4 on the right). Hence, the result is a 
decomposition Zgp3of RP? into ten vertices, 15 edges, six faces, and one cell. As in 
the above cases, this decomposition can be decomposed into 20 cubes, with some 
of the cube-edges being of degree two. 


4 Covers of the Weber-Seifert Space 


In order to obtain a complete list of all small covers of the Weber-Seifert space WS, 
we need a list of all low index subgroups of 7; (WS) in a presentation compatible 
with Ays and its cube decomposition Ays. 

The complex Ays has six pentagons u, v, w, x, y, and z. These correspond to 
antipodal pairs of pentagons in the original dodecahedron, see Fig.2 on the left. 
Passing to the dual decomposition, these six pentagons corresponds to loops which 
naturally generate 1,(WS). The six edges of Ays |, |, t, 4, 4, and # each give rise 
to a relator in this presentation of the fundamental group of WS in the following 
way: fix edge + and start at a pentagon containing +, say u. We start at the pentagon 
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labelled u with a back of an arrow ®—the outside in Fig. 2 on the left. We traverse 
the dodecahedron, resurface on the other pentagon labelled uw with an arrowhead 
© (the innermost pentagon in Fig. 2). We then continue with the unique pentagon 
adjacent to the center pentagon along edge +. In this case v labelled with the tail 
of an arrow, we traverse the dodecahedron, resurface at (v, ©), and continue with 
(w, ©) which we follow through the dodecahedron in reverse direction, and so on. 
After five such traversals we end up at the outer face where we started. The relator is 
now given by the labels of the pentagons we encountered, taking into account their 
orientation (arrowhead or tail). In this case the relator is r(+) = uuw—!y~!z. 
Altogether we are left with 


(WS) = (u,v, w, x, y, z | uxy7! vat, uyz wo! x, uzu7lax!y, 
1-1 


uvw—!y-!z, uwx7!2-!v, vxzwy ). 


1 


Using this particular representation of the fundamental group of the Weber- 
Seifert dodecahedral space we compute subgroups of (WS) of index k (k < 10) 
via GAP function LowIndexSubgroupsFpGroup [10], and Magma function 
LowIndexSubgroups [7] and use their structure to obtain explicit descriptions 
of their coset actions (using GAP function FactorCosetAction [10]) which, in 
turn, can be transformed into a gluing table of k copies of the dodecahedron (or 20k 
copies of the cube). Given such a particular decomposition, we can track how the 
canonical surface evolves and whether it splits into embedded components. 

We provide a GAP script for download from [15]. The script takes a list of 
subgroups as input (presented each by a list of generators from 2;(WS)) and 
computes an array of data associated to the corresponding covers of Ays. The script 
comes with a sample input file containing all subgroups of 2,(WS) of index less 
than ten. The subgroups are presented in a form compatible with the definition of 
zt(WS) discussed above. 


4.1 Covers of Degree Up to Five 


A computer search reveals that there are no covers of degrees 2, 3, and 4, and 38 
covers of degree 5. Their homology groups are listed in Table |. For none of them, 
the canonical surface splits into embedded components. Moreover, in all but one 
case it does not even split into multiple immersed components, with the exception 
being the 5-sheeted cover with positive first Betti number described by Hempel [12], 
where it splits into five immersed components. 


4.2 Covers of Degree Six 


There are 61 covers of degree six, for 60 of which the canonical surface does not 
split into multiple connected components (see Table | below for their first homology 
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Table 1 First homology groups of all 490 covers of degree up to nine 


Degree Jd emb. surf. comp. | # of covers 
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ee es Pe 
5 Z3 ® Z3s o jl No 25 
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groups, obtained using GAP function AbelianInvariants [10]). However, the 
single remaining example leads to an irregular cover @ with deck transformation 
group isomorphic to As, for which the canonical surface splits into six embedded 
components. The cover is thus a Haken cover (although this fact also follows from 
the first integral homology group of @ which is isomorphic to Z° @ Z3 @ Z3, see 
also Table 1), and the canonical surface defines a very short hierarchy. 
The subgroup is generated by 
ut, vowel woe he ty ks yb, 


er, wo, we, voy, wa 


—_ 
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Fig. 5 Left: gluing orbits of face classes from Yws in 6-sheeted Haken cover @. Right: face pairing 
graph of @. Colours encode face classes in the base Ays. Note that each dodecahedron has one 
self-identification and, in particular, that the cover is not cyclic 


and the complex is given by gluing six copies 1,2,..., 6 of the dodecahedron with 
the orbits for the six faces as shown in Fig.5 on the left (the orientation of the orbit 
is given as in Fig.2 on the left). The dual graph of @ (with one vertex for each 
dodecahedron, one edge for each gluing along a pentagon, and one colour per face 
class in the base ws) is given in Fig. 5 on the right. 

The six surfaces consist of 60 mid-cubes each. All surfaces can be decomposed 
into 12 “pentagonal disks” of five quadrilaterals each, which are parallel to one of 
the pentagonal faces of the complex, but slightly pushed into one of the adjacent 
dodecahedra. The six surfaces are given by their pentagonal disks and listed below. 
Since all of their vertices (which are intersections of the edges of the dodecahedra) 
must have degree 5, each surface must have 12 such vertices, 12 pentagonal disks, 
and 30 edges of pentagonal disks, and thus is of Euler characteristic —6. Moreover, 
since the Weber-Seifert space is orientable and the surface is 2-sided, it must be 
orientable of genus 4. 

Every pentagonal disk is denoted by the corresponding pentagonal face it is 
parallel to, and the index of the dodecahedron it is contained in. The labelling 
follows Fig. 2. 


$1 = ( GO). (Bi, (©, O)a, (9, Oa, (7, O)3, (Ww, Bs, 
(x, ®)4, (2 @)a, (v,®)s, U,B)s, (UO), (x, O)s 


S2 =( (w,@)1, (% O)1, (4, @)a, (y. Ba, W.O)s, (0, Os, 
(w. O)4, (¥. Oa, (Bs. GOs. @ Bo. (V.Bo_ } 
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Ss = ((,O)1, WB, (W. Ba, @ @2, (Bs, (u, @)s, 
(.O)s, (4, Oss (% Os, (W.O)ss (Bs. (Os | 


Ss = ( 0B), (Or, (W, Oa, (ut, Oa» (& Oa. O)s, 
(0, O)s, (0. B)as (W. Bs. (1. Bs: Bo (Bs) 


$5 =( W.8)1, (UO), Bo. ZO), Bs. (0. O)s. 
(. O)ay (J. Bas (% Bs, (7. Ys. 0. Bo (OVS } 


Ss =( (0. O)1, GB, (Br, (% Oa, (0, Bs, (. Bs, 
(uw, ®)a, Ov, B)4, (V,O)s, (UO)s, (W,O)o, Oo} 


Note that the 12 pentagonal disks of every surface component intersect each 
dodecahedron exactly twice (A priori, given a sixfold cover of Avs with six 
embedded surface components, such an even distribution is not clear: an embedded 
surface can intersect a dodecahedron in up to three pentagonal disks.). Moreover, 
every surface component can be endowed with an orientation, such that all of its dual 
edges point towards the centre of a dodecahedron. Hence, all surface components 
must be self-osculating through the centre points of some dodecahedron. 


Remark I The fact that there must be some self-osculating surface components 
in @ can also be deduced from the fact that the cover features self-identifications 
(i.e., loops in the face pairing graph). To see this, assume w.l.o.g. that the top and 
the bottom of a dodecahedron are identified. Then, for instance, pentagonal disk 
P; (which must be part of some surface component) intersecting the innermost 
pentagon in edge (vj), v2) must also intersect the dodecahedron in pentagon P2, and 
the corresponding surface component must self-osculate (see Fig. 6). 


4.3 A Special Cover of Degree 60 


The (non-trivial) normal cores of the subgroups of index up to 6 are all of index 
either 60 or 360 in 27,(WS). For the computation of normal cores we use the GAP 
function Core [10]. One of the index 60 subgroups is the index 12 normal core of 
Hempel’s cover mentioned in Sect. 4.1. This is equal to the index 10 normal core of 
i (@) from Sect. 4.2, and we now show that it produces a special cover .Y of WS 
of degree 60. The deck transformation group is the alternating group As and the 
abelian invariant of the cover is Z*! @ Z}?. 
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Fig. 6 Self-identifications 
(as indicated by the arrows) 
always result in a 
self-osculating component of 
the canonical surface—as 
indicated by the two 
pentagonal disks P, and P, of 
the canonical surface, glued 
along the dotted edge (v1, v2) 
as a result of the 
self-identification 


The generators of 2\(.Y% are 


uvow, uwox, ux “y, uy -Z uz ov, UZ 
u—!wu u—!xw u-lyx, ul zy, vuy ut, vu—!w 
vwy! vxv—tu!,  ux!z, vy lxTt, v luz! vtuT!xu 
v!xy, vty lua, wuz tua!, wu! x, wu xv, wxz! 
wyw tut, wzw!v, wz ty !, w!ualyu, w luz 7 w!xwo7! 
w'z—lwu, xuv—'u—!, xvwo!, xw lyw, xzx ty! xu cu 
x tuTlyu, x7 hwxv, x lyawT!, yuw!u!, yoy tu}, ywxw! 
yx! zx, yoluttou, yotuTtewto,  oyT lwo yn, yxy, zux ly! 
zlua wu, w, wo wl M uvuy 172, uvw!x7?, uvxv—!u-2 
uvyv*, uwuz!u-?, uwx ly~?, uwzw 2, uxuv—'u-?, uxy!z? 
uyuw—!u-*, u~ uzun, uu wot, uty te, ut? 


In order to see that .“is in fact a special cover, we must establish a number of 
observations on embedded surface components in covers of Aws. In the following 
paragraphs we always assume that we are given a finite cover 4 of Ays together 
with its canonical immersed surface defined by the lift of Avs in @. Whenever we 
refer to faces of the decomposition of 4 into dodecahedra, we explicitly say so. 
Otherwise we refer to the faces of the lift of the natural cubulation in 4. We start 
with a simple definition. 


Definition 1 A dodecahedral vertex is said to be near a component S of the 
canonical immersed surface of F if it is the endpoint of an edge of the cubulation 
dual to S. 
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Lemma 1 An embedded component S of the canonical immersed surface of & self- 
osculates if and only if at least one of the following two situations occurs. 


a) There exists a dodecahedron containing more than one pentagonal disk of S. 
b) The number of dodecahedral vertices near S is strictly smaller than its number 
of pentagonal disks. 


Proof First note that S is 2-sided and can be transversely oriented such that one 
side always points towards the centres of the dodecahedra it intersects. From this it 
is apparent that if one of (a) or (b) occurs, then the surface component must self- 
osculate. 

Assume that (a) does not hold; that is, all dodecahedra contain at most one 
pentagonal disk of S. Hence, no self-osculation can occur through the centre of a 
dodecahedron. Since every surface component S is made out of pentagonal disks, 
with five of such disks meeting in every vertex, S has as many pentagonal disks as it 
has pentagonal vertices. Moreover, every such pentagonal vertex of S must be near 
exactly one dodecahedral vertex of &. Hence, the number of dodecahedral vertices 
that S is near to is bounded above by its number of pentagonal disks. Equality 
therefore occurs if and only if S is not near any dodecahedral vertex twice. Hence, if 
(b) does not hold, no self-osculation can occur through a vertex of a dodecahedron. 

It remains to prove that if S self-osculates, then it must self-osculate through 
a centre point of a dodecahedron or through a vertex of a dodecahedron. The 
only other possibilities are that it self-osculates through either the midpoint of a 
dodecahedral edge or through the centre point of a dodecahedral face. 

First assume that the surface self-osculates through the midpoint of a dodecahe- 
dral edge e. Then either the surface has two disjoint pentagonal disks both parallel 
to e and hence also self-osculates through the two dodecahedral endpoints of e; 
or the surface has two disjoint pentagonal disks both intersecting e, in which case 
there exists a pair of pentagonal disks in the same dodecahedron—and the surface 
self-osculates through the centre of that dodecahedron. 

Next assume the surface self-osculates through the centre point of a dodecahedral 
face f. Then either the surface has two disjoint pentagonal disks both parallel to f 
and hence also self-osculates through the five dodecahedral vertices of f; or the 
surface has two disjoint pentagonal disks both intersecting f, in which case there 
exists a pair of pentagonal disks in the same dodecahedron and the surface self- 
osculates through the centre of that dodecahedron. 


Lemma 2 A pair of intersecting, embedded, and non-self-osculating components S 
and T of the canonical immersed surface of & inter-osculates if and only if at least 
one of the following two situations occurs. 


a) Some dodecahedron contains pentagonal disks of both S and T which are 
disjoint. 

b) The number of all dodecahedral vertices near S or T minus the number of all 
pairs of intersecting pentagonal disks is strictly smaller than the number of all 
pentagonal disks in S or T. 


Proof We first need to establish the following three claims. 
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Claim 1: If S and T inter-osculate, then they inter-osculate through the centre of a 
dodecahedron or a vertex of a dodecahedron. 

This follows from the arguments presented in the second part of the proof of 
Lemma | since inter-osculation locally behaves exactly like self-osculation. 

Claim 2: Every pentagonal disk of S intersects T in at most one pentagonal disk and 
vice versa. 

A pentagonal disk can intersect another pentagonal disk in five different ways. 
Every form of multiple intersection causes either S or T to self-osculate or even 
self-intersect. 

Claim 3: A dodecahedral vertex near an intersection of § and T cannot be near any 
other pentagonal disk of S or T, other than the ones close to the intersection. 

Assume otherwise, then this causes either S or T to self-osculate or even self- 
intersect. 

We now return to the proof of the main statement. If (a) is satisfied, then the 
surface pair inter-osculates through the centre of the dodecahedron (see also the 
proof of Lemma 1). If (b) is satisfied, then by Claim 2 and Claim 3, both S and T 
must be near a dodecahedral vertex away from their intersections and thus S and T 
inter-osculate. 

For the converse assume that neither (a) nor (b) holds. By Claim 1, it suffices to 
show that S and T do not inter-osculate through the centre of a dodecahedron or a 
vertex of a dodecahedron. 

We first show that S and T do not inter-osculate through the centre of a 
dodecahedron. If at most one of S or T meets a dodecahedron, then this is true 
for its centre. Hence assume that both S and T meet a dodecahedron in pentagonal 
discs. By Claim 2 the dodecahedron contains exactly one pentagonal disc from each 
surface. These intesect since (a) is assumed false. The only dual edges to S (resp. T) 
with a vertex at the centre of the cube run from the centre of the pentagonal face of 
the dodecahedron dual to S (resp. T) to the centre of the dodecahedron. But these 
two edges lie in the boundary of a square in the dodecahedron since the pentagonal 
discs intersect and hence the pentagonal faces are adjacent. Hence S$ and T do not 
inter-osculate through the centre of a dodecahedron. 

We next show that S and T do not inter-osculate through the vertex of a 
dodecahedron. The negation of (b) is that the number of all dodecahedral vertices 
near S' or T minus the number of all pairs of intersecting pentagonal disks equals 
the number of all pentagonal disks of S and T. Suppose a dodecahedral vertex is 
the endpoint of dual edges to squares in S and T. If the dual edges are contained in 
the same dodecahedron then they are in the boundary of a common square. Hence 
assume they are contained in different dodecahedra. Then the equality forces at least 
one of the dual edges to be in the boundary of a cube intersected by both S$ and T. 
But then at least one of the surfaces self-osculates. 

Due to Lemmata | and 2, checking for self-osculating embedded surface 
components is a straightforward task. Furthermore, as long as surface components 
are embedded and non-self-osculating, checking for inter-osculation of a surface 
pair is simple as well. 
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In the cover .“ we have: 


(a) the canonical immersed surface splits into 60 embedded components, 

(b) every surface component of .“is made up of 12 pentagonal disks (and thus is 
orientable of genus 4, see the description of the canonical surface components 
of @ in Sect. 4.2 for details), 

(c) every surface component distributes its 12 pentagonal disks over 12 distinct 
dodecahedra, 

(d) every surface component is near 12 dodecahedral vertices, and 

(e) every pair of intersecting surface components intersects in exactly three pentag- 
onal disks (and hence in exactly three dodecahedra), and for each such pair both 
surface components combined are near exactly 21 dodecahedral vertices. 


These properties of .“ can be checked using the GAP script available from 
[15]. From them, and from Lemmata | and 2 it follows that “is a special cover. 
The gluing orbits for .Y of the face classes from Ays, as well as all 60 surface 
components are listed in Sect. 6. 


4.4 Covers of Higher Degree 


An exhaustive enumeration of all subgroups up to index 9 reveals a total of 490 
covers, but no further examples of covers where the canonical surface splits into 
embedded components (and in particular no further special covers). There are, 
however, 20 examples of degree 8 covers where the canonical surface splits into two 
immersed connected components (all with first homology group Z @ Z3 ® Z3 ® Z2). 
Moreover, there are 10 examples of degree 9 covers, where the canonical surface 
splits into two components, one of which is embedded (all with first homology 
group Z @ Z3 © Zs ® Z ® Z7). All of them are Haken, as can be seen by their 
first integral homology groups. 

In an attempt to obtain further special covers we execute a non-exhaustive, 
heuristic search for higher degree covers. This is necessary since complete enumer- 
ation of subgroups quickly becomes infeasible for subgroups of index larger than 9. 
This more targeted search is done in essentially two distinct ways. 

In the first approach we compute normal cores of all irregular covers of degrees 7, 
8, and 9 from the enumeration of subgroups of 7; (WS) of index at most 9 described 
above. This is motivated by the fact that the index 60 normal core of 71 (@) yields 
a special cover. The normal cores have indices 168, 504, 1344, 2520, 20,160, and 
181,440. Of the ones with index at most 2520, we construct the corresponding cover. 
Very often, the covers associated to these normal cores exhibit a single (immersed) 
surface component. However, the normal cores of the 10 subgroups corresponding 
to the covers of degree 9 with two surface components yield (regular) covers where 
the canonical immersed surface splits into nine embedded components. All of 
these covers are of degree 504 with deck transformation group PSL(2, 8). Each 
of the surface components has 672 pentagons. Accordingly, each of them must be 
(orientable) of genus 169. All nine surface components necessarily self-osculate 
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(they are embedded and contain more pentagonal disks than there are dodecahedra 
in the cover). The first homology group of all of these covers is given by 


8 10 9 a\7 r 76 a7 728 aT 79 718 
ZL’ ® Ly ® 238 2,8 Z;' ® Z7 ® Zy ® Ly @ Zi, ® Zz, @ Ly @ Zg3. 


In addition, there are 120 subgroups with a core of order 1344, and factor group 
isomorphic to a semi-direct product of Z} and PSL(3,2). For 40 of them the 
corresponding (regular) cover splits into 8 immersed components. These include the 
covers of degree 8 where the canonical immersed surface splits into two immersed 
components. 

In the second approach we analyse low degree covers of @ from Sect. 4.2. This is 
motivated by the fact that, in such covers, the canonical surface necessarily consists 
of embedded components. 

There are 127 twofold covers of @, 64 of which are fix-point free (i.e., they do 
not identify two pentagons of the same dodecahedron—a necessary condition for a 
cover to be special, see the end of Sect. 4.2). For 40 of them the canonical surface 
still only splits into six embedded components. For the remaining 24, the surface 
splits into 7 components. For more details, see Table 2. 

The 127 twofold covers of @ altogether have 43,905 twofold covers. Amongst 
these 24-fold covers of Avs, 16,192 are fix-point free. They admit 6-14 surface 
components with a single exception where the surface splits into 24 components. 
This cover is denoted by & Details on the number of covers and surface components 
can be found in Table 3. 

We have for the generators of the subgroup corresponding to the cover & 


u-?, uvZ, uv—'w!, uwv, uw !x7!,  uxw, ie ty 
uyX, uy~!z7!, uzy, uz !v—!, vux, vu'w, vwy |, 
vx. 1 1 1 1 1 1 1 1 1 1 1 1 
Z; UX °Z, UY xX, Z uy, Z UX ,Z vy Vv -,zZ wx, 
cw cy, cl, cow way, wo !xv. 
Table 2 Summary of all 64 H,(X) | # surf. comp. | # covers 
fix-point free double covers PoeLeL le 0 
of @ © Z, @ Zs 
OZ, OZ, Z3 |\6 20 
Deez; \7 12 
Bet 7 = 
| | D = 64 
By construction, all surface components are 
embedded 


Table 3 Summary of all 16,192 fix-point free double covers of the 127 double covers of @ 


# surf. comp. | 6 7 7 8 |}8 |8 |9 |9 112) 14 | 14 } 24 | 
# covers 8960 | 3240 | 2160 | 180 | 720 | 540 | 240 | 24 | 85/24/18 |1 | Y= 16,192 


By construction, all surface components are embedded 
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Surface components in & are small (12 pentagonal disks per surface, as also 
observed in the degree 60 special cover .Y, see Sect. 4.3). This motivates an extended 
search for a degree 48 special cover by looking at degree 2 covers of & However, 
amongst the 131,071 fix-point free covers of degree 2, no special cover exists. More 
precisely, there are 120,205 covers with 24 surface components, 10,200 with 25 
surface components, 240 with 26 and 27 surface components each, 162 with 28, 
and 24 with 33 surface components. For most of them, most surface components 
self-osculate. 


5 Poincaré Homology Sphere and Projective Space 


The Poincaré homology sphere has as fundamental group the binary icosahedral 
group of order 120, which is isomorphic to SL(2, 5). From its subdivision given by 
the dodecahedron, we can deduce a presentation with six generators dual to the six 
pentagons of the subdivision, and one relator dual to each of the ten edges: 


\(By3) = (u,v, w, x, y, Z| uxz, uyuv, UuzZWw, Uuvx, uUWy, 


xy!z, yelv, zu! w, ow lx, wxely ), 


SL(2,5) has 76 subgroups falling into 12 conjugacy classes forming the sub- 
group lattice shown in Fig. 7 on the left hand side. For the corresponding hierarchy 
of covers together with the topological types of the covering 3-manifolds see Fig. 7 
on the right hand side. 


SL(2, 5) > 
a se a 5 10 
Dic; SL(2,3) Dics P(1,5) A(1) P(1,3) 

3 3 
2 os 1 [2 2} 5 P(L,2)» 1 [2 

2 aN 2 3 

Z, 


Fig. 7 Left: subgroup lattice of SL(2,5) with indices. Right: covers of ©? with degrees. Here 
P(n, m) denotes the prism space with parameters n and m, and A(n) denotes the tetrahedral space 
with parameter n 
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By construction, the universal cover of Dy; is the 120-cell, which is dual to 
the simplicial 600-cell. In particular, the dual cell decomposition of any of the 12 
covers is a (semi-simplicial) triangulation. The dual of ys; itself is isomorphic to 
the minimal five-tetrahedron triangulation of the Poincaré homology sphere. 

Most of the topological types are determined by the isomorphism type of the 
subgroups. The only two non-trivial cases are the lens spaces L(5, 1) and L(10, 1). 
For the former, we passed to the dual triangulation of the cover of degree 24 using 
the GAP-package simpcomp [9], and then fed the result to the 3-manifold software 
Regina [8] to determine the topological type of the cover to be L(5, 1). The latter 
is then determined by the observation that there is no 2-to-1-cover of L(10, 3) to 
L(5, 1). 

Regarding the canonical immersed surface, the situation is quite straightforward. 
Since all edges of Yy3, or of any of its covers, are of degree three, the canonical 
surface is a surface decomposed into pentagonal disks with three such disks 
meeting in each vertex. Consequently, all surface components must be 2-spheres 
isomorphic to the dodecahedron, thus have 12 pentagons, and the number of 
connected components of the canonical surface must coincide with the degree of 
the cover. Moreover, each surface component runs parallel to the 2-skeleton of a 
single dodecahedron, and the surface components are embedded if and only if there 
are no self-intersections of dodecahedra. 

In more detail the relevant properties of all covers are listed in Table 4. 

The case of the projective space is rather simple. The only proper cover (of degree 
> 1) is the universal cover of degree 2. Since the edges of Ap; are all of degree 
two, the canonical surface of Dep; has six embedded sphere components, each 
consisting of two pentagons glued along their boundary, surrounding one of the six 


Table 4 Covers of 3 


Deg. | Top. type. | Subgroup | f-vec. Embedded | # surf.| Regular] Deck trafo grp. 
1 x3 SL(2,5) | (5, 10, 6, 1) No 1 | Yes 1 

5 | AC) SL(2.3) | (25,50, 30, 5) Yes 5 |No As 

6 P(1, 5) Dic(5) (30, 60, 36, 6) No 6 |No As 

10 | Pd, 3) Dic(3) (50, 100, 60, 10) Yes 10 |No As 

12 |Ld0,1) | Zio (60, 120, 72, 12) No 12 |No As 

15 | Pd, 2) Qs (75, 150, 90, 15) Yes 15 | No As 

20 | L(6,1) Be (100, 200, 120,20) | Yes 20 |No As 

24 |L6,1)) | Zs (120, 240, 144,24) | Yes 24 |No SL(2, 5) 
30 |L(4,1) |Z, (150, 300, 180,30) | Yes 30 |No As 

40 |LG,1) |Z (200, 400, 240,40) | Yes 40 |No SL(2, 5) 
60 | RPS Zy (300, 600, 360,60) | Yes 60 | Yes As 

120 |S? 1 (600, 1200, 720, 120) | Yes 120 | Yes SL(2, 5) 


P(n,m) denotes the prism space with parameters n and m, and A(n) denotes the tetrahedral 
space with parameter n. “f-vec.” denotes the f-vector of the cover as a decomposition into 
dodecahedra. I.e., (25, 50, 30, 5) means that the corresponding cover contains 25 vertices, 50 edges, 
30 pentagons, and 5 dodecahedra. “deck trafo grp.” denotes the deck transformation group of the 
cover 
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pentagonal faces each. Consequently, the universal cover is a 3-sphere decomposed 
into two balls along a dodecahedron with the canonical surface splitting into 12 
sphere components. 


6 The Special Cover .% 


The special cover .“ from Sect. 4.3 is of degree 60 with deck transformation group 
As and abelian invariant Z"! @ Ze The subgroup is generated by 


uv Ww, UW xX, UX ly . uy—!z—!, uz !v "i uz 
u—!wo, u—!xw, u-!yx, u—!zy, vuy tue}, vu-!w 
vwy |, vxu lua! uxTz vy lxTt, vtuz!, vf ua!xu 
vo! xy, vtyt!uu, wuztuT!, wu !x, wu !xv, wxz! 
wywtua!, wewoty, — wetyTt, wlualyu, wotyuzy7!, wow! 
w!z—lwu, xuv—'ua!, xuwy!, xw l yw, xzxtyT!, x tutu 
x tut hu, xTtwxv, xT! yaw !, yuw lu! yoy tu~!, -ywxw7! 
yx! ex, y ly lou, y lyrlz Iy, y lw yu, yl xyw, zux ty! 
zu! wu, w, wou 'wolu a uvuy 7 ee uvw!x~?, uvxv—!u-2 
uvyv?, uwuz!u-?, uwxly?, uwzw 2 uxuv—!u 7 uxy—! oe 
uyuw !u?, uz, uv two, ut ly ta? uta! ?. 


The gluing orbits of face classes from Ays are given by 


Face Orbit 
u (1, 2, 14, 20, 3)(4, 18, 47, 24, 7)(5, 12, 17, 46, 23)(6, 19, 48, 25, 9) 
(8, 15, 49, 21, 11)(10, 16, 50, 22, 13)(26, 54, 43, 37, 27) (28, 42, 52, 36, 29) 
(30, 33, 39, 38, 51)(31, 44, 53, 40, 32)(34, 55, 45, 41, 35)(56, 59, 60, 58, 57) 
v (1, 4, 26, 30, 5)(2, 15, 51, 32, 6)(3, 13, 28, 54, 21)(7, 29, 56, 33, 11) 
(8, 27, 57, 31, 12)(9, 10, 18, 49, 23)(14, 46, 40, 35, 16)(17, 38, 58, 34, 19) 
(20, 25, 41, 42, 47) (22, 45, 59, 43, 24)(36, 55, 44, 39, 37) (48, 53, 60, 52, 50) 
w (1, 6, 34, 36, 7)(2, 16, 52, 37, 8)(3, 5, 31, 55, 22)(4, 10, 35, 58, 27) 
(9, 32, 57, 29, 13)(11, 12, 19, 50, 24)(14, 47, 43, 39, 17)(15, 18, 42, 60, 38) 
(20, 21, 33, 44, 48) (23, 30, 56, 45, 25)(26, 28, 41, 40, 51)(46, 49, 54, 59, 53) 
x (1, 8, 38, 40, 9)(2, 17, 53, 41, 10)(3, 7, 27, 51, 23)(4, 15, 46, 25, 13) 
(5, 11, 37, 58, 32)(6, 12, 39, 60, 35)(14, 48, 45, 28, 18)(16, 19, 44, 59, 42) 
(20, 22, 29, 26, 49)(21, 24, 36, 57, 30)(31, 33, 43, 52, 34)(47, 50, 55, 56, 54) 
y (1, 10, 42, 43, 11)(2, 18, 54, 33, 12)(3, 9, 35, 52, 24)(4, 28, 59, 39, 8) 
(5, 6, 16, 47, 21)(7, 13, 41, 60, 37)(14, 49, 30, 31, 19)(15, 26, 56, 44, 17) 
(20, 23, 32, 34, 50)(22, 25, 40, 58, 36)(27, 29, 45, 53, 38)(46, 51, 57, 55, 48) 
Zz (1, 12, 44, 45, 13)(2, 19, 55, 29, 4)(3, 11, 39, 53, 25)(5, 33, 59, 41, 9) 
(6, 31, 56, 28, 10)(7, 8, 17, 48, 22)(14, 50, 36, 27, 15)(16, 34, 57, 26, 18) 
(20, 24, 37, 38, 46)(21, 43, 60, 40, 23) (30, 54, 42, 35, 32)(47, 52, 58, 51, 49) 
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The 60 surfaces are given by their pentagonal disks. Every pentagonal disk is 
denoted by the corresponding pentagonal face in the lift of Aws it is parallel to, and 
the index of the dodecahedron it is contained in. The labelling follows Fig. 2. 


8, =( (4 O)eo, @ O42, Ow, O39, (V, Oar, @ O)as, (9, O)ss. 
(y, ®)sa, (w, ®)28, (%, @)a4, (v, @)33, (Z, @)as, (u, ®)56 


So = ( (x, ®)oo, (w, ©)s2, (UU, @)ar, (y, O)sg, (VU, @)a2, (Z, ®)ao, 
(z, O)16, (Us ©)34, (W,®)o, (¥, @)1o, (VU, ©)32, (%, O)e 


—— 


S3 = ( (9, ®)eo, (&, O)ao, (ue, B39, (Z O)ss, (Ww, Bsa, (V, Bar, 
(v, O)as, (U, ©)s1, (% @)g, (Z, @)i7, (w, O)a7, Cy, O)is 


S4= ( (z,®)oo, (¥,©)37, (U, ®)a2, (V, ©)sg, (x, @)43, (w, ®)35, 
(w, ©)a4, (U, ©)36, (VU, @)a7, (¥, ®)is, (x, ©)34, (Z, O)s0 


Ss = { (0, Boo, (2 O)ass (Ue, B)sa» (W, Ose, (Y. Bars (% Ba, 
(X,O)o, (u, O)32, (Ww, @)as, (Z, @)4o, (Y, O)s1, (V, ©)23 


Se = { (%, Deo, (0, O)ae, (us, Baa» (&, Ose, (Bao, (y. )s2. 
(y,O)g, (u, O)a7, (v, ®)2a, (x, ®)ir, (Z, O)36, (w, O)7 


—— 


S7 = ( (v, ©)oo, (%, O)s2, (y, ©)39, (w, @)a2, (u, ©)37, (Z, @)59, 
(z,©)24, (¥, @)a7, (Ww. OQ), &, @)33, (u, ®)s4, (v, @)a1 


Sg = ( (w, O)oo, (¥, O)ao, (Z, O)a2, (&, @)53, (us ©)35, (V, @)59, 
(vO), (B25. (% Oro, (y, Bre, (H, Bas. B13} 


Sy = { (Ooo, (& Oar, (0, O)s3+ (. Baa, (ue, Oa, (Ww, B)s9, 
(w, O)s, (V, @)u, (Y, O)i7, % @)ag, UU, @)33, , ®)i12 


oS ( (y,©)s0, (¥,©)35, (w, O)as, (z @)ar, (us ©)52, (x, @)59, 
(x, O)i6, (W, ®)io, (Z, O)a7, (V, @)sa, (UU, @)2g, Cy, ®)i8 
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Sy = ( (z,©)oo, (W, ©)3s, (%, ©)ar. (V, ®)30, (CU, ©)ao. (y, @)s59, 
(y. O)4s, (& Bir, (V, O)2s, (w, Bas, U. @as, @@)ss_ } 


Sy = ( (u, ®)oo, (Vv, ®)s2, (w, @)ao, (X, @)37, (y, @)3s, (z, ®)3:, 
(z, ©)34, (W, ©)36, (Vv, ©)s1, (X, ©)32, (y, O)27, (us ©)s7 


Sis = ( (4.O)s9.  O)s4s (0. O)asy (Vs O)ass Es O)aa, (95 O)as, 
(y, ®)30, (w, ®)26, % @)s5, (V, @)31, (Z, @)a9, (u, ®)s7 


Sis = ( (0, O)s9. (Oss, (¥, Oat, (Ww, Bsa, (u, O)a9, (B56, 
(z,O)i1, (¥, ®)ai, (w, O)i2, % ®)31, (U, ®)30, (v, ®)s 


Sis = ( (w, ©)s9, (y, O)a1, (Z, O)sa, (x, @)as, (u, ©)az, (v, ®)s50, 
(v, Oho. Bis. (is, (y. Bas. (u, Bao, (w. @s_ 


Sio = ( (&O)s9, @ O)39, (¥, Oss, (¥, B33, (ee O)s, (Ww, @)s6, 
(w, O)i7, (UV, @)i2, (y, O)as, (Z, @)s5, (U, @)a1, (&, ®)i9 


Siz = ( (y, ©)s9, (Vv, O)a2, (W, ©)33, (Z, ®)2g, (u, ©)az, (x, ®)50, 
(x,©)a7, (W, @)is, (Z, O)ai, (vV, ®)30, (CU, ®)26, (y, ®)a9 


Sig = ( (z,©)s9, (W, ©)s3, (x, ©)ag, (v, @)aa, (CU, ©)a1, Cy, ®)s6, 
(y, ©)as, (X, @)ag, (VU. O13, (w, ®)a29, (u, ®)ss, (Z, ®)22 


Si9 = ( (u, ®)s0, (Vv, @)43, (w, @)ar, (X, ®)30, (y, ®)aa, (Z, ®@)s3, 
(Zz, ©)s2, (Ww, ©)37, (Vv, ©)4o, (x, ©)35, (y, ©)38, (UU, ©)s8 


Sap = ( (4, ®)s8, (0, Osa, (ue Bao, (9, O)s7. (V, B)3s, (@ @)s1, 
(,O)o, (UO)ar, (0, Baa. (9 B)o. (W.O)a0. (%.O)s_ 


So = ( (y, ®)sg, (X, ©)s1, (u, @)37, (Z, ©)57, (w, ®)38, (v, ®)36, 
(v,O)is, O26, Br, Bs, (w. O29, (vO) } 
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Sy = ( (z, @)ss, (y, ©)36, (u, ®)35 
(w, ©)s0, (u, ©)s5, (V, @)16 


5x3 = ( (v, ®)sg, (Z, O)32, (U, ®)ss, 
(x, ©)23, (u, ©)30, (Ww, @)ao, 


So4 = (w, ®)sg, (v, ©)a7, (u, ®)s2, 
(y,©)7, (u, ©)29, (v, ®)s0, 


So5 = ( (u, ®)sg, (V, ®)34, (w, @)s1, 
(z,©)31, (W, O)s5, (VU, ©)26, 


ae ( (x, ®)s7, (w, ©)31, (u, ®)s1, 


(z,©)s, (u,©)33, (Ww, ®)ao, 


So7 = ( (y, ®)57, (x, O)26, (Cu, ®)36, 


(v,O)4, (u, ©)as, (*, ®)22, 


Sog = ( (z,®)s7, (y, O)ss, (u, ®)3, 


(w, ©)i9, (UU, ©)sa, (V, @)o, 


So9 = ( (v, ®)s7, (Z, O)30, (U, ®)a7, 
(x, ©)a9, (CU, ©)s4, (W, @)is, 


S39 = ( (w, ®)s7, (v, ©)a29, (u, ®)34, 
(y, ©)22, (u, ©)as, (v, ®)19, 


S31 = ( (y, ®)s55, (x, ©)29, (u, ®)s0, 
(v,O)7, (u,©)13, (x, ®)20, 


S32 = ( (w, ®)s5, (v, ©)22, (u, ®)19, 
(y, ©)20, (u, ©)25, (v, @)17, 


, (UV, ©)s7, (x, ®)s2 
»(y, @)6, (&, O)s31 


(w, ©)s7, (¥, ®)a0 
(z, ®)is, (¥, ©)26 


(x, ©)s7, (z, ®)a7, 
(x, ®)24, (z, O)ss, 


(x, ®)36, (y, @)32 
(x, ©)30, (y, ©)29 


(y, ©)s6, (v, ®)32 
(y, ®)23, (v, ©)sa 


(z, ©)s6, (w, ®)a7, 
(z,®)7, (w, O)as, 


(v, ©)s6, (X, ®)34 
(y, @)s, (x, ©)s33 


(w, O)s6, (y, @)s1 
(z,@)a, (y¥, ©)28 


(x, ©)s6, (z, ®)36, 
(x, ®)so, (z, ©)aa, 


(z, O)as, (w, ®)36 
(z, ®)24, (w, ©)as 


(x, O)as. (z, ®)s0, 
(x, ®)14, (Zz, ©)s3, 


, (Ww, ®)32, 


, (z, O)19 


, (x, ®)27, 


, (Vv, O)a9 


(y, @)34, 
(w, ©)22 


, (z, ®)a7, 
, (u, ©)s6 


, (Z, @)26, 
, (x, O)a1 


(v, @)s55, 
(y, O)13 


, (Ww, ®)30, 


, (z, O)12 


, (x, ®)29, 
, (v, O)ig 


(y, @)a1, 
(w, ©)as 


, (v, ®)as, 


ry (y, ©)s3 


(y, @)aa, 
(w, ©)a6 
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S33 = ( (v, O)ss5, (x, O)aa, (Cy, ©)s0, 
(z,©)17, (y, @)12, (w, ©)14, 


S34 = ( (x, ©)ss, (Z,O)as, (VU, ©)36, 
(w, ©)a0, (v, ®)i4, (y, ©)24, 


S35 = ( (x, ®)s4, (w, ©O)a1, (Cu, ®)is, 


(z,©)20, (u, ©)24, (w, ®)16, 


S36 = ( (z, ®)s4, (¥, ©)33, (u, ®)a9, 
(Ww, O)s, (U,O)i1, (v, @)o3, 


S31 = ( (wv, O)s4, (9, Osa, & O)as. 
(v, O)i6, (Z, ®)io, (%, ©)14, 


S33 = ( (y, ©)sa, (Vv, ©)a7, (w, ©)30, 


(x,©)20, (w, @)ia, (Z, ©)23, 


S39 = ( (y, ®)53, (x, O)as, (u, @)i7, 
(v,©)20, (Cu, ©)a3, (X, ®)is, 


S49 = ( (v, ®)s3, (Zz, O)ar, (Cu, @)as, 


(x,©)13, (UU, ©)o, (w, ®)22, 


S41 


Sy = ( (w, ®)s2, (v, ©)37, (u, ®)az7, 
(y, ©), (UU, O)7, (v, ®)20, 


Sa = ( (y, ©)s2, (v, ©)34, (w, ©)az 
(x,©)i9, (Ww, ®@)o, (Zz, Oia, 


( (x, O)s3, (Z, O)as, (V, ©)as, 
(w, O)is, (UV, @)g, (y, O)ia, 


J. 


(x, ®)16, (u, @)eo, 


(y, ®)i9, (U, ©)22 
(Zz, ®)s2, (U, ®)16 


(y, ©)a3, (v, ®)ao 
(y, @)i4a, (v, ©)s2 


(v, ©)43, (x, ®)30 
(y, ®)20, (x, ©)24 


(x, ®)28, (u, ©)a7 
(y, @)is, (U, ®)a, 


(Zz, @)is, (u, ©)a21 
(v, ®)s1, (u, @)15 


(z, ©)a0, (w, @)as, 
(z, ®)14, (w, O)s1, 


(w, ©)ao, Cy, ®)as 
(z,®)20, (y, O)23 


(y, ®)39, (u, ©)46 
(z,®)i9, (U, ®)12 


, (z, @)35, (u, ©)s0 
(v, @)is, (u, ®)i0 


(x, ©)36, (Z, ®)a3, 
(x, ®)a1, (z, ©)22, 
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(w, ®)a1, (u, ©)ag, (Zz, ®)34, 


(v, @)2 


, (Ww, ®)34, 
, (x, ®)az 


. (Zz, ®)ar, 
(%,0)s0 


, (Ww, ®@)az7, 
, (z, ©)3 


, (V, ®)26, 
(w, ®)o 


» (x, @)26, 
(9,@)46 } 


(v, ®)ss, 
(0) ) 


, (x, @)ao, 
, (v, O)3 


, (Ww, ®)aa, 
, (x, ®)2 


(y, @)s0, 
(w, ©)3 


, &, ®)a2, 
’ (y, @)2 
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Sac= ( (x, ®)s1. (w, ©)32, (u, ®)a6. (y, ©)30. (V, @)a0, (z, ®)a9. 
(z,O)o, (u,O)s, (Ww, ®)o0, (y, @)as, (v, O)ai, (x, ©)3 


Sis = ( ( O)s1, (W, O26, & Oso, (0, Ba7, (Ws O)ap, (9, as, 
(y, O)is, % @)a, (v, O)i4, (W, @)i7, (CU, @)s, (Z, ®)2 


S46 = ( (w, ®)s0, (V, O)24, (U, @)14, (X, ©)22, (Z, @)a7, (y, @)as, 
(y, O)a1, (U,©)3, (V, ®)ae, (*, ®)ag, (Z, ©)25, (ws ©) 23 


Ser = ( (v,©)s0, Ge Oss, (9, Oar, (W. Bia. (u, O)a0, (Z @e 
(z,O)a6, Cy, @)i7. (ws ©)ao, (%, @)is, (UU, @)2, (Vv, ®)is 


SS ( (v, ®)as, (2, ©)o8, (us ®)22, (w, @)at, (9, ®)29, (x, @)25, 
(x,O)4, (U,O©)10. (Ww, ®)7, (Z,@)3, (y,O)o, (V,O)1 


S49 = ( (v, ©)aa, (%, ©)39, (y, O)i9, (Ww, ®)33, (UU, ©)i7, (Z ®)a1. 
(z,O)s, (¥,@)u, (w,O)2, %, @)o, (Us @)s, (Vv, @) 


Ss = { (¥.)as. (0. O39, (ut, Bar. (Oar. Baa. (9. Bas 
(y,©)i2, U,O)s, (V,@)3, %,@)s, (%O)7, (w, O)1 


Ss = ( (w, ©)a2, (¥, O)35, (Z O)iss (%, ®)ars (us O)i6, (v, ®)28. 
(v,O)6, (Z%.@)o, (x, O)2, (¥, @)4s, (CU, @)iz, (w, @)1 


Ss. = ( (v, ®)a1, (Z, O)10, (4, ®)25, (ws O)3s, (y, ®)13, (%, ®)ao, 
(x,O)1, (Us O)o, (w, ®)3, (Z, @)23, (y, ©)32, (v, ©)s 


S53 = ( (w, ®)39, (Vv, O)i7, (CU, ®@)u, &, O)ss, (Z ®)i2, (y, @)37, 
(y, ©)2, (u, O)is; (v, @)7, (x, @)1, (z, ©)27, (w, ©)a 


Ssq = ( (w, ®)37, (v, O)g, (CU, ®)24, (x, ©)a7, (Z. @)ir, Cy, ®)s6, 
(y,O)1, (u, ©), (v, ®)22, &, ®)3, (Z, O)29, (w, O)13 


a 


Se 


“_ 


a 
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Sss = ( (x, @)a5. (”, O16, (u Bo, (VY, O)a4s (V, Bio, (@ @)32, 
(Z.O)2, (4 O)i9, (w,®)s, (9%, @)1, (v,O)31, & O)12 


S56 = (v, ©)33, (%, Oi, (Y, O)ar, (wW, @)a1, (UU, ©)12, (Z, ®)s0, 
(ZO), (Bs, (W, O)o, (% B32, (W@)ax, (v, Bo} 


S57 = ( (v, ®)29, (Z, ©)26, (u, ®)7, (w, O)2g, (y, ®)a7, &, ®)13, 
(%.O)is. (4. Os. Bs. ZB. (O10. (v.O)2_ } 


Ssg = ( (uv, @)os, (Z,O)13, (U, @)20, (w, ©)o, (y, @)22, (x, @)a3, 
(GO) WO) (7, Bas, Bar. O)s. CO} 


S59 = (v, ©)19, (%, ©)i7, (y, O)i6, (W, ®)12, (CU, O)i4, (Z, ®)o, 
(Oi, (Bs, Ov, O)i8, GB), WB), (vB) } 


Seo = ( (v,@)i3, Oa, (UB), (, Oro. (¥, @)1. (4%, Bs, 
(x,O)s, (U,O)2, (W, @)u, % ®)s, (Y, O)o, (VU, O) v2 
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Other Contributed Articles 


Lecture Notes on Infinity-Properads M®) 


Check for 
updates 


Philip Hackney and Marcy Robertson 


Abstract These are notes for three lectures on higher properads given at a program 
at the mathematical institute MATRIX in Australia in June 2016. The first lecture 
covers the case of operads, and provides a brief introduction to the Moerdijk- Weiss 
theory of dendroidal sets. The second lecture extends the discussion to properads 
and our work with Donald Yau on graphical sets. These two lectures conclude with 
models for higher (pr)operads given by an inner horn filling condition. Finally, in 
the last lecture, we explore some properties of the graphical category and use them 
to propose a Segal-type model for higher properads. 


1 Introduction 


The main goal of this lecture series is to provide a brief introduction to the theory 
of higher operads and properads. As these informal lecture notes stay very close 
to our presentations, which occupied only three hours in total, we were necessarily 
extremely selective in what is included. It is important to reiterate that this is not a 
survey paper on this area, and the reader will necessarily have to use other sources 
to get a ‘big picture’ overview. 

Various models of infinity-operads have been developed in work of Barwick, 
Cisinski, Lurie, Moerdijk, Weiss and others [1, 8-10, 18, 20, 21]. In these lectures 
we focus on the combinatorial models which arise when one extends the simplicial 
category A by a category of trees Q. This ‘dendroidal category’ leads immediately 
to the category of dendroidal sets [20], namely the presheaf category Set®”. A 
dendroidal set X € Set®” which satisfies an inner horn-filling condition is called 
a quasi-operad (see Definition 2.14). We briefly review these objects in Sect. 2. 
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Properads are a generalization of operads introduced by Vallette [23] which 
parametrize algebraic structures with several inputs and several outputs. These 
types of algebraic structures include Hopf algebras, Frobenius algebras and Lie 
bialgebras. In our monograph [12] with D. Yau and in subsequent papers, we work 
to generalize the theory of infinity-operads to the properad setting. In Sect.3 we 
explain the appropriate replacement of the dendroidal category Q the graphical 
category I’ and define quasi-properads as graphical sets which satisfy an inner horn- 
filling condition. This material (and much more) can be found in the monograph 
[12]. It is worth mentioning that J. Kock, while reading the manuscript of [12], 
realized that one can give an alternative definition of the category I’. The interested 
reader can find more details of this construction in [17]. 

In the final section, we propose a Segal-type model for infinity properads. There 
are clear antecedents for models of this form in several other settings [4, 6, 9, 16]. 
We recall the C. Berger and I. Moerdijk theory of generalized Reedy categories 
from [3]. The graphical category T is such a category, so the category of graphical 
spaces sSet?” possesses a cofibrantly generated model structure with levelwise 
weak equivalences and relatively few fibrant objects. Finally, we discuss the Segal 
condition in the context of graphical sets and spaces. 


2 Colored Operads, Dendroidal Sets, and Quasi-Operads 


This section is a brief overview of dendroidal sets, introduced by Moerdijk 
and Weiss [20], which allow us to discuss the “quasi-operad’ model for infinity 
categories [8, 20]. Throughout this section, we are using the formal language that 
we will need to extend to the more subtle case of properads. For those who are 
unfamiliar with dendroidal sets we recommend the original paper [20] and the 
lecture notes by Moerdijk [19] as references. 


Definition 2.1. A graph is a connected, directed graph G which admits legs and 
does not admit directed cycles. A Jeg is an edge attached to a vertex at only one end. 
We also want our graphs to have an ordering given by bijections 


ord? :{1,...,m}— in(G) 
ordg” : {1,...,2} —> out(G) 
as well as bijections 
ord” :{1,...,4} — in(v) 
and 
ord?” : {1,...,j} —> out(v) 


for each v in Vt(G). 
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If we say that G is a €-colored graph then we are including the extra data of an 
edge coloring function n : Edge(G) —> €. 

When we draw pictures of graphs, we will omit the arrows, and always assume 
the direction in the direction of gravity. 


Definition 2.2 A tree is a simply connected graph with a unique output (the root). 

For any vertex v in a €-colored tree T, in(v) is written as a list c = c),...,Cx 
of colors c; € €. A list of colors like c is called a profile of the vertex v. Similarly, 
out(v) = d identifies the element d € € which colors the output of the vertex v. The 
complete input-output data of a vertex v is given by the biprofile (c; d). 


Example 2.3 In the following picture the tree has legs labeled 3,4,5,6 and 0. 
The leg 0 is the single output of this graph. Internal edges are labeled 1,2 and 7. 
The edges at each vertex all come equipped with an ordering, and if we wish to 
list the inputs to the vertex v we would write in(v) = (1, 2). 


If we wanted to consider T as a €-colored tree, we would add the data of a coloring 
function Edge(T) — € which would result in our picture looking like 


where d and each of the c; are elements of €. The profile of v is in(v) = (c,c2) =c¢ 
and the biprofile of v is written as (c;d), where the semi-colon differentiates 
between inputs and outputs. 
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2.1 Colored Operads 


A colored operad is a generalization of a category in which we have a set of objects 
(or colors) but where we allow for morphisms which have a finite list of inputs and 
a single output. When we visualize these morphisms we write them as colored trees, 


f 
so that the morphism (x,,x2) ——~> y looks like 


xX] X2 


Notice that in this depiction the edges of the tree are colored by the objects (hence 
the name colors). A modern comprehensive treatment of colored operads appears in 
the book of Yau [24]. 


Definition 2.4 A colored operad P consists of the following data: 


1. A set of colors € = col(P); 

2. for all n > 0 and all biprofiles (c; d) = (c),..., Cn; d) in €, a set P(c; d); 

3. foro € &,, maps o*:P(c;d) — P(co;d) = P(coq1),.--,Co(n)id) so that 
(ot)* = t*o*; 

4. foreach c € €a unit element id. € P(c;c); 

5. associative, equivariant and unital compositions 


P(c; d) 0; P(d; cj) > P(ci,...,Ci-1, (di. . «, dk), Cit, ++ +5 Cm @) 


where d = (d,...,dx) and 1 <i<m. 
A morphism f : P > Q consists of: 


1. a map of color sets f : col(P) — col(Q); 
2. for all n > 0 and all biprofiles (c; d), a map of sets 


f: P(c,d) > O(fe,fd) 


which commutes with symmetric group actions, composition and units. 


The category of colored operads is denoted by Operad. 
Examples of colored operads include: 


* The 2-colored operad Ol!!, whose algebras are morphisms of O-algebras for a 
specified uncolored operad O [2, 1.5.3] 

¢ The N-colored operad whose algebras are all one colored operads [2, 1.5.6], [24], 
(25, $14.1]. 
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We now focus on operads which are generated by uncolored trees. Explicitly, 
given any uncolored tree T, one can generate a colored operad Q(T) so that 


¢ the set of colors of (2(T) is taken to be the set of edges of T; 
¢ the operations of Q(T) are freely generated by vertices in the tree. 


Example 2.5, Consider the uncolored tree T 


where we have labeled the edges by letters, but do not mean there is a coloring. 
The associated colored operad &2(T) will have color set 


€ = {a,b,c,d,e,f, g,r} = Edge(T) 


and operations freely generated by the vertices. In this example, generating oper- 
ations are v € Q(T)(a,b;r), y € Q(T)(f, 8:4), w € Q(T/)(c,d,e;b) and q € 
02(T)(—; g). Composition of operations are given by formal graph substitutions (see 
Definition 2.10) into appropriate partially grafted corollas (Definition 2.8). To give 
a specific example, the operation v o, y € Q(T)(b,f, g; r) is a composition of v and 
y which we visualize as being the result of collapsing along the edge marked a. 


Definition 2.6 ([20]) The dendroidal category Q is the full subcategory of Operad 
whose objects are colored operads of the form (2(7). When no confusion can arise, 
we often write T for Q(T). 


Definition 2.7 ({20, Definition 4.1]) A dendroidal set is a functor X : Q°? — Set. 
Collectively these form a category Set” of dendroidal sets. 

An element of x € Xr is called a dendrex of shape T. We also have the 
representable functors Q[7] = Q(-, T). 


2.2 Coface Maps and Graph Substitution 


Quasi-operads are similar in spirit to quasi-categories. In particular, they are 
dendroidal (rather than simplicial) sets which satisfy an inner Kan condition. This 
requires that we define coface and codegeneracy maps in Q which we will make 
precise by using formal graph substitution. 
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Definition 2.8 ({12, 2.16]) A partially grafted corolla P is a graph with two 
vertices u and v in which a nonempty finite list of outputs of u are inputs of v. 


Example 2.9 The following graph P is a partially grafted corolla. 


Partially grafted corollas play a key role in describing operadic and properadic 
composition as it arises from graph substitution. Graph substitution is a formal 
language for saying something very intuitive, namely that in a given graph G, you 
can drill a little hole at any vertex and plug in a graph H and assemble to get a new 
graph. 

Definition 2.10 ([12, 2.4]) We can substitute a graph H into a graph G at vertex 
v if: 

1. there is a specified bijection in(A) = in(v), 

2. a specified bijection out(H) — out(v), and 


3. the coloring of inputs and outputs of H matches the local coloring of G at the 
vertex v. 


The resulting graph is denoted as G(H,) and we say that G(H,,) was obtained from 
G via graph substitution. The subscript on H,, indicates that we substituted H into 
vertex v. If S C Vt(G), we will write G{H,},<¢s when we perform graph substitution 
at several vertices simultaneously. 

Graph substitution induces maps in 82. For example consider T 


ne: 0 
@) 
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©) 


Since the total number of inputs of P matches the total number of inputs of the 
vertex w € Vt(G) and the number of outputs of P matches the number of outputs of 


w we can preform graph substitution. 
o) © 


Teo= ) 4) 
) 


and the partially grafted corolla P 


Graph substitution induces a map T > T(P,,) in Q which sends the w to uo v, 
x to x, y to y, and g to qg. This example generalizes, in that if we take any tree S$ 
we can expand a vertex to create an additional internal edge by substitution of the 
proper partially grafted corolla. The expansion of an internal edge can be written as 
an internal graph substitution, and we have an induced Q-map d“” : § > T = S(P) 
where P is the appropriate partially grafted corolla. Maps of the type d“” are called 
inner coface maps [12, 6.1.1], [20, p. 6]. 

Let’s look at another example of graph substitution. Consider the partially grafted 
corolla P 


and the tree S$ 
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We can substitute S into the vertex v in the partial grafted corolla P since S has 
the same number of inputs and outputs as v. The resulting picture is the tree P(S,) 


& 


@) 


and there is a natural map d“ : S — P(S,) which is an inclusion of S as a subtree 
in P(S,). For any tree T we can write all subtree inclusions by (possibly iterated) 
substitution of the subtree into a partially grafted corolla and maybe relabeling [12, 
Definition 6.32]. Maps like these which are induced by graph substitution where 
the partially grafted corolla is on the “outside” are called outer coface maps [12, 
6.1.2], [20, p. 6]. The third class of maps we will concern ourselves with are called 
codegeneracies and are given by the substitution of a graph with no vertices | into 
a bivalent vertex v, i.e. the maps 0” : H > H(.) [12, 6.1.3], [20, p. 6]. The cofaces 
and codegeneracies satisfy identities reminiscent of the simplicial identities. 


Lemma 2.11 ((20, Lemma 3.1]) The category Q is generated by the inner and 
outer coface maps, codegeneracies and isomorphisms. 

In other words, any every map in Q can be factored as a composition of inner 
and outer coface maps, codegeneracies and isomorphisms. These factorizations will 
be more carefully discussed in Sect. 4. 


2.3. Boundaries and Horns 


Now that we have defined inner and outer coface maps, we can describe faces and 
boundaries of dendroidal sets. 


Definition 2.12 ((20, pg 16]) Let a : T — S be an (inner or outer) coface map in 
Q. Then the a-face of Q[T] is the image of the induced map a* : Q[S] > Q(T]. We 
will write 0,,[T] for the w-face of Q[7]. 


Definition 2.13 The boundary of Q[T] is the union over all the faces o[T] = 
L), dal7]. If we omit the B-face, we have the B-horn A*[T] = Uae IalT]. If, 
moreover, f is the image of an inner coface map then AP [7] is called an inner horn. 

A quasi-operad is now defined as a dendroidal set satisfying an inner Kan lifting 
property. 


Lecture Notes on Infinity-Properads 359 


Definition 2.14 ((21, pg 352]) A dendroidal set X is a quasi-operad if for every 
diagram given by the solid arrows admits a lift 


AFIT] —> X 


gir) 


where T ranges over all trees and f ranges over all inner coface maps. 


Definition 2.15 ([8, Proposition 1.5]) A monomorphism of dendroidal sets X — Y 
is said to be normal if and only if for any tree T, the action of Aut(T) on Yr \ Xr is 
free. 

In analogy to the Joyal model structure on sSet for quasi-categories (see [5] for 
references), we have the following. 


Theorem 2.16 ([8, Theorem 2.4]) There is a model category structure on Set?” 


such that the quasi-operads are the fibrant objects and the normal monomorphisms 
are the cofibrations. 


3 Colored Properads, Graphical Sets, and Quasi-Properads 


In the previous section we gave a very quick introduction to the dendroidal category 
using some of the formal language of graph substitution. We will now extend this 
language to a larger class of graphs to describe properads. 

Isomorphisms between graphs preserve all the structure (including orderings) 
and weak isomorphisms between graphs preserve all the structure except the 
ordering. We denote the category of graphs up to strict isomorphism as Graph. The 
category Graph(m, n) is a subcategory of Graph whose objects are graphs G where 
|in(G)| = m and |out(G)| = n. The category Graph(c, d) similarly consists of all 
€-colored graphs with in(G) = c = (c1,..,Cm) and out(G) = d = (d,..., dm). 


3.1 Properads 


Like an operad, a colored properad is a generalization of a category. We have a set 
of objects, called colors, and now we allow our morphisms to have finite lists of 
inputs and finite lists of outputs. When we write down a visual representation of a 


morphism (x;, x2) = (11, 2,3) in a properad we usually write a colored graph 
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but it really could be any graph with 2 inputs and 3 outputs that is colored by the 
objects of the properad P. In other words, a morphism (x1, x2) —. (91, ¥72,.3) in P 
isa graph g € Graph(x, x2; y;, y2, y3). Composition of morphisms follows the same 
basic principle of operad composition. In an operad you think of the o; composition 
as plugging the root of a tree into the ith leaf of another tree. For properads we want 
to be able to take any sub-list of outputs of a graph and glue them to appropriately 
matched sub-list of inputs in another graph. 


Definition 3.1 ((12, Definition 3.5]) An €-colored properad P consists of 


*« aset € = col(P) of colors; 
¢ for each biprofile (c; d) = (ci,...,Cm3 di, ..-,dn), a set P(c; d); 
¢ foro € X,, andt € X,, maps 


P(c; d) > P(co; td) = P(cCoq), ++ +3Co(m)s d,-1(1); ne - d,-1(n)) 


which assemble into a X”? x &,, action on the collection ieee P(c; d); 
¢ forallc € €,aunit id, € P(c;c); 
* an associative, unital and equivariant composition 


RI, : P(c;d) ® P(a;b) > Plaow c; boy d) 


where a’ and b’ denote some non-empty finite sublist of c and b, respectively. 
The notation a o, c denotes identifying some sublist of a with the appropriate 
sublist of c. 


A map of colored properads f : P + Q consists of 


* fo : Col(P) > Col(Q); 
© fi: P(c;d) > Q(foc:fod) for all biprofiles (c, d) in €. 


We denote the category of all colored properads and properad maps between 
them as Properad. 

Properadic composition is easiest to write down in terms of graph substitution. 
In the previous talk we described a formal process called graph substitution, which 
now repeat in the case of graphs. 


Definition 3.2 ([{12, 2.4]) Given a graph G € Graph(c;d), and a graph H, € 
Graph(in(v); out(v)) so that each H, is equipped with bijections 
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¢ in(A,) > in(v) and 
* out(H,) > out(v) 


one constructs a new graph G(H,,) € Graph(c; d) by formally identifying H,, with 
v € G. In this case we say that G(H,) is obtained from G by substitution. 

The following is an example of (uncolored) graph substitution. Let G and P be 
the graphs below. 


Graph(5,6) > G= u = P € Graph(4, 4) 


The graph G(P,.) is still a member in the category Graph(5, 6), but now has a 
additional three internal edges. 


To see how this might encode composition, notice that if we squish down the three 
internal edges between the vertex u and v we would have something that captures 
our description of composition. 

Following this discussion, one would say that a €-colored properad P is the object 
you get if you consider the set € as objects (or colors) and morphisms between 
objects P(c;d) are a set of (possibly decorated) €-colored graphs in Graph(c, d). 
Composition of a G-configuration of morphisms is given by graph substitution 


ye : PIG] = I] P(in(v); out(v)) — P(in G; out G) 
vi(G) 


where we are ranging over all maps that arise from graph substitution and look 
like G(P,.) — G in the example above. Properadic composition defined in this way 
is associative and unital because graph substitution is associative and unital [12, 
2.2.4]. Symmetric group actions come from weak isomorphisms of graphs and 
properadic composition is equivariant because graph substitution is an operation 
which is defined up to weak isomorphism class of graphs. 
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Remark 3.3 Because graph substitution is associative, we observe that it is possible 
to define properadic composition one operation at a time. In fact, properadic 
composition is completely determined by the operations described by partially 
grafted corollas, ve , the graph with just an edge (for identities), and the one vertex 
graphs (for symmetric group actions). 


3.2. The Graphical Category T 


It should by now be unsurprising to hear that given an uncolored graph G we can 
freely generate a properad '(G). 


Definition 3.4 ([12, Section 5.1]) Given an uncolored graph G, the properad I'(G) 
is a colored properad which has the set Edge(G) as colors and morphisms are 
generated by the vertices. 

More explicitly, an operation in (G)(c; d) is a G-decorated graph, meaning: 


* a graph A in Graph(c; d) whose edges are colored by edges of G; 
¢ a function from the vertices of H to the vertices of G which is compatible with 
the coloring of H. 


Example 3.5 ([12, Lemma 5.13]) Given the following graph G, 


4 


the G-decorated graph H below is an example of a morphism in '(G)(1, 1; 4, 4). 
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Notice that there are many, many more operations in the properads ['(G) than 
there were in the operads (2(7) that we discussed in the first lecture. This isn’t 
because we forgot to mention operations in (2(7) but rather because of the following 
lemma. 


Lemma 3.6 ([{12, Lemma 5.10]) Jf G is a simply connected graph, then each vertex 
in G can appear in a morphism in the properad 1 (G) at most once. 

As we mentioned in Remark 3.3, properadic composition is generated by the 
composites of partially grafted corollas, the graph with one edge, and one vertex 
graphs. To see that our definition of [(G) actually is a properad, it then suffices to 
check the following lemma. 


Lemma 3.7 All G-decorated graphs can be built iteratively using partially grafted 
corollas. 

The naive guess, based on what we expect from understanding A and Q, would 
be to define a category I which has as objects the graphical properads I'(G) 
and morphisms all properad maps between them. This is, unfortunately, not the 
appropriate definition of I as there maps between graphical properads that exhibit 
idiosyncratic behavior. 


Definition 3.8 A properad morphism f : [(G) — I'(A) consists of: 


¢ a function fo : Edge(G) — Edge(H) together with 
* amapfi : Vt(G) — {Vt(H)-decorated graphs} such that for every v € Vt(G), 
fi(v) is an H-decorated graph in Graph( fo in v; fo out v). 


Definition 3.9 The image of f : T(G) > T(A) is foG{fi(v)}vevicc) which 
is naturally Vt(H)-decorated. The notation G{fi(v)},evig) stands for performing 
iterated graph substitution of Vt(H)-decorated graphs at each vertex v in G. 

Morphisms between graphical properads are very strange, so we will pause here 
and give an explicit description of the image of a map f : [(G) > T'(A). 


Example 3.10 Suppose that G = | is the graph with no vertices and let Q be a 
€-colored properad. Then a properad map f : (|) ~ Qisachoice of colorc € €. 


Example 3.11 An example of a morphism of graphical properads that behaves 
poorly is the following. Suppose G is the graph 


G= 


let f : [(G) — T(G) be the morphism where fo is the identity on edge sets and 


364 P. Hackney and M. Robertson 


¢ fi(v) is the G decorated graph 


fi) = 


and 


* f\(u) is the G decorated graph 


Ai) = 


As we saw in Example 3.11, properad maps f : [(H) — I(G) need not have 
the property that the image of H is a subgraph of G. This kind of behavior does 
not show up in dendroidal sets. In fact, for maps into simply connected graphical 
properads behaves exactly as we would expect from the dendroidal case. 


Proposition 3.12 ({12, Proposition 5.32]) If the target of f : T'(H) — T(G) is 
simply connected (eg any object of &2), then f is uniquely determined by what it 
does on edges. 
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As we will explain in Sect.4, in order for our graphical category to have the 
proper sense of homotopy theory, we will want to force a property of this kind on 
the category I. 


Proposition 3.13 If the image of H under f : '(H) — T(G) is a subgraph of G, 
then f is uniquely determined by what it does on edges. 


Definition 3.14 The graphical category T is the category with objects graphical 
properads and morphisms the subset of properad maps f : '(H) — I'(G) consisting 
of those f with the property that imf is a subgraph of G. 


Definition 3.15 The category of graphical sets is the category of presheaves on I’, 
that is Set!” 

For every graph G an element in the set XG is called a graphex with shape G. 
The plural form of graphex is graphices. The representable objects of shape G are 
r'[G] = T(-,G). 


3.3. The Properadic Nerve 


The obvious question to ask at this point is how do we know that by throwing out 
badly behaved properad maps that we are still looking at a reasonable definition of 
graphical sets? The properadic nerve [12, Definition 7.5] is the functor 


N : Properad — Set!” 


defined by 
(NP)g = Properad(I'(G), P) 


for P a properad. A graphex in (NP)g is really a P-decoration of G, which consists 
of a coloring of the edges in G by the colors of P and a decoration of each vertex in 
G by an element in P with the corresponding profiles. 


Proposition 3.16 ([12, Proposition 7.39]) The properadic nerve 


N : Properad —> Set!” 
is fully faithful. 

This proposition implies that while we have lost some maps in I’ we have still 
enough information so that the entire category Properad sits inside of Set!” 


3.4 Cofaces and Codegeneracies 


As in our first lecture, the coface and codegeneracy maps are given by graph 
substitutions of various kinds. A codegeneracy map o” : H — H({) is a map 
induced by substitution of the graph with one edge | into (1, 1)-vertex v € Vt(A). 
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This has the effect of deleting a vertex. Like in Q, an inner coface map will have the 
effect of “blowing up” the graph between two vertices by an inner substitution of a 
partially grafted corollad” : G— G(P). 


Example 3.17 As an example of an inner coface map consider the graph substitu- 
tion we have already seen, 


G= => u 
w }= G(P) 
Vv 


where the partially grafted corolla P € Graph(4, 4) is pictured below. 


P= u 
Vv 


Example 3.18 When restricted to linear graphs, an inner coface map as above is the 
same as an inner coface map in the simplicial category A [12, Example 6.4]. 

An outer coface map d” : G — P(G) is an outer substitution of a graph G 
into a partially grafted corolla. In the next section, we will discuss how these maps 
generate the whole category I’ in the sense that all morphisms in I’ are compositions 
of (inner or outer) coface maps, codegeneracies and isomorphisms. 


Definition 3.19 A face of a representable I[H] is given by considering the image 
of an inner or outer coface map. The boundary of I'[H] is defined as o[H] = 
UU, 9u[H] © IH] where w ranges over all inner and outer coface maps. The f- 
horn is then defined as A®[H] c TH] = Use 9a[H] where B is a coface map. 


Definition 3.20 A graphical set X is a quasi-properad if, for all inner coface maps 
a and all H in T’, the diagram 


A*[H] —3 x 


riz] 


admits a lift. 
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A model category structure on Set!” in which quasi-properads are the fibrant 
objects is work in progress between the authors and D. Yau. 


4 Generalized Reedy Structures and a Segal Model 


In the previous section we described the graphical category [’ and quasi-properads. 
For more details on why this is precisely a properad “up to homotopy” see the 
description in [12, 7.2]. In this section we will describe the Reedy structure of I 
and use it as a starting point to construct one model category structure for infinity 
properads. 


4.1 Generalized Reedy Categories 


Definition 4.1 ((3, Definition 1.1]) A dualizable generalized Reedy structure on a 
small category R consists of two subcategories Rt and R~ which each contain all 
objects of IR, together with a degree function Ob(R) — N satisfying: 


1. non-invertible morphisms in R* (respectively R~) raise (respectively lower 
degree). Isomorphisms preserve degree. 

2. Rt NR™ = Iso(R) 

3. Every morphism f factors as f = gh such that g € R* andh € R- and this 
factorization is unique up to isomorphism. 

4. If Of =f for @ € Iso(R) and f € R™ then @ is an identity. 

5. f6 =f for 6 € Iso(R) and f € R™ then @ is an identity. 


Remark 4.2 A category R that satisfies axioms (1)—-(4) is a generalized Reedy 
category. If, in addition, R satisfies axiom (5) then R is said to be dualizable, which 
implies that R°’ is also a generalized Reedy category. 

A (classical) Reedy category is a generalized Reedy category R in which every 
element of Iso(R) is an identity. Examples of classical Reedy categories include A 
and A°?. Examples of generalized Reedy categories include the dendroidal category 
Q2, finite sets, pointed finite sets, and the cyclic category A. 

The main idea of Reedy categories is that we can think about lifting morphisms 
from R to MF by induction on the degree of our objects. To formalize this idea we 
introduce the notion of latching and matching objects. 

For any r € R, the category R*(r) is defined to be a full subcategory of 
Rt | rconsisting of those maps with target r which are not invertible. Similarly, 
the category R™(r) is the full subcategory of r | R™ consisting of mapsa:r— s 
which are non-invertible. One can now define the latching object 


L,(X) = colim X;, 
aeERt (r) 


368 P. Hackney and M. Robertson 


for each X in M® which comes equipped with a map L,(X) — X,. Similarly, for 
each X ¢ ME® we define the matching object 


lim X, = M,(X) 
a@ER7(r) 


which comes equipped with a map X, > M,(X). 


Definition 4.3 If M is a cofibrantly generated model category, and R is generalized 
Reedy, we say that a morphism f : X > Y in MF is: 


¢ a Reedy cofibration if X, Uz, L-Y — Y, is a cofibration in MAX”) for all r € R; 

* a Reedy weak equivalence if X, — Y, is a weak equivalence in M4" for all 
reR; 

¢ a Reedy fibration if X. — M,X xy,y Y, is a fibration in MA") for all r € R. 


Theorem 4.4 ([3, Theorem 1.6]) Jf M is a cofibrantly generated model category 
and IR is a generalized Reedy category then the diagram category M® is a 
model category with the Reedy fibrations, Reedy cofibrations, and Reedy weak 
equivalences defined above. 


4.2 The Graphical Category is Generalized Reedy 


Theorem 4.5 ([12, 6.4]) The graphical category T is a dualizable generalized 
Reedy category. 

The degree function d : Ob(I’) — N is defined as d(G) = |Vt(G)|. The positive 
maps are then those morphisms in I’ which are injective on edge sets. The negative 
maps are those H — G which are surjective on edge sets and which, for every vertex 
v € Vt(G), there is a vertex 0 € Vt(H) so that f,(v) is a corolla containing v. An 
alternate, more illuminating, description is given by the following proposition. 


Lemma 4.6 ([12, 6.65]) 


* Amapf :H —> Gis in* if we can write it as a composition of isomorphisms 
and coface maps. 

¢ Amapf :H — Gis inT™ if we can write it as a composition of isomorphisms 
and codegeneracy maps. 


The proof of this lemma isn’t entirely trivial, but the general idea is that 
codegeneracy maps decrease degree and satisfy the extra condition; coface maps 
increase degree and are injective on edges. 

We will not fully prove here that T is Reedy. However, we can show where the 
decompositions in the third axiom of Definition 4.1 come from. 


Proposition 4.7 ([{12, 6.68]) Every map inf € T factors asf = goh, whereh € T~ 
and g € T* and this factorization is unique up to isomorphism. 
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Proof (Sketch of Existence) Given a morphism f: G — K in T’ we know that for all 
v € Vt(G), fi(v) is a subgraph of K. 

Let us consider T C Vt(G), the subset of vertices of G such that fi(v) =|. We 
can define a graph Gj = G{Jw} eva Which is the graph obtained by substitution 
of an edge into each w € T and a corolla substituted into each additional vertex. 
There is then a map G —> G, which is a composition of codegeneracy maps, one for 
each w € T. Next, define a subgraph G2 of K as G2 = fo(G). In other words, G» is 
the subgraph obtained by applying fo to the edges of G;, which makes sense because 
for each w € T the incoming edge and outgoing edge of w will have the same image 
under fo. There is an isomorphism G; — Gp» which is just the changing the names 
of edges via the assignment given by fo. The vertices of G2 are in bijection with the 
set Vt(G)) \ T. 

It is now the case that the image of f, im(f) = Go{fi(u)}uevwq\r where 
each f\(u) has at least one vertex. Summarizing, (ignoring coloring) there exists 
a factorization: 


SK 


* 


G; ——> G. —> im(f). 


—aA 


This shows the existence of the decomposition. 


Example 4.8 Let us turn to an example of how we generate G; for the example of f 
below. 


Notice that the vertex v is the only vertex in G which has exactly one input and one 
output, and is mapped by f to the edge in K we have labeled 1. It follows then that 
G, = G(Jy) and looks like 
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The subgraph G) is now a relabeling and im(f) = G2(f{(u), fi (x)) where f| (u) is a 
corolla and f|(x) is the appropriate partially grafted corolla. 


4.3 A Segal Model Structure for Infinity-Properads 


In this section, we attempt to describe a model structure for infinity-properads. In 
preparing these notes, we realized the model structure is more complicated than 
what we presented in the original lectures, for reasons we outline in Remarks 4.10 
and 4.11. 

We begin with a description of the Segal condition for a graphical set X € Set”. 
For G € I, there is a natural map 


Xe I] Xe, (1) 

veEVt(G) 
by using all of the (iterated outer coface) maps C, — G. Of course if there is an 
edge e between two vertices v and w, then the two composites |, 5 C, —> Gand 


A = Cy — G are equal, so (1) factors through a subspace! 


Xe 


lim 
Cy — Le? Gv a ud 
e an internal X L 
edge of G 


AG, 


v 


XE = 


consisting of those sequences (x,) so that i*(x,) = i7(%,) whenever e is an edge 
between v and w. The Segal map is 


XG 
Xe XE [] Xe. 
vevi(G) 


If X = M(P) is the nerve of a properad P, then yg is an isomorphism [12, 
Lemma 7.38]. In fact, this property characterizes those graphical sets which are 
isomorphic to the nerve of a properad [12, Theorem 7.42]. 

If we allow ourselves to work with graphical spaces instead of just graphical sets, 
then we can replace the isomorphism condition on the Segal maps by a homotopy 
condition (this type of idea goes all the way back to Segal [22]). 


'This is not a condition when Xj = * is a one-point set; in that case, Xj is just the product 
from (1). 
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Definition 4.9 A graphical space X € sSet"”” is said to satisfy the Segal condition 
if the Segal map 


XG 
Xe>x¢¢ [] Xe, 
ve Vt(G) 


is a weak homotopy equivalence of simplicial sets between XG and Xi for each 
graph G. 

As in the classical cases, the Segal condition is not categorically well-behaved. 
To study the homotopy theory of graphical spaces satisfying the Segal condition, we 
will build a model structure which allows us to identify such graphical spaces (or, 
at least those which possess an additional fibrancy condition). 

Since I’ is a dualizable Reedy category [12, Theorem 6.70], we know that T°? 
is also generalized Reedy. Hence, by Berger and Moerdijk [3, Theorem 1.6], the 
diagram category sSet’”” admits a generalized Reedy model structure. 


Remark 4.10 During the lecture, we stated that we could modify this so that the 
diagram category sSet] admits a Reedy-type model structure, where the subscript 
disc means that X, is discrete as a simplicial set. Indeed, there is such a model 
structure: the inclusion functor sSet,” <> sSet!” admits a left adjoint given by 
sending X to the pushout of zo (sko(X)) < skp(X) — X, where the skeleton is taken 
in the I’ direction. One can then lift the model structure from sSet!™ using [15, 
11.3.2]. Unfortunately, one of the generating cofibrations is not a monomorphism, 
hence this model structure on sSet) is not cellular. 
The following remark is essentially adapted from the end of [4, §3.12]. 


Remark 4.11 There is no model structure on sSet],” where weak equivalences are 
levelwise and cofibrations are monomorphisms, as one can see by attempting to 
factor P[ J ] UO T[)] — I[ J] as a cofibration followed by an acyclic fibration: 


TIVJUT[L]>xX>T[y]. 


Since ['[ |] is a set of cardinality one, the object X € sSet],.. would satisfy 2 < 
[xy] = 1. 

Definition 4.12 (Segal Core Inclusions) [12, Definition 7.35] Given a graph G 
with at least one vertex let C, denote the corolla at each v € Vt(G) and let T'[C,] 


denote the representable graphical set on C,. Define the Segal core Sc[G] as the 
graphical subset 


ScigJ= (J im ( PI¢] ++rIa CTIG] 
veVvt(G) 


where i, is an iterated outer coface map. Denote by Sc[G] —“> I'[G] the Segal core 
inclusion. 
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The reader should compare this definition with [9, Definition 2.2]. Notice 
how suggestive this is in light of Definition 4.9: the map yg is exactly c* 
map(I'[G],—) — map(Sc[G], —) when X is fibrant. As we saw above, we cannot 
guarantee the existence of a left Bousfield localization of the non-cellular category 
sSet}, at the set of Segal core inclusions. Despite that, we still expect that the 
following holds. 


Conjecture 4.13 There is a model structure on sSet],.. analogous to those given in 
[9, 8.13] and [4, 5.1]. 

In [13], D. Yau and the authors gave a model structure on the category sProperad 
of simplicially-enriched properads. The properadic nerve functor that we discussed 
earlier extends to a functor 


Dee. 
disc 


N : sProperad — sSet 


since N(P), is the set of colors of the simplicially-enriched properad P. One should 
compare the conjectural model structure on sSet],. with the model structure on 
sProperad. 


Conjecture 4.14 The properadic nerve functor from simplicial properads to graph- 
ical spaces, 


Tee 
disc 


N : sProperad — sSet 


is the right adjoint in a Quillen equivalence. 


4.4 A Diagrammatic Overview 


We conclude with a diagram which was provided as a handout at our lectures. 
It indicates some interconnectedness of many models of categories, operads, 
properads, and props. 


uasi-categories ++ Complete Segal Spaces “5 Segal Categories <* Simplicial Categories 
gS Pp. 8 T > veg 8 eS Pp Sg 


Quasi-operads <—_—y Rezk Operads *———; Segal Operads [7 — Simplicial Operads 


Quasi-properads Segal Properads —~ Simplicial Properads 
N - 


Simplicial Props 
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The vertical uncolored adjunctions are Quillen adjunctions. The horizontal 
adjunctions are Quillen equivalences; 


* precise references for the top row may be found in [5], and 
¢ the middle row is contained in [8-10]. 


In addition, the model structure for quasi-operads is equivalent to a model structure 
for Lurie’s infinity operads [1, 7, 14]. The existence of the model structures in the 
bottom two slots on the right are [11, 13]. 
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Ralph M. Kaufmann 


Abstract These are expanded lecture notes from lectures given at the Workshop 
on higher structures at MATRIX Melbourne. These notes give an introduction to 
Feynman categories and their applications. Feynman categories give a universal 
categorical way to encode operations and relations. This includes the aspects of 
operad-like theories such as PROPs, modular operads, twisted (modular) operads, 
properads, hyperoperads and their colored versions. There is more depth to the 
general theory as it applies as well to algebras over operads and an abundance of 
other related structures, such as crossed simplicial groups, the augmented simplicial 
category or Fl-modules. Through decorations and transformations the theory is also 
related to the geometry of moduli spaces. Furthermore the morphisms in a Feynman 
category give rise to Hopf- and bi-algebras with examples coming from topology, 
number theory and quantum field theory. All these aspects are covered. 


1 Introduction 


1.1 Main Objective 


The main aim is to provide a lingua universalis for operations and relations in order 
to understand their structure. The main idea is just like what Galois realized for 
groups. Namely, one should separate the theoretical structure from the concrete 
realizations and representations. What is meant by this is worked out below in the 
Warm Up section. 

In what we are considering, we even take one more step back, namely we provide 
a theoretical structure for theoretical structures. Concretely the theoretical structures 
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are encoded by a Feynman category and the representations are realized as functors 
from a given Feynman category § to a target category C. It turns out, however, that 
to a large extent there are constructions which pass up and down the hierarchy of 
theoretical structure vs. representation. In concrete examples, we have a Feynman 
category whose representations in C are say algebras. Given a concrete algebra, then 
there is a new Feynman category whose functors correspond to representations of 
the algebra. Likewise, for operads, one obtains algebras over the operad as functors. 

This illustrates the two basic strategies for acquiring new results. The first is that 
once we have the definition of a Feynman category, we can either analyze it further 
and obtain internal applications to the theory by building several constructions and 
getting further higher structures. The second is to apply the found results to concrete 
settings by choosing particular representations. 


1.1.1 Internal Applications 


Each of these will be discussed in the indicated section. 


1. Realize universal constructions (e.g. free, push-forward, pull-back, plus con- 
struction, decorations); see Sects. 5 and 7. 

2. Construct universal transforms (e.g. bar, co-bar) and model category structures; 
see Sect. 8. 

3. Distill universal operations in order to understand their origin (e.g. Lie brackets, 
BV operators, Master Equations); see Sect. 7. 

4. Construct secondary objects, (e.g. Lie algebras, Hopf algebras); see Sects. 7 
and 10. 


1.1.2 Applications 


These are mentioned or discussed in the relevant sections and in Sect. 9. 


1. Transfer to other areas such as algebraic geometry, algebraic topology, mathe- 
matical physics, number theory. 

2. Find out information of objects with operations. E.g. Gromov-Witten invariants, 
String Topology, etc. 

. Find out where certain algebra structures come from naturally: pre-Lie, BV, etc. 

. Find out origin and meaning of (quantum) Master Equations. 

. Construct moduli spaces and compactifications. 

. Find background for certain types of Hopf algebras. 

. Find formulation for TFTs. 


AUDA BW 
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1.2 References 


The lectures are based on the following references. 


1. With B. Ward. Feynman categories [33]. 

2. With J. Lucas. Decorated Feynman categories [30]. 

3. With B. Ward. and J. Zuniga. The odd origin of Gerstenhaber brackets, Batalin- 
Vilkovisky operators and Master Equations [35]. 

4. With I. Galvez-Carrillo and A. Tonks. Three Hopf algebras and their operadic 
and categorical background [14]. 

5. With C. Berger. Derived Feynman categories and modular geometry [5]. 


We also give some brief information on works in progress [25] and further 
developments [50]. 


1.3 Organization of the Notes 


These notes are organized as follows. We start with a warm up in Sect.2. This 
explains how to understand the concepts mentioned in the introduction. That is, how 
to construct the theoretical structures in the basic examples of group representations 
and associative algebras. The section also contains a glossary of the terms used in 
the following. This makes the text more self-contained. We give the most important 
details here, but refrain from the lengthy full fledged definitions, which can be found 
in the standard sources. 

In Sect.3, we then give the definition of a Feynman category and provide 
the main structure theorems, such as the monadicity theorem and the theorem 
establishing push-forward and pull-back. We then further explain the concepts by 
expanding the notions and providing details. This is followed by a sequence of 
examples. We also give a preview of the examples of operad-like structures that are 
discussed in detail in Sect. 4. We end Sect. 3 with a discussion of the connection to 
physics and a preview of the various constructions for Feynman categories studied 
in later sections. 

Section 4 starts by introducing the category of graphs of Borisov—Manin and 
the Feynman category 6 which is a subcategory of it. We provide an analysis 
of this category, which is pertinent to the following sections as a blue print 
for generalizations and constructions. The usual zoo of operad-like structures is 
obtained from 6 by decorations and restrictions, as we explain. We also connect 
the language of Feynman categories to that of operads and operad-like structures. 
This is done in great detail for the readers familiar with these concepts. We end 
with omnibus theorems for these structures, which allow us to provide all the three 
usual ways of introducing these structures (a) via composition along graphs, (b) as 
algebras over a triple and (c) by generators and relations. 
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Decoration is actually a technical term, which is explained in Sect.5. This 
paragraph also contains a discussion of so-called non-Sigma, aka. planar versions. 
We also give the details on how to define the decorations of Sect. 4 as decorations in 
the technical sense. We then discuss how with decorations one can obtain the three 
formal geometries of Kontsevich and end the section with an outlook of further 
applications of this theory. 

The details of enrichments are studied in Sect.6. We start by motivating these 
concepts through the concrete consideration of algebras over operads. After this 
prelude, we delve into the somewhat involved definitions and constructions. The 
central ones are Feynman categories indexed enriched over another Feynman 
category, the + and hyp constructions. These are tied together in the fact that 
enrichments indexed over § are equivalent to strict symmetric monoidal functors 
with source 3”. This is the full generalization of the construction of the Feynman 
category for algebras over a given operad. Further constructions are the free 
monoidal construction ¥™ for which strict symmetric monoidal functors from § Bito 
C are equivalent to ordinary functors from . And the nc-construction §”° for which 
the strict symmetric monoidal functors from §”° to C are equivalent to lax monoidal 
functors from §. 

Universal operations, transformations and Master Equations are treated in Sect. 7. 
Examples of universal operations are the pre-Lie bracket for operads or the BV 
structure for non-connected modular operads. These are also the operations that 
appear in Master Equations. We explain that these Master Equations are equations 
which appear in the consideration of Feynman transforms. These are similar to bar- 
and cobar constructions that are treated as well. We explain that the fact that the 
universal operations appear in the Master Equation is not a coincidence, but rather 
is a reflection of the construction of the transforms. The definition of the transforms 
involves odd versions for the Feynman categories, the construction of which is also 
spelled out. 

As for algebras, the bar-cobar or the double Feynman transformation are 
expected to give resolutions. In order to make these statements precise, one needs 
a Quillen model structure. These model structures are discussed in Sect. 8 and we 
give the conditions that need to be satisfied in order for the transformations above 
to yield a cofibrant replacement. These model structures are on categories of strict 
symmetric monoidal functors from the Feynman category into a target category C. 
The conditions for C are met for simplicial sets, dg-vector spaces in characteristic 
0 and for topological spaces. The latter requires a little extra work. We also give a 
W-construction for the topological examples. 

The geometric counterpart to some of the algebraic constructions is contained 
in Sect.9. Here we show how the examples relate to various versions of moduli 
spaces and how Master Equations correspond to compactifications. 

Finally, in Sect. 10 we expound the connection of Feynman categories to Hopf 
algebras. Surprisingly, the examples considered in Sect.3 already yield Hopf 
algebras that are fundamental to number theory, topology and physics. These are 
the Hopf algebras of Goncharov, Baues and Connes—Kreimer. We give further 
generalizations and review the full theory. 


Lectures on Feynman Categories 379 
2 Warm Up and Glossary 


Here we will discuss how to think about operations and relations in terms of 
theoretical structures and their representations by looking at two examples. 


2.1 Warm Up I: Categorical Formulation for Representations 
of a Group G 


Let G the category with one object * and morphism set G. The composition of 
morphisms is given by group multiplication f o g := fg. This is associative and has 
the group identity e as a unit e = id,. 

There is more structure though. Since G is a group, we have the extra structure 
of inverses. That is every morphism in G is invertible and hence G is a groupoid. 
Recall that a category in which every morphism is invertible is called a groupoid. 


2.1.1 Representations as Functors 


A representation (p, V) of the group G is equivalent to a functor p from G to the 
category of k-vector spaces Vect;. Giving the values of the functor on the sole object 
and the morphisms provides: p(*) = V, o(g) := p(g) € Aut(V). Functoriality then 
says p(G) C Aut(V) is a subgroup and all the relations for a group representation 
hold. 


2.1.2 Categorical Formulation of Induction and Restriction 


Given a morphism f : H — G between two groups. There are the restriction and 
induction of any representation p: Res¢p and IndGp. The morphism f induces a 
functor f from H to G which sends the unique object to the unique object and 
a morphism g to f(g). In terms of functors restriction simply becomes pull-back 
St* (pe) := pof while induction becomes push-forward, f ,> or functors. These even 
form an adjoint pair. = 


2.2. Warm Up IT: Operations and Relations—Description of 
Associative Algebras 


An associative algebra in a tensor category (C, @) is usually given by the following 
data: An object A and one operation: a multiplication jz : A@A — A which satisfies 
the axiom of the associativity equation: 


(ab)c = a(bc) 


380 R.M. Kaufmann 


2.2.1 Encoding 


Think of jz as a 2-linear map. Let o; and © be substitution in the Ist respectively 
the 2nd variable. This allows us to rewrite the associativity equation as 


(uM o1 M)(a, b,c) := w(w(a, b), c) = (ab)c = a(bc) = wa, M(b, c)) := (HW o2 L)(a, b,c) 


The associativity hence becomes 


Ho f= "op (1) 


as morphisms A ® A ® A — A. The advantage of (1) is that it is independent 
of elements and of C and merely uses the fact that in multi-linear functions one 
can substitute. This allows the realization that associativity is an equation about 
iteration. 

In order to formalize this, we have to allow all possible iterations. The realization 
this description affords is that all iterations of jz resulting in an n-linear map are 
equal. On elements one usually writes a, ® --- @ dy > a, ... pn. 

In short: for an associative algebra one has one basic operation and the relation 
is that all n-fold iterates agree. 


2.2.2 Variations 


If C is symmetric, one can also consider the permutation action. Using elements the 
permutation action gives the opposite multiplication tj(a, b) = wo t(a, b) = ba. 

This give a permutation action on the iterates of jw. It is a free action and there 
are n! n-linear morphisms generated by ju and the transposition. One can also think 
of commutative algebras or unital versions. 


2.2.3. Categories and Functors 


In order to construct the data, we need to have the object A, its tensor powers and 
the multiplication map. Let 1 be the category with one object * and one morphism 
id,.. We have already seen that the functors from 1 correspond to objects of C. To get 
the tensor powers, we let N be the category whose objects are the natural numbers 
including 0 with only identity morphisms. This becomes a monoidal category with 
the tensor product given by addition m ® n = m + n. Strict monoidal functors O 
from N > C are determined by their value on 1. Say O(1) = A then O(n) = A®”. 
To model associative algebras, we need a morphisms x : 2 — 1. A monoidal 
functor O will assign a morphism w := O(7) : A@®A — A. If we look for 
the “smallest monoidal category” that has the same objects as N and contains z 
as a morphism, then this is the category sk(Surj_) of order preserving surjections 
between the sets n in their natural order. Here we think of n asn = {1,...,n}. 
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Indeed any such surjection is an iteration of wz. Alternatively, sk(Surj<) can be 
constructed from N by adjoining the morphism z to the strict monoidal category 
and modding out by the equation analogous to (1): 7° id@a =an07 @ id. 

It is easy to check that functors from sk(Surj—) to C correspond to associative 
algebras (aka. monoids) in C. From this we already gained that starting from say 
k-algebras, i.e. C = Vect, (the category of k vector spaces), we can go to any other 
monoidal category C and have algebra objects there. 


2.2.4 Variations 


The variation in which we consider the permutation operations is very important. 
In the first step, we will need to consider S, which has the same objects as N, but 
has additional isomorphisms. Namely Hom(n,n) = S, the symmetric group on n 
letters. The functors out of S one considers are strict symmetric monoidal functors 
O into symmetric monoidal categories C. Again, these are fixed by O(1) =: A, but 
now every O(n) = A®" has the S,, action of permuting the tensor factors according 
to the commutativity constraints in C. 

Adding the morphisms z to S and modding out by the commutativity equations, 
leaves the “smallest symmetric monoidal category” that contains the necessary 
structure. This is the category of all surjections sk(Surj) on the sets n. Functors 
from this category are commutative algebra objects, since 7 0 t = a if Tt is the 
transposition. 

In order to both have symmetry and not force commutativity, one formally does 
not mod out by the commutativity equations. The result is then equivalent to the 
category sk(Surjora) of ordered finite sets with surjections restricted to the sets n. 
The objects of Surjo,q are a finite set S with an order <. The bijections of S with 
itself act simply transitively on the orders by push-forward. 

The second variation is to add an identity. An identity in a k-algebra A is 
described by an element 1,4, that is a morphism 7 : k > A with n(1,) = 1,4. Coding 
this means that we will have to have one more morphism in the source category. 
Since k = 1 is the unit of the monoidal structure of Vect,, we see that we need a 
morphism u : 0 — 1. We then need to mod out by the appropriate equations, which 
are given by no; 6 = 02 = id which translate to m ou @id; = roid, @u = id,. 


2.3 Observations 


There is a graphical calculus that goes along with the example above. This is 
summarized in Fig. 1. Adding in the orders corresponds to regarding planar corollas. 

We have dealt with strict structures and actually skeletal structures in the 
examples. This is not preferable for a general theory. Just as it is preferable to work 
with all finite dimensional vector spaces in lieu of just considering the collection of 
k” with matrices as morphisms. 
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1..oon 
—_ 1 m+n-1 


"5 ~~ 5 wal Ya 9 a 


Fig. 1 Example of grafting two (planar) corollas. First graft at a leaf and then contract the edge 


2.4 Glossary: Key Concepts and Notations 


Here is a brief description of key concepts. For more information and full definitions 
see e.g. [23, 39]. 


Groupoid A category in which every morphism is an isomorphism. 

As we have seen, every group defines a groupoid. Furthermore for any category 
C, the subcategory Jso(C) which has the same objects as C but only includes the 
isomorphisms of C is a groupoid. 


Monoidal Category A category C with a functor ® : C x C —> C, associativity 
constraints and unit constraints. That is an operation on objects (X,Y) > X @ Y 
and on morphisms (@ : X > Y,wW: X’ > Y') > ¢@@wW:X@X YOY. 
Furthermore a unit object 1 with isomorphisms 1 @ X ~ X ~ X @ 1 called left and 
right unit constraints and associativity constraints, which are isomorphisms ay y.z : 
X®(Y @Z) > (X @ Y) ® Z. These have to satisfy extra conditions called the 
pentagon axiom and the triangle equation ensuring the compatibilities. In particular, 
it is the content of Mac Lane’s coherence Theorem that due to these axioms any two 
ways to iteratively rebracket and add/absorb identities to go from one expression to 
another are equal as morphisms. 

A monoidal category is called strict if the associativity and unit constraints 
are identities. Again, due to Mac Lane, every monoidal category is monoidally 
equivalent to a strict monoidal category (see below). 

An example is Vect, the category of k-vector spaces with tensor product ®@. 
Strictly speaking, the associativity constraint ay,y,w acts on elements as ay,y,w((u® 
v)@w)) = u®(v@w). The unit is k and the unit constraints arekK@U ~ U ~ U@k. 


Monoidal Functor A (lax) monoidal functor between two monoidal categories C 
and D is an ordinary functor F : C — D together with a morphisms ¢9 : Ip > 
F (4c) and a family of natural morphisms ¢ : F(X) @p F(Y) > F(X @¢ Y), which 
satisfy compatibility with associativity and the unit. A monoidal functor is called 
strict if these morphisms are identities and strong if the morphism are isomorphisms. 
If the morphisms go the other way around, the functor is called co-monoidal. 


Symmetric Monoidal Category A monoidal category C with all the structures 
above together with commutativity constraints which are isomorphisms cx y : X ® 
Y — Y @X. These have to satisfy the axioms of the symmetric group, i.e. cy.x © 
cx,y = id and the braiding for three objects. Furthermore, they are compatible with 
the associativity constraints, which is expressed by the so-called hexagon equation. 
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For Vect,, the symmetric structure cy.y is given on elements as cy.y(u @ 
v) = v @ u. We can also consider Z-graded vector spaces. In this category, the 
commutativity constraint on elements is given by cy. y(u@v) = (—1) “848 y @u 
where deg(u) is the Z-degree of u. 


Symmetric Monoidal Functors A symmetric monoidal functor is a monoidal 
functor, for which the ¢2 commute with the commutativity constraint. 


Free Monoidal Categories There are several versions of these depending on 
whether one is using strict or non-strict and symmetric versions or non-symmetric 
versions. 

Let V be a category. A free (strict/symmetric) category on V is a 
(strict/symmetric) monoidal category V® and a functor  : V > V® such that any 
functor: : V — F to a (strict/symmetric) category ¥ factors as 


“ (2) 


where 1® is a (strict/symmetric) monoidal functor. 

The free strict monoidal category is given by words in objects of V and words of 
morphisms in ‘VV. The free monoidal category is harder to describe. Its objects are 
iteratively build up from ® and the constraints, see [23], where it is also shown that: 


Proposition 2.1 There is a strict monoidal equivalence between the free monoidal 
category and the strict free monoidal category. 

This allows us some flexibility when we are interested in data given by a category 
up to equivalence. 

If one includes “symmetric” into the free monoidal category, then one (itera- 
tively) adds morphisms to the free categories that are given by the commutativity 
constraints. In the strict case, one gets commutative words, but extra morphisms 
from the commutativity constraints. As an example, regard the trivial category 1: 
1 @ strict = Nwhile 1 Ssymmerric, strict =S. 


Skeleton of a Category A skeleton sk(C) of a category C is a category that is 
equivalent to C, but only has one object in each isomorphism class. 

An example is the category of ordered finite sets FinSet and morphisms between 
them with the disjoint union as a symmetric monoidal category. A skeleton for this 
category is given by the category whose objects are natural numbers, where each 
such object n is thought of as the set n = {1,...,} and all morphisms between 
them. This category is known as the (augmented) crossed simplicial group A+S. 


Underlying Discrete Category The underlying discrete category of a category C 
is the subcategory which has the same objects as C, but retains the identity maps. It 
will be denoted by Co. For instance Sp = N. 
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Underlying Groupoid of a Category For a category C the underlying groupoid 
Iso(C) is the subcategory of C which has the same objects as C buy only retains all 
the isomorphisms in C. 


Comma Categories Recall that for two functors: : D — C and j : & > C, the 
comma category (7 | 1) is the category whose objects are triples (X, Y,@) with 
X €D,Y € Eand ¢$ € Homc(s(X),1(Y)). A morphism between such ¢ and yf is 
given by a commutative diagram. 


}(X) —+1(¥) 


I(f) | | (g) 


IG) > (7) 


with f € Homp(X,X'),g € Home(Y,Y’). We will write (1(f),1(g)) for such 
morphisms or simply (f, g). 

If a functor, say 1 : V — fF, is fixed we will just write (F | V), and given 
a category G and an object X of G, we denote the respective comma category by 
(G | X). Ie. objects are morphisms ¢ : Y — X with Y in G and morphisms are 
morphisms over X, that is morphisms Y — Y’ in G which commute with the base 
maps to X. This is sometimes also called the slice category or the category of objects 
over X. 


3 Feynman Categories 


With the examples and definitions of the warm up in mind, we give the definition 
of Feynman categories and then discuss several basic examples. The Feynman 
categories will give the operations and relations part. The concrete examples of the 
structures thus encoded are then given via functors, just like discussed above. 


3.1 Definition 
3.1.1 Data for a Feynman Category 


1. V a groupoid 
2. F asymmetric monoidal category 
3.1: V — Ff a functor. 


Let V® be the free symmetric category on V and 7® the functor in (2). 
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3.2. Feynman Category 


Definition 1 The data of triple § = (V,¥#,1) as above is called a Feynman 
category if the following conditions hold. 


i. 1® induces an equivalence of symmetric monoidal categories between V® and 
Iso(F). 
ii. 1 and 1® induce an equivalence of symmetric monoidal categories between 
(Iso(F | V))® and Iso(F | F). 
iii. For any * € V, (F J *) is essentially small. 


Condition (i) is called the isomorphisms condition, (ii) is called the hereditary 
condition and (iii) the size condition. The objects of (F | V) are called one-comma 
generators. 


3.2.1 Non-symmetric Version 


Now let (V, ¥ , 1) be as above with the exception that ¥ is only a monoidal category, 
V® the free monoidal category, and 1® is the corresponding morphism of monoidal 
groupoids. 


Definition 3.1 A non-symmetric triple ¥ = (V,#,7) as above is called a non-& 
Feynman category if 


i. 1® induces an equivalence of monoidal groupoids between V® and Iso(F). 
ii. 2 and 2® induce an equivalence of monoidal groupoids Iso(F | V)® and 
Iso(F | F). 


iii. For any object *, inV, (F | *,) is essentially small. 


3.3 Ops and Mods 


Definition 2 Fix a symmetric monoidal category C and § = (V,¥,1) a Feynman 
category. 


* F-Opsc := Fune(F,C) is defined to be the category of strong symmetric 
monoidal functors which we will call F-ops in C. An object of the category 
will be referred to as an F-op in C. 

« V-Modsc := Fun(V,C), the set of (ordinary) functors will be called V-mods 
in C with elements being called a V-mod in C. 


There is an obvious forgetful functor G : Ops > Mods given by restriction. 


Theorem 3.2 The forgetful functor G : Ops > Mods has a left adjoint F (free 
functor) and this adjunction is monadic. This means that the category of the algebras 
over the triple T = GF in C are equivalent to the category of F -Opsc. 
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Morphisms between Feynman categories are given by strong monoidal func- 
tors that preserve the structures. Natural transformations between them give 2- 
morphisms. The categories F-Opsc and F-Modsc again are symmetric monoidal 
categories, where the symmetric monoidal structure is inherited from C. E.g. the 
tensor product is pointwise, (O ® O’)(X) := O(X) @ O'(X), and the unit is the 
functor lop, : F — C. Le. the functor that assigns 1¢ € Obj(C) to any object in 
‘V, and which sends morphisms to the identity morphism. This is a strong monoidal 
functor by using the unit constraints. 


Theorem 3.3 Feynman categories form a 2-category and it has push-forwards 
and pull-backs for Ops. That is, for a morphism of Feynman categories f, both 
push-forward f, and pull-back f* are adjoint symmetric monoidal functors fx : 


F -Opsc S F'-Opsc : f*. 


3.4 Details 
3.4.1 Details on the Definition 


The conditions can be expanded and explained as follows. 


1. Since V is a groupoid, so is V®. Condition (i) on the object level says, that 
any object X of F is isomorphic to a tensor product of objects coming from V. 
X X @Wye;t(*v). On the morphisms level it says that all the isomorphisms in 
Ff basically come from ‘V via tensoring basic isomorphisms of V, the commu- 
tativity and the associativity constraints. In particular, any two decompositions 
of X into &),<;1(*») and ®),<,1(*),) there is a bijection W : J < IJ’ and an 
isomorphism 0, : 1(+*,) — 1(*y). This implies that for any X there is a unique 
length |/|, where J is any index set for a decomposition of X as above, which we 
denote by |X|. The monoidal unit 1, has length 0 as the tensor product over the 
empty index set. 

2. Condition (ii) of the definition of a Feynman category is to be understood as 
follows: An object in (F | V) is a morphism @ : X > 1(*), with * in ODj(V). 
An object in (F | V)® is then a formal tensor product of such morphisms, say 
doy : X, > 1(*y), v € J for some index set J. To such a formal tensor product, 
the induced functor assigns &),<y $v : ®, Xv» > &), *v, which is a morphisms 
in F and hence an object of (F | F). 

The functor is defined in the same fashion on morphisms. Recall that an 
isomorphism in a comma category is given by a commutative diagram, in which 
the vertical arrows are isomorphisms, the horizontal arrows being source and 
target. In our case the equivalence of the categories on the object level says that 
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any morphisms ¢ : X — X’ in F has a “commutative decomposition diagram” 
as follows 


x x 
| Qver v | 
Wrerrv tS Qe (#0) (3) 


which means that when ¢ : X — X’ and X’ ~ @),¢,1(*»v) are fixed there are 
X, €F, and gd, € Hom(X,, *y) s.t. the above diagram commutes. 
The morphisms part of the equivalence of categories means the following: 


a. For any two such decompositions &),,<, dv and &),,<, #/, there is a bijection 
y : 1 I and isomorphisms 0, : X, > X/,,,) 8-t. Py! 0@, Ov ody = @ hy, 
where Py, is the permutation corresponding to yp. 

b. These are the only isomorphisms between morphisms. 


As it is possible that X, = 1, the axiom allows to have morphisms 1 > X’, 
which are decomposable as a tensor product of morphisms 1 — 7(*,). On the 
other hand, there can be no morphisms X —> 1 for any object X with |X| > 1. If 
1 is the target, the index set J is empty and hence X ~ 1, since the tensor product 
over the empty set is the monoidal unit. 

We set the length of a morphisms to be || = |X| — |X’|. This can be positive 
or negative in general. In many interesting examples, it is, however, either non- 
positive or non-negative. 

3. The last condition is a size condition, which ensures that certain colimits over 
these comma-categories to cocomplete categories exist. 


3.4.2 Details on the Adjoint Free Functor 


The free functor F is defined as follows: Given a V-module ®, we extend © to all 
objects of F by picking a functor 7 which yields the equivalence of V® and Iso(F). 
Then, if 7(X) = ®&,e; *v, we set 


®(X) := (K) O(*,) (4) 
vel 
Now, for any X € F we set 
F(®)(X) = colimyoyxyP os (5) 


where s is the source map in fF from Homz —> Obj¢ and on the right hand side 
or (5), we mean the underlying object. These colimits exist due to condition (iii). 
For a given morphism X — Y in F, we get an induced morphism of the colimits and 
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it is straightforward that this defines a functor. This is actually nothing but the left 
Kan extension along the functor z® due to (i). What remains to be proven is that this 
functor is actually a strong symmetric monoidal functor, that is that f,(O) : F’ > C 
is strong symmetric monoidal. This can be shown by using the hereditary condition 
(ii). 

The fact that f is itself symmetric monoidal amounts to a direct check as does 
the fact that f* and f, are adjoint functors. The fact that f* is symmetric monoidal 
is clear. 


3.4.3 Details on Monadicity 


A triple aka. monad on a category is the categorification of a unital semigroup. Ie. 
a triple T on a category C is an endofunctor T : C — C together with two natural 
transformations, 7 : Ide — T, where idc is the identity functor and a multiplication 
natural transformation yz : T o T — T, which satisfy the associativity equation Zo 
Tj = oT as natural transformations T* — T, and the unit equation poTn = po 


nT = idr, where idr is the identity natural transformation of the functor T to itself. 


T 
The notation is to be read as follows: pz o Ty has the components T(T?(X)) irs 


rx TX, where jx : T?X —> TX is the component of ju. 

An algebra over such a triple is an object X of C and a morphism h : TX > X 
which satisfies the unital algebra equations. h o Th = ho py : T?X — X and 
idy =hony:X > X. 


3.4.4 Details on Morphisms, Push-Forward and Pull-Back 


A morphisms of Feynman categories (V,¥ ,1) and (V’, F’, 2’) is a pair of functors 
(v,f) where v € Fun(V,V’) and f € Fune(F,F") which commute with the 
structural maps 1,1’ and 7®,7’® in the natural fashion. For simplicity, we assume 
that this means strict commutation. In general, these should be 2-commuting, see 
[33]. Given such a morphisms the functor f* : F’-Opsc — F'-Opsc is simply 
given by precomposing O b f 0 O. 

The push-forward is defined to be the left Kan extension Lan,O. It has a similar 
formula as (5). One could also write fi for this push-forward. Thinking geometrically 
j« is more appropriate. 

We will reserve f, for the right Kan extension, which need not exist and need 
not preserve strong symmetric monoidality. However, when it does it provides an 
extension by 0 and hence a triple of adjoint functors (f+, f*, fi). This situation is 
characterized in [50] which also gives a generalization of fi and its left adjoint in 
those cases where the right Kan extension does not preserve strong symmetry. 
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3.5 Examples 
3.5.1 Tautological Example 


(V,V®, 7). Due to the universal property of the free symmetric monoidal category, 
we have Modsc ~ Opsc. 


Example If V = G, that is V only has one object, we recover the motivating 
example of group theory in the Warm Up. For a functor f : G — H we have the 
functor f® and the pair (f,f®) gives a morphism of Feynman categories. Pull-back 
becomes restriction and push-forward becomes induction under the equivalence 
Modsc ~ Opsc. 

Given any Feynman category (‘V, Ff ,7) there is always the morphism of Feynman 
categories given by 1 and1®: (V,V®, 7) > (V,F,1) and the push-forward along 
it is the free functor F. 


3.5.2. Finite Sets and Surjections: fF = Surj, V = 1 


An instructive example for the hereditary condition (ii) is the following. As above 
let Surj the category of finite sets and surjection with disjoint union LI as monoidal 
structure and let 1 the trivial category with one object * and one morphism idx. 

1® is equivalent to the category N, where we think = {1,...,n} = {1} U---U 
{1}, 1 = 1(*). This identification ensures condition (i): indeed 1° ~ Iso(Surj). 

Condition (ii) is more interesting. The objects of (F | ‘V) are the surjections 
S —» 1(*). Now consider an arbitrary morphism of Surj that is a surjection f : 
S —» T and pick an identification T ~ {1,...,}, where n = |7|. Then we can 
decompose the morphism f as follows. 

f 


S ——- T 


I ot 


Uf|—-1 

nig eG) (6) 
Notice that both conditions (a) and (b) of Sect. 3.4.1 hold for these diagrams. This is 
because the fibers of the morphisms are well defined. Condition (iii) is immediate. 
So indeed Surj = (Surj,1,1) is a Feynman category. 

1-Modsc is just Obj(C) and Surj-Ops are commutative and associative algebra 
objects or monoids in C as discussed in the Warm Up. The commutativity follows 
from the fact that if 7 is the surjection 2 — 1, as above, and 12 is the permutation of 
1 and 2 in2 = {1, 2}, which is also the commutativity constraint, then 7 0 tj. = 7. 

The functor G forgets the algebra structure and the functor F associates to every 
object X in C the symmetric tensor algebra of X in C. In general, the commutativity 
constraints define what “symmetric tensors” means. 
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The monadicity can be read as in the Warm Up. Being an algebra over GF means 
that there is one morphism for each symmetric tensor power A©” —> A, that on 
elements is given by aj © :::© a, — a)...d,. This is equivalent to defining a 
commutative algebra structure. 

The length of the morphisms is always non-negative and only isomorphisms have 
length 0. 


3.5.3. Similar Examples 


There are more examples in which ‘V is trivial and V® ~ S. 

Let ¥ = Inj the category of finite sets and injections. This is a Feynman category 
in which all the morphisms have non-positive length, with the isomorphisms being 
the only morphisms of length 0. If we regard (F | V), we see that the injection 
i: @ — 1(«) is a non-isomorphism, where @ = 1 is the monoidal unit with respect 
to LI. By basic set theory, any other injection can be written as id LI---WidWi---LWi 
followed by a permutation. This gives the decomposition for axiom (ii). The other 
two axioms are straightforward. 

Using both injections and surjections, that is f = FinSet, the category of finite 
sets and all set maps, we get the Feynman category F inSet = (1, FinSet,1). 


3.5.4 Skeletal Versions: Biased vs. Unbiased 


Notice that the skeletal versions of Feynman categories do give different ops, 
although the categories Ops are equivalent. This is sometimes distinguished by 
calling the skeletal definition biased vs. the general set definition which is called 
unbiased. This terminology is prevalent in the graph based examples, see Sects. 3.7 
and 4. 


3.5.5 FI-modules and Crossed Simplicial Groups, and Free Monoidal 
Feynman Category 


We can regard the skeletal versions of the ¥ above. For sk(/nj) the ordinary functors 
Fun(sk(Inj), C) are exactly the Fl-modules of [9]. Similarly, for AS the augmented 
crossed simplicial group, Fun(A+S,C) are augmented symmetric simplicial sets 
inc. 

In order to pass to symmetric monoidal functors, that is Ops, one can use a 
free monoidal construction F™. This associates to any Feynman category F a new 
Feynman category F™ for which F ®-Opsc is equivalent to the category of functors 
(not necessarily monoidal) Fun(¥ ,C), see Sect. 6.4. 
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3.5.6 Ordered Examples 


As in the warm up, we can consider V = 1, but look at ordered finite sets FinSetor¢ 
with morphisms being surjections/injections/all set morphisms. In this case the 
automorphisms of a set act transitively on all orders. For surjections we obtain not 
necessarily commutative algebras in C as ops. 


3.6 Units 


Adding units corresponds to adding a morphisms u : @ — 1() and the modding 
out by the unit constraint z 0 id; ® u = id;. An op O will take u to n = O(u) : 1 > 
A= O(1). 


3.7 Graph Examples 


3.7.1 Ops 


There are many examples based on graphs, which are explained in detail in the next 
Sect. 4. Here the graphs we are talking about are not objects of ¥,, but are part of the 
underlying structure of the morphisms, which is why they are called ghost graphs. 
The maps themselves are morphisms between aggregates (collections) of corollas. 
Recall that a corolla is a graph with one vertex and no edges, only tails. These 
morphisms come from an ambient category of graphs and morphisms of graphs. 
In this way, we obtain several Feynman categories by restricting the morphisms to 
those morphisms whose underlying graphs satisfy certain (hereditary) conditions. 
The Ops will then yield types of operads or operad like objects. As a preview: 


Ops Graph, i.e. underlying ghost graphs are of the form 
Operads Rooted trees 

Cyclic operads Trees 

Modular operads | Connected graphs (add genus marking) 

PROPs Directed graphs (and input output marking) 

NC modular operad Graphs (and genus marking) 

Broadhurst-Connes 1-PI graphs 

-Kreimer 


Here the last entry is a new class. There are further decorations, which yield the 
Hopf algebras appearing in [7], see [30]. 
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3.7.2 Non-& Feynman Categories: The Augmented Simplicial Category 


If we use V = 1 as before, we can see that fF = A+ yields a Feynman category. 
Now the non-symmetric V® = N and the analog of Surj and Inj will then be order- 
preserving surjections and injections. These are Joyal dual to each other and play a 
special role in the Hopf algebra considerations. 

Another non-X example comes from planar trees where ‘V are rooted planar 
corollas and all morphisms preserve the orders given in the plane. The F -Opsc are 
then non-sigma operads. Notice that a skeleton of V is given by corollas, whose in 
flags are labelled {1,...,} in their order and these have no automorphisms. 


3.7.3 Dual Notions: Co-operads, etc. 


In order to consider dual structure, such as co-operads, one simply considers 
F -Opsce. Of course one can equivalently turn around the variance in the source 
and obtain the triple: §? = (V”,F,1°?). Now V” is still a groupoid and 1:® 
still induces an equivalence, but f” will satisfy the dual of (ii). At this stage, we 
thus choose not to consider §°, but it does play a role in other constructions. 


3.8 Physics Connection 


The name Feynman category was chosen with physics in mind. ‘VV are the interaction 
vertices and the morphisms of are Feynman graphs. Usually one decorates these 
graphs by fields. 

In this setup, the categories (F | *) are the channels in the S matrix. The external 
lines are given by the target of the morphism. The comma/slice category over a given 
target is then a categorical version of the S-matrix. 

The functors O € ¥-Opsc are then the correlation functions. The constructions 
of the Hopf algebras agrees with these identifications and leads to further questions 
about identifications of various techniques in quantum field theory to this setup and 
vice-versa. What corresponds to algebras and plus construction, functors? Possible 
answers could be accessible via Rota—Baxter equations and primitive elements [25]. 


3.9 Constructions for Feynman Categories 
There are several constructions which will be briefly discussed below. 


1. Decoration F409: this allows to define non-Sigma and dihedral versions. It also 
yields all graph decorations needed for the zoo; see Sect. 5. 
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2. + construction and its quotient §”?: This is used for twisted modular operad and 
twisted versions of any of the previous structures; see Sect. 6. 

3. The free constructions §™, for which $4%-Opsc = Fun(¥ ,C), see Sect. 6. Used 
for the simplicial category, crossed simplicial groups and Fl-algebras. 

4. The non-connected construction §”°, whose F"°-Ops are equivalent to lax 

monoidal functors of ¥, see Sect. 6. 

. The Feynman category of universal operations on §-Ops ; see Sect. 7. 

6. Cobar/bar, Feynman transforms in analogy to algebras and (modular) operads; 
see Sect. 7. 

7. W-construction, which gives a topological cofibrant replacement; see Sect. 8. 

8. Bi- and Hopf algebras from Feynman categories; see Sect. 10. 


Nn 


4 Graph Based Examples: Operads and All of the Zoo 


In this section, we consider graph based examples of Feynman categories. These 
include operads, cyclic operads, modular operads, PROPs, properads, their wheeled 
and colored versions, operads with multiplication, operads with Ago multiplications, 
etc., see Table 1. They all come from a standard example of a Feynman category 
called 6 via decorations and restrictions [30, 33]. The category 6 is a subcategory 
of the category of graphs of Borisov—Manin [6] and decoration is a technical term 
explained in Sect. 5.4. 


Caveat Although 6 is obtained from a category whose objects are graphs, the 
objects of the Feynman category are rather boring graphs; they have no edges or 
loops. The usual graphs that one is used to in operad theory appear as underlying 
(or ghost) graphs of morphisms defined in [33]. These two levels should not be 
confused and differentiate our treatment from that of [6]. 


4.1 The Borisov—Manin Category of Graphs 


We start out with a brief recollection of the category of graphs given in [6] 


1. A graph I is a tuple (Fr, Vr, 0r,ir) of flags Fr, vertices Vr, an incidence 
relation dr : F — V and an involution: : F. C ‘ ie = id which exhibits that 
either two flags, aka. half-edges are glued to an edge in the case of an orbit of 
order 2, or a flag is an unpaired half-edge, aka. a tail if its orbit is of order one. 

2. A graph morphism ¢ : T > I’ is a triple (¢y, 6”, 14), where py : Vr > Vr is 
a surjection on vertices, 6” : Fry > Fr is an injection and ig: Fr \ o" (Fr)? 
is a self-pairing (1? = id and there are no orbits of order 1). This pairs together 
flags that “disappeared” from Ff to ghost edges. 
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Table 1 List of Feynman categories with conditions and decorations on the graphs, yielding the 
zoo of examples 


a Feynman category for Condition on ghost graphs I, and additional decoration 


Oo (Pseudo)-operads Rooted trees 

Omay | May operads Rooted trees with levels 
O—= | Non-Sigma operads Planar rooted trees 

Omur | Operads with mult. B/w rooted trees 

¢c Cyclic operads Trees 

¢—= | Non-Sigma cyclic operads Planar trees 

S Graphs 

gt Connected graphs 

pus Connected + genus marking 


am Genus marking 
D Dioperads Connected directed graphs w/o directed 
pe | loops or parallel edges 
xp Directed graphs w/o directed loops 
sp" | Properads Connected directed graphs 
a w/o directed loops 
1) Directed graphs w/o parallel edges 
pond Connected directed graphs 


pO Wheeled props Directed graphs 
Sip, | 1-Pl algebras 1-PI connected graphs 


3. These morphisms have to satisfy obvious compatibilities, see [6] or [33]. One of 
these is preservation of incidence dy 0 dp 0 f"(f’) = dr(f’) and ghost edges 
are indeed contracted ¢y (Or (f)) = dvdr (ig (f)). 


We will call an edge {f,7(f) 4 f} with two vertices (0(f) # d(z(f)) a simple 
edge and an edge with one vertex (0(f) = 0(i(f)) a simple loop. 

As objects, the corollas are of special interest. We will write +5 = (S,{*},0: 
S —» {x},id) for the corolla with vertex « and flags S. This also explains our 
notation for elements of V in general. 

An essential new definition [33] is that of a ghost graph of a morphism. 


Definition 4.1 The ghost graph (or underlying graph) of a morphisms ¢ = 
(pv, ¢",1g) is the graph [(¢) = (Vr, Fr, iy), where 7y is the extension of 1g to 
all of Fr by the identity on Fr \ 6" ( Fr’). 


Example 4.2 Typical examples are isomorphisms—which only change the names 
of the labels—forming of new edges, contraction of edges and mergers. The latter 
are morphisms which identify vertices. These identifications are kept track of by ¢y. 
Composing the forming of a new edge and then subsequently contracting it, makes 
the two flags that form the edge “disappear” in the resulting graph. This is what 1g 
keeps track of. The “disappeared” flags form a ghost edge and this is the only way 
that flags may “disappear”. The ghost graph says that the morphism factors through 
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Fig. 2 A composition of morphisms and the respective ghost graphs. The first morphism glues 
two flags to an edge, the second contracts an edge. The result is a morphism in Agg 


a sequence of edge formations and subsequent contractions, namely those edges in 
the ghost graph, see Fig. 2. 


Remark 4.3 As can be seen from these examples: The ghost graph does not 
determine the morphism. All the information about isomorphisms and almost all 
information about mergers is forgotten when passing from a morphism to the 
underlying graph. 

What the ghost graph does, however, is keep track of are edge/loop contractions 
and this can be used to restrict morphisms. Further information is provided by the 
connectivity of the ghost graph, especially when mapping to a corolla. In this case, 
we see that mergers have non-connected ghost graphs. Likewise, if we know that 
there are no mergers, then each component of the ghost graph corresponds to a 
vertex v € Vp’. 


4.1.1 Composition of Ghost Graphs Corresponds to Insertion of Graphs 
into Vertices 


The operation of inserting a graph [ , into a vertex v of a graph [ 1, is well defined 
for a given identification of the tails of I, with the flags F’, incident to v. The 
result is the graph I, o, 1; whose vertex set is V = Vr, \ {v} LI Vr,, the flags 
F = F,, U Fr, \ tails(Ty) with 1 given by the disjoint union and 0 given by the 
disjoint union and the identification of F, with the tails of [;. 

Consider two composable morphisms and their composition: 
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go 


Now let I; be the associated graphs of ¢;, i = 0,1,2. Decomposing, Y = 
Ll,evy,*y, and decomposing ¢2 as Ll,ey¢y one can calculate [33] that Io is given by 
inserting each of the [ , into the vertices v of Ig, = V, which we write as ,0 , 014. 


T (po) = V(p2) oT (i) (7) 


where the identification for the composition is given by $5. 


4.1.2 Symmetric Monoidal Structure 


The category of graphs has a symmetric monoidal structure given by disjoint union. 
The unit is the empty graph (0,9, idg,idg) where idg : 9 — @ is the unique 
morphism from the empty set to itself. 


4.2. The Feynman Category © = (Crl, Agg, 1) 


Let Cri be the subgroupoid of corollas with isomorphisms and Agg. Agg the full 
subcategory whose objects are aggregates of corollas. An aggregate of corollas is a 
graph without any edges 7p = id. Any aggregate of corollas is a (possibly empty) 
disjoint union of corollas and vice-versa. Including corollas into the aggregates as 
one vertex aggregates gives an inclusion? : Crl > Agg. 


Proposition 4.4 6 = (Crl, Agg,1) is a Feynman category. 
In this example the one-comma generators (F | V) are morphisms from an 
aggregate to a simple corolla *, 


Proof Looking at the definition of morphisms it follows that Cri® ~ Iso(Agg). 
Condition (iii) is clear. For condition (ii) let @ : T — I’. We will write any such 
morphism this as a disjoint union of one-comma generators. 

For v € Vy define I’, to be the restriction of I to the vertices mapping to v. 
That is Ty = (Vrv = $7! (0), Fr = Or (Vrw), Ory = id). We let dy : Ty > 
up, be the restriction of @, where vf, is the corolla with vertex v and its incident 
flags F, = Opry): T = (@ylvp, Ol, 1|Fry\(6")—!(F,))» It then follows that T = 
Heys, T,,l’ = Uyev,, ur, and d = Uvev,, dv. This yields the decomposition. It is 
easy to check conditions (a) and (b). 

Notice that forming an edge or a loop is not a morphism in Agg. However the 
composition of the two morphisms, forming an edge or a loop and then subsequently 
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contracting it is a morphism in Agg, see Fig. 2. One could call this a virtual or ghost 
edge contractions. For simplicity we will call these simply edge or loop contractions. 


4.2.1 Morphisms in Agg 


1. Simple edge contraction. " is the identity and the complement of the image ¢” 
is given by two flags s, t, which form a unique ghost edge. The two flags are not 
adjacent to the same vertex and these two vertices are identified by ¢y. The ghost 
graph is obtained from the source aggregate by adding the edge {s, t}. We will 
denote this by ,o,;. 

2. Simple loop contraction. As above, but the two flags of the ghost edge are 
adjacent to the same vertex. That is both dy and ¢* are identities. This is called 
a simple loop contraction. We will denote this by 9,;. 

3. Simple merger. This is a merger in which ¢y only identifies two vertices v and 
w. @* is an isomorphism. Its degree is 0 and the weight is 1. The ghost graph is 
simply the source graph. We will denote this by ,4,. 

4. Isomorphism. This is a relabelling preserving the incidence conditions. Here ¢y 
and @ are bijections. The ghost graph is the original graph. 


Typical examples of such morphisms are shown in Fig. 3. 

Actually any morphism is a composition of such morphisms [33]. The relations 
between these types of morphisms are spelled out below. In order to make things 
canonical, we will call a morphism pure ¢ : T — I’, if ¢” = id when restricted 
to its image, and the vertices of I’ are the fibers of @y, that is dy(v) = {w € 
Vr |év(w) = dy(v)}. With this terminology any morphism decomposes as 


g=00dm? be (8) 


were ¢, is a pure contraction, @,, is a pure merger, and o is an isomorphism. 


Fig. 3. The three basic morphisms in 6: an edge contraction (top), a loop contraction (left), and a 
merger (right). In the morphism, we give the ghost graph and label it by the standard notation. The 
shaded region is for illustration only, to indicate the merger 
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4.2.2 Ghost Graphs for Agg 


In the case of morphism in Agg, we can say more about the morphisms that have a 
fixed underlying ghost graph. First, the source of a morphism ¢ has the same vertices 
and flags as its ghost graph [ (¢) and is hence completely determined. If the ghost 
graph is connected, then up to isomorphism the target is the vertex obtained from I 
by contracting all edges. If I (#) is not connected, one needs the information of ¢y 
to obtain the target up to isomorphism. This is due to possible vertex mergers that 
are not recorded by the connected components of I. This information is encoded in 
adecomposition! = U,eyl,. Thel, = I (¢,) are the ghost graphs of one-comma 
generators of the decomposition ¢ = L,dy,. 

Stated in another fashion: in the decomposition (8), I (@) fixes ¢,, the decompo- 
sition | (¢?) = U, 1 , fixes dp. 


4.2.3 Relations 
All relations among morphisms in 6 are homogeneous in both weight and degree. 


We will not go into the details here, since they follow directly from the description 
in the appendix of [33]. There are the following types. 


1. Isomorphisms. Isomorphisms commute with any ¢ in the following sense. For 
any ¢ and any isomorphism o there are unique ¢’ and o’ with T(¢ oa) = [(¢’) 
such that 

poo=a'og! (9) 

2. Simple edge/loop contractions. All edge contractions commute in the following 
sense: If two edges do not form a cycle, then the simple edge contractions 
commute on the nose 


sO sf Of = sf Op 5Oz (10) 


The same is true if one is a simple loop contraction and the other a simple edge 
contraction: 


ssl! = Ost! sOr (11) 
If there are two edges forming a cycle, this means that 
ssl! = sO Ost (12) 


This is pictorially represented in Fig. 4. 
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Fig. 4 Squares representing commuting edge contractions and commuting mergers. The ghost 
graphs are shown. The shaded region is for illustrative purposes only, to indicate the merger 


3. Simple mergers. Mergers commute amongst themselves 


(13) 


v! wv! vw = ul w! vk w 


If {0(s), 0(t)} 4 {v, w} then 


(14) 


sr ul w—_ ul w sts Ost yl w—_ vl wost 


If 0(s) = v and 0(t) = w then for a simple edge contraction, we have the 
following relation 


sr = Ost yA (15) 


This is pictorially represented in Fig. 5. 


ned 


Fig. 5 A triangle representing commutation between edge contraction and a merger followed by a 
loop contraction. The ghost graphs are shown. The shaded region is for illustrative purposes only, 
to indicate the merger 
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4.3 Examples Based on ©: Morphisms Have Underlying 
Graphs 


We are now ready to present the zoo of operad-like structures in a structured way 
using the Feynman category 6. The different Feynman categories will be obtained 
by decoration and restriction. Restriction often involves the underlying ghost 
graphs—to be precise, the underlying ghost graphs of the one-comma generators. 
What one needs to check is that any such restriction is stable under composition 
and the decorations compose, whence the term hereditary. For this it suffices to 
check compositions X — Y — (+). In other words, verify that LI, I, oT satisfies 
a given restriction whenever I and the [ , are composable ghost graphs of one- 
comma generators satisfying this restriction. Likewise, one also has to define how 
the decorations compose and check that this gives an associative composition. The 
usual way is to induce the decoration on L,I, o [ whenever the decorations on 
{ and the I, are given. This can be done in the following cases (Table 1) in a 
straightforward fashion, see [33] for details. For readers unfamiliar with some of 
these structures, the table may serve as a definition. We will discuss decorations, 
such as roots or directions in a more general fashion in Sect. 5. For instance all these 
examples have colored versions by decorating the flags with colors. 

We will say that ¥ is a Feynman category for a structure X if fF -Opsc are the 
X-structures in C. E.g. 9 is the Feynman category for operads means that D-Opse 
is the category of operads in C. 

New examples can also be constructed in this fashion. The first is the 1-PI (one 
particle irreducible) condition. A graph is IPI if it is connected furthermore even 
after remains connected after cutting any one edge the graph. There are more new 
examples of this type coming from quantum field theory and number theory, like 
the ones used in [7], see [14]. 


4.3.1 Push-Forwards and Pull-Backs: Non-connected Versions 


There are obvious inclusion maps and forgetful maps between these categories. E.g. 
€ — IM, which assigns g = 0 to each vertex. Here pull-back is the restriction and 
push-forward is the modular envelope. Looking at 0 — ‘f, the root being “‘out”, the 
push-forward is the PROP generated by and operad and the restriction is the operad 
contained in a PROP. An examples that has been described by hand [28] is the PROP 
obtained from a modular operad. For this there is the morphism $B — St, which 
forgets the directions and adds genus 0 to the vertices. Another is the inclusion 
sot —> yt” which under push-forward gives the non-connected versions used for 
moduli spaces in [21, 35, 47]. 

Analogously there is an inclusion § — §”° for any of the candidates ¥ with 
connected graphs, where ”° allows non-connected graphs of the same type. Even 
more generally for and § there is such a non-connected version §"° whose category 
Ops is equivalent to lax monoidal functors from ¥, see Sect. 6.5. 
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4.4 Details 


4.4.1 Operad-Lingo and Notation: Composition Along Graphs, Self 
Gluing, Non-self Gluing and Horizontal Composition 


Let us unravel the data involved in an O € ¥-Ops. Given a one-comma generator 
go: X = Lj*s, > *r we get a morphisms O(¢) : O(X) = &); O(*s,) > O(#r). 
Here X = s(@) is also the set of vertices of I (f). If 6 = ¢, it is completely 
determined by its ghost graph and for pure contractions to corollas, which have 
connected ghost graphs, we can set O(I (¢)) := O(@). This yields usual operad- 
like notations as follows. Define O(S) := O(«s). Then one can use the abbreviated 
notation 


OL) = OF) : RB OS) > O(7) 


for the composition “along any connected graph I”. 

For a simple edge contraction 0; : *s5 @ *r > *(s\syL(r\y We get the standard 
non-self gluing pseudo operad compositions O(S) ® O(T) > (S\s) U (7 \ 4, 
which is often denoted by ,0; as well. In a similar manner, one obtains the May 
operations y for a rooted tree whose internal edges are all incident to the root. A 
simple loop contraction 0,7 : *5 — *5\{s,s} becomes the self gluing operation 
O(S) + O(S \ {s, s’}); again by abuse of notation simply denoted 0, ¥. 

If A: xs Ll «7 — *sr7 is a simple merger then in the usual PROP notation this 
becomes the horizontal composition O(S) ® O(T) — O(S LIT) usually also denoted 
by B. 

Finally there are the isomorphisms. These are already incorporated into the V- 
Mods structure and not mentioned as structure operations in the operad-lingo. They 
are pushed into the underlying notion of S-module, or V-Mods in general, on which 
operads are built. Thus by using (8) we can write any O(@) in the usual operad-lingo. 
The downside is that we have to make this decomposition first. 


4.4.2 Biased and Unbiased Versions 


Sending S —> *s provides an equivalence from F¥ inSet to Cri. We see that a skeleton 
of Cri is given by S. Choosing V = S, the V-Mods become S-modules. Here 
usually one identifies n with {0,1,...,} with 0 indexing the root if there is one 
present. 

If we fix Iso(F) = V® with V = S, we obtain the biased notions of operads, 
etc., that is objects O(n) with extra operations. Using V = FinSet, we get O(S) 
with extra operations indexed by flags. 

If there is an extra decoration, then this is part of V and the set of vertices 
becomes bigger. An example is the genus marking in the modular operad case, so 
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that we get O(n, g) or O(n, m) for Props, where n are the incoming flags and m are 
the outgoing flags in the biased version and O(S, g) and O(S, T) in the unbiased one. 

For instance, in the directed case a typical element of V is *s7 where S are the 
in-flags and T are the out flags. Hence one obtains O(S, T) as for PROPs. Similarly 
if there is a genus marking a typical element is *s, and hence in operad-lingo, we 
get O(S, g). 


Variations If one is dealing with roots, often one uses the sets ny = {0,...,n} 
with the 0 being the label of the root. An isomorphism must fix the roots, so that 
Aut(*y, 7) = §S,. For operads, we then have the translation 0; := ;09. In cyclic and 
modular operads, one commonly writes O((n)) for O((n — 1)+) when using cyclic 
or modular operads, but does not insist that the maps are pointed, i.e. that the label 
0 is preserved, so that Aut((n)) = Sy. 


4.4.3 A Special Case: PROP(erad)s vs. Di-operads and Wheeled Versions 


PROPs and properads are a special case. Here the generators are not only the single 
edge contraction, but all multiparallel edge contractions. In the graphs, parallel 
edges in the same direction are allowed. These cannot be factored into single edge 
constructions, so that there are generators ee which simultaneously contract k 
ghost edges of (necessarily) the same orientation between v and w. 

Allowing only the single edge contractions, one arrives at di-operads. Allowing 
wheels also allows to factor a multi-edge contraction and a single edge contraction 


followed by single loop contractions. 


4.4.4 Identities, Multiplications, etc. as Morphisms and Decorations 


We will briefly describe how to incorporate these operations. Say, we want to add a 
“unit” as to get the Feynman category for unital operads. Recall that for and operad 
O a unit is an element 9 : 1¢ — O(1) which satisfies uo} a=a=aoju. 

Since I¢ = O(17), we adjoint a morphisms u : @ — *1, to the Feynman 
category for operads D with source the empty graph. This can be graphically noted 
by putting a uw on a binary vertex of a ghost tree, whenever we want to use the 
morphism u, as illustrated in Fig. 6. This does not yet constitute putting in a unit, 
but rather asking for the data of an element in O(1). This is actually what is needed in 
the case of the Hopf algebra of Connes and Kreimer [14], see also Sect. 10. In order 
to get a unit, we have to quotient by the relation given above. The simplest graphical 


Fig. 6 Graphically adding a 
morphism as marked binary ui io (u) 
vertex of the ghost graph f empty 


a 
graph 
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way to do this is to remove all the vertices u from the graph. Technically this is given 
by an equivalence relation. If one does this, one can create a new “degenerate graph” 
consisting of a lone flag, which represents any tree whose vertices are all marked by 
u. This explains the notation of e.g. [41]. 

In this fashion, one sees that one gets an isomorphism of Feynman categories 
between the Feynman category for unital May operads and that for unital operads, 
see [33] for details. 

Similarly, for multiplications one needs an extra morphism yu : 1c — O(2). 
Consequently, one adjoins a morphism 8 — *2,. In the graphical version, the 
(ghost) graphs will now have a possible decoration on 3-valent vertices by jz. This 
just gives a multiplication, one can then quotient out by the associativity equation. 
This amounts to graphs with black and white vertices, where black indicates an 
iteration of . Here associativity induces an equivalence relation, which allows to 
contract all edges of any subtree of vertices marked solely by jz. A similar procedure 
adds the 2, for Agg multiplications as black vertices of arity n, see e.g. [26, 32, 33]. 

Furthermore all these kinds of extra morphisms can be collected and turned into 
a decoration in the technical sense. This is detailed in [33]. 


4.5. Omnibus Theorems 


For any of these, we have a general triple of graphs T = GF. We immediately 
obtain a general theorem for all of the zoo and all new species of this kind; see 
also, Sect.5. These give the usual three ways of describing these objects (a) via 
composition along graphs, (b) as algebras over a triple or (c) via generators and 
relations for the morphisms. 


Theorem 4.5 The biased and unbiased Opsc are equivalent. Moreover the F -Opsc 
are equivalent to algebras over the relevant triple of graphs. 

Notice the usual triples of graph, see e.g. [43], match up exactly with the triples 
above, when one considers the ghost graphs and their composition. Moreover, the 
whole semi-simplicial structure of iterating the endofunctors, cf. [19, 43], coincides 
as demonstrated in [33]. 


Theorem 4.6 Generators and relations description. All the examples have a gener- 
ator and relations description. The generators always contain the isomorphisms, the 
edge contractions s0,. If non-connected graphs are allowed, the morphisms include 
the mergers Fy and if loops are allowed, then they contain the loop contractions. 
In the presence of decorations, these are restricted to respect the decorations (cf. 
Sect. 5). The relations are the ones given above. 

If one adds additional morphisms with relations, these are be included in the list. 
This can be formalized using Feynman categories indexed over another Feynman 
category, see [33]. 
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Example For instance, when adding units, the morphism u is a generator and the 
relations with wu are the unit relations. This way, one can, for example, get the 
Feynman category for unital cyclic operads in all three definitions. 


Remark 4.7 In the PROP(erad) case, which is special, the generators are not only 
the simple edge contraction, but multi-edge contractions, see Sect. 4.4.3. 


5 Decorating Feynman Categories §eco 


Decorations can be made into a technical definition. The details for this section 
are in [30]. The basic idea is that one can decorate a Feynman category by using 
elements of F-Ops. The reason this works is that in order to define a composition, 
one has to give a composition for the decorations, but this is precisely the data of an 
O © F-Ops. These decorations actually decorate the elements of V. In the graph 
example above, this means that one can decorate vertices and flags. 


5.1 Main Theorems 


The main constructive theorem is the following. 


Theorem 5.1 Given an O € £F-Ops, then there is a Feynman category 
Faeco which is indexed over F. It objects are pairs (X,dec € O(X)) and 
HOMF jog ((X, dec), (X’, dec’)) is the set of p : X > X', s.t. O(p) : dec > dec’. 


Remark 5.2. This theorem also works in the enriched setting, where one considers 
enrichment over C, confer Sect. 6. This construction works directly for Cartesian C, 
and with modifications it also works for the non-Cartesian case. 


Example 5.3 All planar structures: Non-sigma operads, cyclic non-Sigma operads, 
non-Sigma modular operads. Here O is Assoc, CycAssoc, ModCycAssoc. These 
are actually all obtained by functoriality, see below. This recovers e.g. that the 
modular envelope of CycAssoc factors through non-Sigma modular operads [42]. 


Theorem 5.4 (Functoriality in § and O) Given a morphism of Feynman cate- 
gories f : § — 3 and a morphisms o : O — P. There are commutative squares 
which are natural in O 


£2 J Odec 
v. deco >" Wie fx(O) S. decO —————- SdecP 


oe eee 
f a4 


J / dec I 
.———— 5 Siasccfe(O) SaccfeP) (16) 


———— 
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On the categories of monoidal functors to C, we get the induced diagram of adjoint 
functors. 


fe 
——> 
F decO -Op. S ae cf (O) -Ops 


{0% 
tr ( } se forget'* ( ) ret 
Se 


F -Ops F'-Ops 
i (17) 


5.2. Terminal Objects and Minimal Extensions 


Theorem 5.5 [fT is a terminal object for F -Ops and forget : Faeco > F is the 
forgetful functor, then forget* (J) is a terminal object for Faeco-Ops. We have that 
forget.forget* (JT) = O. 


Definition 5.6 We call a morphism of Feynman categories i : § > WF a 
minimal extension over C if §-Opsc has a terminal/trivial functor J and ix7 is 
a terminal/trivial functor in ¥’-Opsc. 


Example 5.7 There are two examples that appear naturally. The first is CyeCom and 
ModCycCom for € — SN and the second is the decorated version forget* (CycAssoc) 
and i? (forget* (CycAssoc)). 


Proposition 5.8 [ff : § — 3 is a minimal extension over C, then rag : Kaeco > 
34 cfe(O) #8 4S well. This condition has more recently been further analyzed and has 
been identified as part of a factorization system in [4]. 


5.3 Example 


5.3.1. Markl’s Non- 2 Modular (See Also [31]) 


jCvcAssoc 
aap>) ay 
F dec CycAssoc = € —— > Mae ix (CycAssoc) = mM 


forget | | forget 


c : > (18) 


1. The commutative square exists simply by Theorem 5.4. 
2. On the left side, if «c is final for € and hence forger* (*c) = *¢ is final for €~~. 
The pushforward forget, (*.) = CycAssoc. 
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3. On the right side, if *, is final for 9 and hence forget* (*y) = *,y is final for 
gm-™. The pushforward forgets (*,,) = ModAssoc. 

4. The inclusion i is a minimal extension. This is a fact explained by basic topology. 
Namely gluing together polygons in their orientation by gluing edges pairwise 
yields all closed oriented surfaces, see e.g. [46]. 

5. Hence i©“*°°° is also a minimal extension. which explains why indeed the 
pushforward of the terminal op is up to that point still terminal. It also reflects 
the fact that not gluing all edges pairwise, but preserving orientation, does yield 
all surfaces with boundary. 


5.4 Examples on © with Extra Decorations, Non-sigma, 
Colored Versions, etc. 


We now give the details on how to understand the decorations in Sect.4 as 
decorations in the technical sense. Decoration and restriction allows to generate the 
whole zoo and even new species. Examples of the needed decorations are listed in 
Table 2. 


5.4.1 Flag Labelling, Colors, Direction and Roots as a Decoration 


Recall that *s is the one vertex graph with flags labelled by S and these are the 
objects of V = Crl for &. For any set X introduce the following 6-op: X(*s) = X°. 
The compositions are simply given by restricting to the target flags. 

If the decoration is by d : Fr — X then d(f) = d(ig(f)). Then a natural 


subcategory Mee Of Gaecx is given by the wide subcategory, whose morphisms 


Table 2 List of decorated Feynman categories with decorating O and possible restriction 


BdecO Feynman category for Decorating O Restriction 
gar Directed version Z/2Z set Edges contain one input 
and one output flag 
reeled Root Z/2Z set Vertices have one output flag 
hes Genus marked N 
wo—eol Colored version c Set Edges contain flags 
of same color 
oO Non-sigma-operads Assoc 
e> Non-Sigma-cyclic operads CycAssoc 
m= Non-sigma-modular ModAssoc 
edihed Dihedral Dihed 
sypdined Dihedral modular ModDihed 


& stands for an example based on 6G in the list or more generally indexed over 6 (see [33]) 
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additionally satisfy that only flags marked by elements x and x are glued and then 
contracted; viz zy only pairs flags of marked x with edges marked by x. That is the 
underlying ghost graph has edges whose two flags are labelled accordingly. In the 
notation of graphs: X(f) = i¢(f). 

If X is pointed by xo, there is the subcategory of Gge-x whose objects are those 
generated by *s with exactly one flag labelled by x9 and where the restriction on 
graphs is that for the underlying graph additionally, each edge has one flag labelled 
by Xo. 

Now if X = Z/2Z = {0, 1} with the involution 0 = 1, we can call 0 “out” and 1 
“in”. As aresult, we obtain the category of directed graphs 64¢-z/2z. Furthermore, if 
0 is the distinguished element, we get the rooted version. This explains the relevant 
examples Table 2. 

More generally, in quantum field theory the involution sends a field to its anti- 
field and this is what decorates the lines or propagators in a Feynman graph. 


5.4.2 Genus Decoration 


Let N be the 6-op which on objects of V has constant value the natural numbers 
N(*s) = No. On morphisms N is defined to behave like the genus marking. That 
is for @ : X — xs, we define N(d) : N(X) = No*! > No = N(xs) as 


° » +y(o) = : 
the concatenation No/*! 3 No tas No where y(@¢) equals one minus the Euler 


characteristic of the graph underlying @. If this graph is connected this is just first 
Betti number also sometimes called the genus. This coincides with the description in 
[33, Appendix A]. Hence, if ¥ is a subcategory of 6, then the genus marked version 
is just §gecn. Examples are listed in Table 2. 


5.4.3. Assoc-Decorated, aka. Non-Sigma, aka. Non-planar 


Likewise, we can regard the cyclic associative operad, CycAssoc. The pull back 
of CycAssoc under forget : 9 — € is the associative operad Assoc. Now 
DuecAssoe = O™ is the Feynman category for non-Sigma operads. Indeed, the 
elements of Assoc(*;) are the linear orders on S, which means that we are dealing 
with planar corollas as objects. Likewise, for the morphisms the condition that 
(ax) = ay means that the trees are also planar. The story for cyclic operads is 
similar CaecCycAssoc = co. 

Things are more interesting in the modular case. In this case, we have 
ModAssoc := ix(CycAssoc) as a possible decoration and we get the decorated 
Feynman category Me™ := Mee ModAssoc-- Indeed using this decoration, we recover 
the definition of [42] of non-sigma modular operads, which is the special case of 
a brane-labelled c/o system, with trivial closed part and only one brane color [31, 
Appendix A.6]; see also [34], the appendix of [29] and [42] for details about the 
correspondence between stable or almost ribbon graphs and surfaces. 
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Here we can understand these constructions in a more general framework. First, 
the diagram considered in [42] is exactly a diagram of Theorem 5.4. Then the 
fact that the non-Sigma modular envelope of CycAssoc is terminal is obvious from 
Theorem 5.5 and Proposition 5.8. The key observations are that the terminal object 
of €~* pushed forward is indeed CycAssoc and that ModAssoc is the pushforward 
of the terminal object of I~. Notice CycAssoc is not a modular operad, so it is 
not a valid decoration for 50. This is reflected in the treatments of [31, 42]. We see 
that we do get a planar aka. non-Sigma version by pushing forward Assoc. 


5.5 Kontsevich’s Three Geometries 


In this framework, one can also understand Kontsevich’s three geometries [37] as 
follows. 


5.5.1 Com, or Trivially Decorated 


The operad CycCom, the operad for cyclic commutative algebras, is the termi- 
nal/trivial object in €-Ops. Thus by Theorem 5.5, we have that Dgeccom = 0. The 
analogous statement holds for €. Indeed, there is a forgetful functor 9 — € and the 
pull-back of CycCom is Com and hence €geccyecom = €. Finally using the inclusion 
i: € — St means that the modular envelope i, (Com) is a modular operad. Tracing 
around the trivially decorated diagram, we see that this is again a terminal/trivial 
operad. Indeed this is the content of Proposition 5.8. 


5.5.2 Lie, etc. or Graph Complexes 


For this we actually need the enriched version. 

One of the most interesting generalizations is that of Lie or in general of 
Kontsevich graph complexes. Here notice that Assoc,Com and Lie are all three 
cyclic operads, so that they all can be used to decorate the Feynman category for 
cyclic operads. For Lie it is important that we can also work over k-Vect. Thus, 
answering a question of Willwacher (Private communication), indeed there is a 
Feynman category for the Lie case. 

To go to the case of graph complexes, one needs to first shift to the odd situation 
and then take colimits as described in detail in [33], see especially section 6.9 of 
loc. cit. 
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5.6 Further Applications 


Further forthcoming applications will be 


1. Infinity versions of the Assoc, Com and Lie and their transformations. 

2. New decorated interpretation of moduli space operations generalizing those of 
[27, 28]. 

. The new Stolz—Teichner—Dwyer setup for twisted field theories. 

. Kontsevich’s graph complexes. 

5. Actions of the Grothendieck—Teichmiiller group. 


RW 


6 Enrichment, Algebras, Odd Versions and Further 
Constructions 


6.1 Enriched Versions, Plus Construction, and Algebras over 
$-Ops: Overview and Examples 


There are several reasons why one would like to consider enriched versions of 
Feynman categories. They are necessary to define the transforms and resolutions. 
Here it is necessary to introduce signs or anti-commuting morphisms. They are 
also natural from an algebra over operads point of view. We will start with this 
construction. 


6.1.1 The Feynman Category for an Algebra over an Operad 


Recall that an algebra over an operad O in C is an object A and a morphism of 
operads p : O — End(A). For this to make sense, one assumes that C is closed 
monoidal. Then G&nd(A)(n) = Hom(A®", A). One can simply think of C = Vect or 
Set. Substitutions then give the operad structure. 


Algebras as Natural Transformations Generally, given a reference target §-op 
&, then for another O € F-Opsc we define an O-algebra relative to & as a natural 
transformation of functors p : O > 6. 

Indeed, for instance in the operad case with & = End, we obtain p(n) : O(n) > 
Hom(A®", A) which commute with compositions. 


Algebras over Operads as Functors We will start with the operad case. Given a 
May operad O, we will construct a Feynman category ¥o whose ops are algebras 
over O. The data we have to encode are A € C and p(n) : O(n) > Hom(A®", A). 
Now if we take Vo = 1 and Iso(fo) = S, then we see that a strict symmetric 
monoidal functor p : S > C will send n to A®” and the o € Aut(n) = S,, to the 
permutations of the factors of A®”. 
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We now add more morphisms. A morphisms from @ : n — 1 will be sent 
to a morphism p(¢) : Hom(A®", A). Thus, we set the one-comma generators as 
O(n) =: Homg,(n, 1). This fixes data of the p(n) is and vice-versa. Notice that 
when adding in these morphisms, O(n) is—and has to be—an S,,-module to fix the 
pre-composition with the isomorphisms Aut(n). 

Here we assume that we can also work with enriched categories. In particular, 
we need to be enriched over C if O is an operad in C, see details below. 

With these one-comma generators, due to condition (ii), we get that 
which we assume to exist. There is more data. In order to compose Hom¢,(m, 1) ® 
Homg,(n,m) > Hom¢,(n, 1), we need morphisms 


Yiniwuany 1 O(M) ® O(n) +++ @ Om) + Or) n= Yon; (19) 


These have to be compatible with the isomorphisms. This data is the composition 
of a May operad and vice-versa defines a category structure on Fo. 
This category has a special structure, namely that 


Homyo(n,m) = € O(@) where O(4) = KOS '(i) (20) 


go:n—>m iem 


Caveats In order to obtain a Feynman category, we will need to define what an 
enriched Feynman category over C is. This is straightforward if C is Cartesian. In 
the non-Cartesian case, we have to be a bit more careful, see below. There we will 
see that the isomorphism condition will dictate that O(1) has only 1, that is a copy 
of 1¢ corresponding to id as the “invertible element’. Also, the relevant notion is 
that of a Feynman category indexed enriched over another Feynman category. In our 
example, we are indexed enriched over a skeleton of Surj. 
Clearing these up leads to the theorem: 


Theorem 6.1 The category of Feynman categories enriched over & indexed over 
Surj is equivalent to the category of operads (with the only iso in O(1) being the 
identity) in & with the correspondence given by O(n) = Hom(n,1). The Ops are 
now algebras over the underlying operad. 


Remark 6.2. We can also deal with algebras over operads which have isomorphisms 
in O(1) by enlarging ‘V. For this one needs a splitting O(1) = O(1)*° @O(1), where 
no element of O(1) is invertible and O(1)*? = Ba ec Ic for an index group G is 
the free algebra on G. Then we enlarge ‘VV by letting 1 have isomorphisms G. The 
construction is then analogous to the one above and that of K-algebras [19]. Another 
way is to use lax monoidal functors, see [33]. 
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6.1.2 General Situation for Algebras: Plus Construction 


There is a “+” construction, not unlike that for polynomial monads [2], that produces 
a new Feynman category out of an old one. Inverting morphisms stemming from 
isomorphisms one obtains ¥”? and there is a further reduction to an equivalent 
category §””'“. Details will be provided below. 

The main theorem is that enrichments of § are in 1-1 correspondence with hyp 


Ops. 


Example 6.3 IN? = § hyper, the Feynman category for hyper-operads as defined by 
Getzler and Kapranov [19], whence the name. Surj = FMayoperads» ssh = Do, 
the category for operads whose O(1), has only (multiples of) id as an invertible 


+ _ > ehyp.rd __ 
element. §,,,,, = Surj, 5, = Brriv- 


Definition 6.4 Let ¥ be a Feynman category and §””:“ its reduced hyper category, 


O an §””:"4_op and Do the corresponding enrichment functor. Then we define an 
O-algebra to be a Fp-op. 


6.1.3 Odd Feynman Categories over Graphs 


In the case of underlying graphs for morphisms, odd usually means that edges 
get degree 1, that is we use a Kozsul sign with that degree. In particular, in these 
discussions, one is augmented over Ab, the category of Abelian groups. Then there 
is an indexed enriched version of the Feynman categories. In order to write this 
down, one needs an ordered presentation. 

For graphs this amounts to adding signs in the relations Sect. 4.2.3. In particular, 
the following quadratic relations become anti-commutative: 


sOr Of = — Sf OF 5% (21) 
gO1Os't! = — Ose! sz (22) 
gO1Ps't! = — gO Ost (23) 


Since (15) is not quadratic and hence the degree of a merger must be 0 and the 
relation does not get a sign 


sr = st yAy (24) 


Consequently, the following quadratic relations also remain without sign 


vA v/! w’ vey (25) 
sorvely = yHy 5% (26) 


Os yYAy = yHysr (27) 
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Isomorphisms also naturally have degree 0 and hence there is no change in the 
relevant relation: 


goo =-0' og! (28) 


6.1.4 Orders and Orientations 


In order to pictorially represent this, one can add decorations. This is very similar 
to the construction of ordered and oriented simplices, see e.g. [46]. The first step is 
to give an order on all the edges of the ghost graph. The second step is to define 
orientations as orbits under even permutations. Finally one can impose the relation 
that two opposite orientations differ by a sign. Algebraically, one also uses the 
determinant line on the edges [19]. It is only at this last step that the enrichment is 
needed. Furthermore one can push this last step into the functor, that is only regard 
functors to Abelian C that take different change of orientations to sign changes. 
These constructions are discussed in detail in [33]. 


6.1.5 Graph Examples 


A list of examples is given in Table 3. 


6.1.6 Suspension vs. Odd 
In operad-lingo, one can suspend operads, etc. On the Feynman category side this 


corresponds to certain twists. I.e. there is a twist & and a & twisted Feynman 
category §» such that O € ¥ -Opsc iff the suspension LO € §s-Opsc. For general 


Table 3. List of Feynman categories with conditions and decorations on the graphs 


o Feynman category for Condition on graphs + additional decoration 
godd Odd cyclic operads Trees + orientation of set of edges 
soda &-modular Connected + orientation on set of edges 


| + genus marking 
syprevodd ne A-modular | Orientation on set of edges 
+ genus marking 
Dodd Odd wheeled dioperads Directed graphs w/o parallel edges 
| + orientations of edges 
SBO.ctd.odd Odd wheeled properads Connected directed graphs w/o parallel edges 
+ orientation of set of edges 
sO.odd Odd wheeled props Directed graphs w/o parallel edges 
+ orientation of set of edges 
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twistings of this type see Sect. 6.2.3. These are equivalent to the odd version if we 
are in the directed case and there is a bijection between vertices and out flags, 
see [35]. Even in the directed case, as explained in [35]. the odd versions are 
actually more natural and yield the correct degrees in the Hochschild complex and 
correct signs and Master Equations, see Sect.7 below. A well known example for 
unexpected, but correct, signs is the Gerstenhaber bracket. It is odd Poisson. 

In the same vein for the bar/cobar and Feynman transforms, it is not the 
suspended structures that are pertinent, but the odd structures, see Sect. 7. 


6.1.7 Examples 


1. Operads are very special, in the respect that their Feynman category is equivalent 
to the one for their odd version. 

2. The odd cyclic operads are equivalent to anti-cyclic operads. 

3. For modular operads the suspended version is not equivalent to the odd versions 
a.k.a. R-modular operads. The difference is given by the twist H)(I (@)). 


6.2 Enriched Versions: Details 


We can consider Feynman categories and target categories enriched over another 
monoidal category, such as Top, Ab or dgVect. Note that there are two cases. 
Either the enrichment is Cartesian, then we simply have to replace the free 
(symmetric) monoidal category by the enriched version. There is also a more 
categorical version of the definition with a condition going back to [16]. For that 
definition one simply replaces all limits by indexed limits. Or, the enrichment is 
not Cartesian, then we will replace the groupoid condition by an indexing just like 
above. 


6.2.1 Cartesian Case: Categorical Version 


In [33] we proved that in the non-enriched case we can equivalently replace (ii) 
by (ii’). 
(ii’) The pull-back of presheaves 1®*:[F°, Set] > [V®?, Set] restricted to 


representable presheaves is monoidal. 


This then yields a definition in the Cartesian case if one replaces (iii) by the 
appropriate indexed limit condition. 
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6.2.2. Non-Cartesian Case Indexed Enrichment 


In the non-Cartesian case, the notion of groupoid ceases to make sense. The first 
option is to drop the groupoid condition and simply ask that the inclusion 1® is 
essentially surjective. This is possible and called a weak Feynman category, which 
is very close to the notion of a pattern and explains that notion in more down to earth 
terms. This is, however, not adequate for the bar/cobar and Feynman transforms or 
the twists. 

The better notion is that of a Feynman category enriched over &, indexed over 
another Feynman category §. The idea is that the Feynman category §o for algebras 
over an operad O is a Feynman category enriched over C indexed over Surj. The 
precise definition goes via enrichment functors, which are 2-functors. 

In general, we will call the enrichment category &. This is a monoidal category 
and hence can be thought of as a 2-category with one object, which we denote by 
&. Here the 1-morphisms of & are the objects of & with the composition being @, 
the monoidal structure of &. The 2-morphisms are then the 2-morphisms of &, their 
horizontal composition being ® and their vertical composition being o. Also, we 
can consider any category F to be a 2-category with the two morphisms generated 
by triangles of composable morphisms. 


Definition 6.5 Let § be a Feynman category. An enrichment functor is a lax 2- 
functor D : F — & with the following properties 


1. Dis strict on compositions with isomorphisms. 
2. D(o) = 1¢ for any isomorphism. 
3. Dis monoidal, that is D(¢ ®¢ W) = D(P) @e DW) 

Given a monoidal category ¥ considered as a 2-category and lax 2-functor D to 
& as above, we define an enriched monoidal category Fp as follows. The objects of 
Fg are those of f. The morphisms are given as 


Homy,(X.Y):= CQ D¢) (29) 


p<€Hom¢ (X,Y) 


The composition is given by 


Hom, (X, Y) ® Home, (Y, Z) (30) 
= @ 0@e2 @M vw (31) 
p€Hom¢ (X,Y) w<€Hom¢ (Y,Z) 
= < D(¢) ® Dp) (32) 


(o,)€Hom¢ (X,Y)xHom¢ ( Y,Z) 


2° DD) = Home, (X,Z) (33) 


xX€Hom¢ (X,Z) 
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The image lies in the components y = yo @. Using this construction on ‘V, pulling 
back D via1, we obtain Vp = Vg, the freely enriched V. The functor 7 then is 
naturally upgraded to an enriched functor ig : Vp > Fp. 


Definition 6.6 Let § be a Feynman category and let D be an enrichment functor. 
We call Fp := (Vg, Fp, tg) a Feynman category enriched over & indexed by D. 


Theorem 6.7 Sp is a weak Feynman category. The forgetful functor from F p-Ops 
to Vs-Mods has a left adjoint and more generally push-forwards among indexed 
enriched Feynman categories exist. Finally there is an equivalence of categories 
between algebras over the triple (aka. monad) GF and Fp-Ops. 


Example 6.8 The freely enriched Feynman category. The functor D is simply the 
identity. This is the triple Sg := (Ve, Fe, le) where ¥ = (V,F,1) is a Feynman 
category and the subscript & means free enrichment. 


Theorem 6.9 The indexed enriched (over &) Feynman category structures on 
a given FC § are in 1-1 correspondence with §?-Ops and these are in 1-1 
correspondence with enrichment functors. 


Example 6.10 (Twisted (Modular) Operads) Looking at § = St, we recover the 
notion of twisted modular operad. There is a twist for each hyper-operad D. We 
have the Feynman category 2%». The triple then corresponds to Mp in the notation 
of [19]. What we add is the descriptions (a) and (c) mentioned in paragraph 1.3, that 
is via compositions along graphs and generators and relations. Here the graphs are 
actually decorated on the set of edges according to (29). To see this one decomposes 
¢ into simple edge or loop contractions as defined in Sect. 4. 


Example 6.11 Algebras over operads. In this case § = Surj and §?"4 = Oo. An 
operad O € Do-Opsc then gives an enrichment functor Do of Surj. In particular 
Do(n —> 1) = O(n) as in Sect. 6.1.1. 


6.2.3 Coboundaries and V-twists 


Coboundaries in the sense of [19] are generalized to V-twists. Let £:V — Pic(6), 
that is the full subcategory of @-invertible elements of &. A twist of a Feynman 
category indexed by D by Lis given by setting the new twist-system to be De(p) = 
L(t($))! ® DP) ® L(s(9)). 

The suspension functor s is such a coboundary twist, see [19, 35]. Here £ = s 
with 5(*(n—1) 4) = ¥? "sign, in dg Vect for cyclic operads, or S(*n,) = y! sign, 
for operads, or in general s(*(n—-1),.) = x2(s-)+"sien, where & is the suspension 
and sign, is the sign representation, see [35] for a detailed explanation. 
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6.2.4 Odd Versions and Shifts 


Given a well-behaved presentation of a Feynman category (generators+relations for 
the morphisms) we can define an odd version which is enriched over Ab by giving 
a twist. To obtain the odd versions, we use D(¢) = det(Edges(I (@)). In the cyclic 
case, an example are anti-cyclic operads and the theory of modular operads this 
twist is called &. It is not a coboundary in general. Rather up to the suspension 
coboundary and the shift coboundary, this twist is a twist by H,({) in the modular 
case, see [19, 35] for details. 


6.3 Feynman Level Category &+, Hyper Category §” and Its 
Reduction §™?*"4 


6.3.1 Feynman Level Category $+ 


Given a Feynman category §, and a choice of basis for it, we will define its Feynman 
level category §* = (Vt, FT,17*) as follows. The underlying objects of Ft are 
the morphisms of ¥. The morphisms of Ft are given as follows: given ¢ and y, 
consider their decompositions 


¢ v 


X >VY xX ea a 
o |= a +: ~|t 
Bver ov @ver Ww 
ver @wer, yw ? ver Ky Qywer Qwer, CS ll ea yer *K yl 
(34) 


where we have dropped the z from the notation, o, G, t and f are given by the choice 
of basis and the partition J, of the index set for X and J’, for the index set of Y is 
given by the decomposition of the morphism. 

A morphism from ¢ to w is a two level partition of J : (1y’)yey, and partitions of 
ae cree Ee") such that if we set $/, = Wreri, Po then Pw = pk, 0-0 py. 

To compose two morphisms f:¢ — w and g: w — X, given by partitions of 
IT: (y)ywer and of the ly : (a cee Pee respectively of I’ : (I',,)ye7 and the 
Tyr: (I, Des ap) where /” is the index set in the decomposition of y, we set the 
compositions to be the partitions of J : (1y) ye where I is the set partitioned by 
oe) ver, Pee That is, we replace each morphism y,, by the chain ov oO: off. 

Morphisms alternatively correspond to rooted forests of level trees thought of as 
flow charts, see Fig. 7. Here the vertices are decorated by the ¢, and the composition 
along the rooted forest is y. There is exactly one tree t,, per v’ € I’ in the forest 
and accordingly the composition along that tree is y/. 
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L " I ot 
QO ROY 
cS Q 
BR awe 
(%) (,) 
NU NL 
Vv Yi Wa 


Fig. 7 The level forest picture for morphisms in $+. Indicated is a morphism from ¢ ~ ®), dv 
tow ~ ©, Y; 


Technically, the vertices are the v € J. The flags are the union HI, Wye, *, LU 
LU,e7*, with the value of 0 on *, being v if w € J, and v on *, for v € J. The 
orientation at each vertex is given by the target being out. The involution 7 is given 
by matching source and target objects of the various ¢,. The level structure of each 
tree is given by the partition [,,. The composition is the composition of rooted trees 
by gluing trees at all vertices—that is we blow up the vertex marked by y,, into the 
tree T,. 


6.3.2 Ft-Ops 


After passing to the equivalent strict Feynman category, an element D in ¥ *-Ops is 
a symmetric monoidal functor that has values on each morphism D(?) = & D(dy) 
and has composition maps D(¢9®@) — D(¢,) for each decomposition ¢; = Pogo. 
Further decomposing ¢ = &) ¢, where the decomposition is according to the target 
of do, we obtain morphisms 


D(bo) ® &%) Db.) > Di) (35) 


It is enough to specify these functors for ¢, € (fF | V) and then check 
associativity for triples. 


Example 6.12 If we start from the tautological Feynman category on the trivial 
category § = (1, 1®,1) then §* is the Feynman category Gut of surjections. Indeed 
the possible trees are all linear, that is only have 2-valent vertices, and there is 
only one decoration. Such a rooted tree is specified by its total length n and the 
permutation which gives the bijection of its vertices with the set n;. Looking at 
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a forest of these trees we see that we have the natural numbers as objects with 
morphisms being surjections. 


Example 6.13 We also have Gurt = Omay, which is the Feynman category for 
May operads. Indeed the basic maps (35) are precisely the composition maps y. To 
be precise, these are May operads without units. 


6.3.3 Feynman Hyper Category 3”? 


There is a “reduced” version of §* which is central to our theory of enrichment. 
This is the universal Feynman category through which any functor D factors if it 
satisfies the following restriction: D(o) ~ 1 for any isomorphism o where 1 is the 
unit of the target category C. 

For this, we invert the morphisms corresponding to composing with isomor- 
phisms, see [33] for details. 


6.3.4 F™?-Ops 


Anelement D € ¥?-Ops corresponds to the data of functors from Iso(F | F) > 
C together with morphisms (35) which are associative and satisfy the condition that 
all the following diagrams commutes: 


D(¢) ® @, D(o,) ——> ("4) 
-] Do) 
Dip) ®@, 1" — 09) a6 


see [33] for details. 


Example 6.14 The paradigmatic examples are hyper-operads in the sense of [19]. 
Here ¥ = Mand F”” is the Feynman category for hyper-operads. 


6.3.5 A Reduced Version ¥?*"4 


One may define 3:7, a Feynman subcategory of §”” which is equivalent to it 
by letting #4 and V?:"4 be the respective subcategories whose objects are 
morphisms that do not contains isomorphisms in their decomposition. In view of 
the isomorphisms @ — o this is clearly an equivalent subcategory. In particular, the 
respective categories of Ops and Mods are equivalent. 

The morphisms are described by rooted forests of trees whose vertices are 
decorated by the ¢, as above—none of which is an isomorphism—, with the 
additional decoration of an isomorphism per edge and tail. Alternatively, one can 
think of the decoration as a black 2-valent vertex. Indeed, using maps from 0 > o, 
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we can introduce as many isomorphisms as we wish. These give rise to 2-valent 
vertices, which we mark black. All other vertices remain labeled by ¢,. If there are 
sequences of such black vertices, the corresponding morphism is isomorphic to the 
morphism resulting from composing the given sequence of these isomorphisms. 


Example 6.15 For c = {po, the Feynman category whose morphisms are trees 
with at least trivalent vertices (or identities) and whose Ops are operads whose 
O(1) = 1. Indeed the basic non-isomorphism morphisms are the surjections n > 1, 
which we can think of as rooted corollas. Since for any two singleton sets there is a 
unique isomorphism between them, we can suppress the black vertices in the edges. 
The remaining information is that of the tails, which is exactly the map ¢” in the 


morphism of graphs. 


Example 6.16 For the trivial Feynman category, we obtain back the trivial Feynman 
category as the reduced hyper category, since the trees all collapse to a tree with one 
black vertex. 


6.4 Free Monoidal Construction F ® 


Sometimes it is convenient to construct a new Feynman category from a given one 
whose vertices are the objects of F. Formally, we set §@ = (V®,F™,1®) where 
F™ is the free monoidal category on F and we denote the “outer” free monoidal 
structure by &. This is again a Feynman category. There is a functor pp : F™ > F 
which sends KX; +> &;X; and by definition Hom;a (X = &,X;,Y = ®;Y;) = 
&; Home (Xi, Y;). The only way that the index sets can differ, without the Hom- 
sets being empty, is if some of the factors are 1 € F™. Thus the one-comma 
generators are simply the elements of Hom¢(X, Y). Using this identification one 
obtains: Iso(F™) ~ Iso(F)™ ~ (V®)™. The factorization and size axiom follow 
readily from this description. 


Proposition 6.17 ¥™-Opsc is equivalent to the category of functors (not necessar- 
ily monoidal) Fun(F ,C). 


Example 6.18 Examples are FI modules and (crossed) simplicial objects for the 
free monoidal Feynman categories for FJ and A+ where for the latter one uses the 
non-symmetric version. 


6.5 NC-construction 


For any Feynman category one can define its nc (non-connected) version. It plays 
a crucial role in physics and mathematics and manifests itself through the BV 
equation [35]. Namely, for the operator A in the case of modular operads to 
become a differential, one needs a multiplication. This, on the graph level, is given 
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by disjoint union for the one-comma generators. This amounts to dropping the 
condition of connectedness. Astonishingly this works in full generality for any 
Feynman category. 

Let ¥ = (V.F,1), then we set 3° = (V®,F",1%) where F”° has objects 
F™, the free monoidal product. We however add more morphisms. The one- 
comma generators will be Homg¢n (X,Y) := Hom¢(u(X), Y), where for X = 
WierXi, U(X) = @Wie, Xi. This means that for Y = Wyes¥j, Home(K,Y) C 
Hom¢ (wt(X), (Y)), includes only those morphisms for which there is a partition 


Jj,j € J of I such that the morphism factors through @)_, Z; where Z; =. Crer X, 
is an isomorphism. That is y = Wier $j ° 0; with ¢; : Z; > Y;. Notice that there is a 
map of “disjoint union” or “exterior multiplication” given by pp : X; WX, > X,@Xp 
via id ® id. 

Example 6.19 The terminology “non-connected” has its origin in the graph exam- 
ples. Examples can be found in [35], where also a box-picture for graphs is 
presented. The connection is that morphisms in #” have an underlying graph that 
is disconnected and the connected components are those of the underlying F . 


Proposition 6.20 ((33]) There is an equivalence of categories between F"°-Opsc 
and symmetric lax monoidal functors Funig, @ (F ,C). 

Using lax-monoidal functors, is also a way to deal with algebras over operads 
whose O(1) has isomorphisms. 


7 Universal Operations, Transforms and Master Equations 
7.1 Universal Operations 
7.1.1 Universal Operations for Operads, etc. 


A well known result in operad theory is that for an operad O there is an odd Lie 
bracket defined on G O(n) [15]. This actually descends to coinvariants  O(n)s, 
[24]. For anti-cyclic operads there is again an odd Lie bracket on the coinvariants 
@ O((n))s, with lifts to the smaller coinvariants w.r.t. the cyclic groups Cy, 
namely on @,, O((n))c, [35]. Similarly there are operations A on QB O((n, g))s, 
for modular operads [1, 35]. Here we show that these operations can be understood 
purely from the Feynman category and we can explain why exactly these operations 
turn up in the Master Equations. 


7.1.2 Cocompletion 


Let F be the cocompletion of ¥ . This is monoidal with the monoidal structure given 
by the Day convolution ®. If C is cocomplete then O € Ops factors: 
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Theorem 7.1 Let 1 := colimyj o1 € F and let Fy the symmetric monoidal 
subcategory generated by 1. Then §y := (Fy, 1, ty) is a Feynman category. (This 
gives an underlying operad of universal operations). 

If & is Abelian, we say $y is weakly generated by morphisms ¢ € ® if the 
summands of the components [¢y, ;] generate the morphisms of §-y. Here different 
summands are indexed by different isomorphism classes of morphisms. 


7.1.3 Example: Operads 


OD the Feynman category for operads, C = dgVect. 

Then O(1) = &,,O(n)s, and the Feynman category is (weakly) generated by 
o := [> oj]. (This is a two-line calculation). This gives rise to the Lie bracket by 
using the anti-commutator. It lifts to the non-Sigma case along the forgetful O7» > 
and gives the pre-Lie structure on —,, O(n), which goes back to [15]. In [24] it 
was shown that the pre-Lie structure descends to the coinvariants. In [35] it is argued 
that the pre-Lie structure lives naturally on the coinvariants and lifts to the invariants. 

In general these kinds of lifts are possible if there is a non-Sigma version. 


7.1.4 Example: Odd/Anti-cyclic Operad 


The universal operations are (weakly) generated by a Lie bracket. [, ] := [D0,, os, 
(see [35]). This actually lifts to cyclic coinvariants (non-sigma cyclic operads) that 
is along the map ¢°?! —. ¢°4, Here we also see that one cannot expect a further 
lift, since the planar version for €°“ still has a non discrete V. 


7.1.5 The Three Geometries of Kontsevich 


The endomorphism operad End(V) for a symplectic vector space is anti-cyclic. Any 
tensor product: (O ® f)(n) := O(n) ® P(n) with O a cyclic operad and F an anti- 
cyclic operad is anti-cyclic and hence has the odd Lie bracket discussed above. 

Fix V” n-dim symplectic V" + V"*!. For each n get Lie algebras 


1. Comm ® End(V") 
2. Lie ® End(V") 
3. Assoc ® End(V") 


Taking the limit as n — oo one obtains the formal geometries of [10, 37]. 
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Table 4 Here fy and oy are given as §o for the operad O, the composition as discussed being 
insertion 


3 Tiny Weak gen. beat 
D Ti 


pee Odd operads Rooted trees + orientation Odd pre-Lie 
of set of edges 


o7* Non-Sigma operads All 0; operations 
D mult Operads with mult. B/w rooted trees Pre-Lie + mult. 
c Cyclic operads Trees Com. mult. 


godd Odd cyclic operads Trees + orientation Odd Lie 
eee emcee 

soda &-Modular Connected + orientation Odd dg Lie 
ee eee! 


sypnevodd nc ‘nc @-modular i ‘nc @-modular i Orientation on set of edges BV 


D Dioperads Connected directed graphs w/o Lie-admissible 
directed loops or parallel edges 


The former is for the type of graph with unlabelled tails and the latter for the version with no tails 


Our construction is more general and works for any anti-cyclic operad. For 
instance another family of Lie algebras can be obtained as follows, [35]. Let 
Vv" be a vector space with a symmetric non-degenerate form. End(V) is a cyclic 
operad. Since the PreLie operad is anti-cyclic [8], for each n we get a Lie algebra 
PreLie ® End(V). It is not known what geometry we get when we take the limit as 
n— OO. 


7.1.6 Further Examples 


For further examples, see Table 4. 


7.2 Transforms and Master Equations 


There are three transforms we will consider: the bar-, the cobar transform and the 
Feynman transform aka. dual transform. 


7.2.1 Motivating Example: Algebras 
If A is an associative algebra, then the bar transform is the dg-coalgebra given by the 


free coalgebra BA = TX~!A together with co-differential from algebra structure. 
The usual notation for an element in BA is ao|a| .. . |dn. 


Lectures on Feynman Categories 423 


Likewise let C be an associative co-algebra. The co-bar transform is the dg- 
algebra QC := Freegig(~'C ) together with a differential coming from co-algebra 
structure. The bar-cobar transform QBA is a resolution of A. 

For the Feynman transform consider A a finite-dimensional algebra or graded 
algebra with finite dimensional pieces and let A be its dual co-algebra. Then the 
dual or Feynman transform of A is FA := QA + differential from multiplication. 
Now, the double Feynman transform FFA a resolution. 


7.2.2 Transforms 


These transforms take O € F-Opsc and transform it to an op for the odd version 
of the Feynman category §°“ either in C’? or C. All these are free constructions, 
which, however, also have the extra structure of an additional (co)differential. Thus 
the resulting Feynman category is actually enriched over chain complexes and one 
can start out there as well. Furthermore, for the (co)differential to work, we have 
to have signs. These are exactly what is provided by the odd versions. In order to 
be able to define the transforms, one has to fix an odd version §°“ of F, just as 
in Sect. 6.1.3. This is analogous to the suspension in the usual bar transforms. In 
fact, the following is more natural, see [33, 35]. The degree is 1 for each bar and in 
the graph case the edges get degree 1; see Fig. 8. We can generalize the construction 
of §°“ to so-called well-presented Feynman categories, see below and [33]. In this 
case, we can define the transformations for elements of Ops. 

The Feynman transform is of particular interest. Since the construction is free, 
any V € Mods will yield an op. On the other hand, this need not be compatible 
with the dg structure. It turns out that it is, if it satisfies a Master Equation. 

The transforms are of interest in themselves, but one common application is that 
the bar-cobar transform as well as the double Feynman transform give a “free” 
resolution. In general, of course, “free” means co-fibrant. For this kind of statement 
one needs a Quillen model structure, which is provided in Sect. 8. 


a ie 
alb Ic a, < i 
Re 


, Ye 


{ & Y = 


OY 


Fig. 8 The sign mnemonics for the bar construction, traditional version with the symbols | of 
degree 1, the equivalent linear tree with edges of degree 1, and a more general graph with edges of 
degree 1. Notice that in the linear case there is a natural order of edges, this ceases to be the case 
for more general graphs 
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Remark 7.2. As before one can ask the question of how much of the structure of 
these transforms can be pulled back to the Feynman category side. The answer is: 
“Pretty much all of it”. We shall not discuss this here, but it can be found in [33]. 


7.2.3 Presentations 


In order to define the transforms, we have to give what is called an ordered 
presentation [33]. Rather then giving the technical conditions, we will consider the 
graph case and show these structures in this case. 


7.2.4 Basic Example & 


In G the presentation comes from the following set of morphisms © 


1. There are four types of basic morphisms: Isomorphisms, simple edge contrac- 
tions, simple loop contractions and simple mergers. Call this set ®. 

2. These morphisms generate all one-comma generators upon iteration. Further- 
more, isomorphisms act transitively on the other classes. The relations on the 
generators are given by commutative diagrams. 

3. The relations are quadratic for edge contractions as are the relations involving 
isomorphisms. Finally there is a non-homogenous relation coming from a simple 
merger and a loop contraction being equal to an edge contraction. 

4. We can therefore assign degrees as 0 for isomorphisms and mergers, | for edge or 
loop contractions and split © as 6° LI @!. This gives a degree to any morphism. 


Up to isomorphism any morphism of degree n can be written in n! ways up to 
morphisms of degree 0. These are the enumerations of the edges of the ghost graph. 

There is also a standard order in which isomorphisms come before mergers which 
come before edge contractions as in (8). This gives an ordered presentation. 

In general, an ordered presentation is a set of generators ® and extra data such as 
the subsets ©° and ®!; we refer to [33] for details. 


7.2.5 Differential 


Given adgi = Daaiee j~ 1° defines an endomorphism on the Abelian group 
generated by the isomorphism classes morphisms. The non-defined terms are set to 
zero. ©! is called resolving if this is a differential. 

In the graph case, this amounts to the fact that for any composition of edge 
contractions ¢, © @-’, there is precisely another pair of edge contractions $,7 0 ge 
which contracts the edges in the opposite order. 

This differential will induce differentials for the transforms, which we call by the 
same name. We again refer to [33] for details. 
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7.2.6 Setup 

® be a Feynman category enriched over Ab and with an ordered presentation 
and let §°“ be its corresponding odd version. Furthermore let ®! be a resolving 
subset of one-comma generators and let C be an additive category, i.e. satisfying 
the analogous conditions above. In order to give the definition, we need a bit of 
preparation. Since V is a groupoid, we have that V ~ V”. Thus, given a functor 
® : V > C, using the equivalence we get a functor from V” to C which we denote 
by ©”. Since the bar/cobar/Feynman transform adds a differential, the natural target 
category from ¥ -Ops is not C, but complexes in C, which we denote by Kom(C). 
Thus any O may have an internal differential do. 


7.2.7 The Bar Construction 
This is the functor 
B: F -OpsKom(c) > F°"_OpsKom(cor) 
B(O) := tgoad 4 (1Z(O))” 


together with the differential doo + dg. 


7.2.8 The Cobar Construction 
This is the functor 
Q: F “4 -Opskom(cor) > F-Opskom(c) 
2(0) := 15 «(teas (O))” 


together with the co-differential dow + do. 


7.2.9 Feynman Transform 


Assume there is a duality equivalence v:C — C%. The Feynman transform is a pair 
of functors, both denoted FT, 


FT: F-Opsxomec) S F°“-Opsxomcy: FT 
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defined by 


VoBO) ifO € F-OpsKome) 


FT(O) := 
0) VoQ(O) ifO€ FM“§4-Opskxome) 


Proposition 7.3. The bar and cobar construction form an adjunction. 
Q: F 4 _OpsKom(Cor) 2 F -OPSkom() :B 


The quadratic relations in the graph examples are a feature that can be general- 
ized to the notion of cubical Feynman categories. The name reflects the fact that 
in the graph example the n! ways to decompose a morphism whose ghost graph is 
connected and has n edges into simple edge contractions correspond to the edge 
paths of 7” going from (0,...,0) to (1,..., 1). Each edge flip in the path represent 
one of the quadratic relations and furthermore the S,, action on the coordinates is 
transitive on the paths, with transposition acting as edge flips. 

This is a convenient generality in which to proceed. 


Theorem 7.4 Let § be a cubical Feynman category and O € F -OpSKomc). Then 
the counit QB(O) —> O of the above adjunction is a levelwise quasi-isomorphism. 


Remark 7.5 In the case of C = dgVect, the Feynman transform can be intertwined 
with the aforementioned push-forward and pull-back operations to produce new 
operations on the categories F-Opsc. A lifting (up to homotopy) of these new 
operations to C = Vect is given in [50]. In particular this result shows how the 
Feynman transform of a push-forward (resp. pull-back) may be calculated as the 
push-forward (resp. pull-back) of a Feynman Transform. One could thus assert that 
the study of the Feynman transform belongs to the realm of Feynman categories as 
a whole and not just to the representations of a particular Feynman category. 


7.3 Master Equations 


In [35], we identified the common background of Master Equations that had 
appeared throughout the literature for operad-like objects and extended them to all 
graphs examples. An even more extensive theorem for Feynman categories can also 
be given. 

The Feynman transform is quasi-free. An algebra over FO is dg—if and only if it 
satisfies the relevant Master Equation. First, we have the tabular theorem from [35] 
for the usual suspects. 


Theorem 7.6 ({1, 35, 44, 45]) Let O € F-Opsc and P € F“*-Opsc for an F 
represented in Table 5. Then there is a bijective correspondence: 


Hom(FT(P),O) = ME(liny(P. ® O)) 
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Table 5 Collection of Master Equations for operad-type examples 


Name of ¥ -Opsc Algebraic structure of FO Master Equation (ME) 

Operad [17] Odd pre-Lie d(—-) +-—°o-=0 

Cyclic operad [18] Odd Lie d(—) + $[-.-] =0 
Modular operad [19] Odd Lie + A d(—) + sf ,-] + A(-) = 0 
Properad [49] Odd pre-Lie d(—-) +-°o-=0 

Wheeled properad [44] Odd pre-Lie + A cj —o— LARK =0 
Wheeled prop [35] dgBV d(—) sf ,-] + A(-) = 0 


Here ME is the set of solutions of the appropriate Master Equation set up in each 
instance. 

With Feynman categories this tabular theorem can be compactly written and 
generalized. The first step is the realization that the differential specifies a natural 
operation, in the above sense, for each arity n. Furthermore, in the Master Equation 
there is one term form each generator of ®! up to isomorphism. This is immediate 
from comparing Table 5 with Table 4. The natural operation which lives on a space 
associated to an Q € F-Ops is denoted Vg, and is formally defined as follows: 


Definition 7.7 For a Feynman category admitting the Feynman transform and for 
Q € F-Opsc we define the formal Master Equation of ¥ with respect to Q to be the 
completed cochain Vg := || Vg,,. If there is an N such that Vg, = 0 forn > N, 
then we define the Master Equation of ¥ with respect to @ to be the finite sum: 


da + Y) Yan = 0 


n 


We say a € limy(@) is a solution to the Master Equation if dg(a) + 
», Yan(a®") = 0, and we denote the set of such solutions as ME(limy(Q)). 

Here the first term is the internal differential and the term for = | is the differential 
corresponding to dgi, where ©! is the subset of odd generators. 


Theorem 7.8 Let O € F-Opsc andP. « F°“-Opsc for anF admitting a Feynman 
transform and Master Equation. Then there is a bijective correspondence: 


Hom(FT(P),O) = ME(liny(P. ® O)) 


8 Model Structures, Resolutions and the W-constructions 


In this section we discuss Quillen model structures for F-Opsc. It turns out that 
these model structures can be defined if C satisfies certain conditions and if this is 
the case work for all §, e.g. all the previous examples. 
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8.1 Model Structure 


Theorem 8.1 Let § be a Feynman category and let C be a cofibrantly generated 
model category and a closed symmetric monoidal category having the following 
additional properties: 


1. All objects of C are small. 
2. C has a symmetric monoidal fibrant replacement functor. 
3. C has ®-coherent path objects for fibrant objects. 


Then F -Opsc is a model category where a morphism ¢:O — Q of F -ops is a weak 
equivalence (resp. fibration) if and only if ¢:O(v) — Q(v) is a weak equivalence 
(resp. fibration) in C for every v € V. 


8.1.1 Examples 


1. Simplicial sets. (Straight from Theorem 8.1) 
2. dgVect, for char(k) = 0 (Straight from Theorem 8.1) 
3. Top (More work, see below.) 


8.1.2 Remark 


Condition (i) is not satisfied for Top and so we can not directly apply the theorem. 
In [33] this point was first cleared up by following [13] and using the fact that all 
objects in Jop are small with respect to topological inclusions. 


Theorem 8.2 Let C be the category of topological spaces with the Quillen model 
structure. The category F -Opsc has the structure of a cofibrantly generated model 
category in which the forgetful functor to V-Seqg creates fibrations and weak 
equivalences. 


8.2 Quillen Adjunctions from Morphisms of Feynman 
Categories 


8.2.1. Adjunction from Morphisms 
We assume C is a closed symmetric monoidal and model category satisfying the 
assumptions of Theorem 8.1. Let € and § be Feynman categories and let a: € > ¥ 


be a morphism between them. This morphism induces an adjunction 


ay: E-Opsc S F -Opsc: a* 
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where a* (A) := Aoa is the right adjoint and a,(8) := Lang (8) is the left adjoint. 


Lemma 8.3 Suppose apr restricted to V3-Modsc — Ve-Modsc preserves fibra- 
tions and acyclic fibrations, then the adjunction (a1, dr) is a Quillen adjunction. 


8.3 Example 


1. Recall that € and Jt denote the Feynman categories whose ops are cyclic and 
modular operads, respectively, and that there is a morphism i:€ — Mt by 
including *s5 as genus zero * 5. 

2. This morphism induces an adjunction between cyclic and modular operads 


ix: €-Opsc <S M-Opsc: i* 


and the left adjoint is called the modular envelope of the cyclic operad. 

3. The fact that the morphism of Feynman categories is inclusion means that ip 
restricted to the underlying V-modules is given by forgetting, and since fibrations 
and weak equivalences are levelwise, ir restricted to the underlying V-modules 
will preserve fibrations and weak equivalences. 

4. Thus by the Lemma above this adjunction is a Quillen adjunction. 


8.4 Cofibrant Replacement 


Theorem 8.4 The Feynman transform of a non-negatively graded dg f-op is 
cofibrant. 

The double Feynman transform of a non-negatively graded dg fF -op in a 
quadratic Feynman category is a cofibrant replacement. 


8.5 W-construction 
8.5.1 Setup 


In this section we start with a quadratic Feynman category §. 


8.5.2 The Category w(%, Y), for Y e F 


Objects The objects are the set | [,, C,(X, Y) x [0, 1]", where C,(X, Y) are chains 
of morphisms from X to Y with n degree > 1 maps modulo contraction of 
isomorphisms. 
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An object in w(¥, Y) will be represented (uniquely up to contraction of isomor- 
phisms) by a diagram 


where each morphism is of positive degree and where t),...,f, represents a point 
in [0, 1]". These numbers will be called weights. Note that in this labeling scheme 
isomorphisms are always unweighted. 


Morphisms 


1. Levelwise commuting isomorphisms which fix Y, i.e.: 


xX > X| > X> SH es > X;, se 
Xx’ > Xj > X}, > > X), 


2. Simultaneous S,, action. 


0 

3. Truncation of 0 weights: morphisms of the form (X; > X2 > --- > Y) B 
(%) > ++» > Y). 

4. Decomposition of identical weights: morphisms of the form (--- > X; = 
Xi42 D>...) EG OX = Xi+1 * Xi42 — ...) for each (composition 
preserving) decomposition of a morphism of degree > 2 into two morphisms 
each of degree > 1. 


Definition 8.5 Let P € F-Opszop. For Y € ob(F) we define 

W(P)(Y) := colimy gz yP ° s(—) 
Theorem 8.6 Let § be a simple Feynman category and let P € F-Opsrop be p- 
cofibrant. Then W(P) is a cofibrant replacement for P with respect to the above 


model structure on F -OPSf op. 
Here “simple” is a technical condition satisfied by all graph examples. 


9 Geometry 


9.1 Moduli Space Geometry 


Although many of the examples up to now have been algebraic or combinatorial in 
nature, there are very important and deep links to the geometry of moduli spaces. 
We will discuss these briefly. 
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9.1.1 Modular Operads 


The typical topological example for modular operads are the Deligne-Mumford 
compactifications Men of Riemann’s moduli space of curves of genus g with n 
marked points. 

These give rise to chain and homology operads. An important application comes 
from enumerative geometry. Gromov—Witten invariants make H*(V) an algebra 
over Hx (My n) [40]. 


9.1.2 Odd Modular 


As explained in [35], the canonical geometry for odd modular operads is given by 
M®SV which are real blowups of M. ‘en along the boundary divisors [36]. 

On the topological level one has 1-parameter gluings parameterized by S!. Taking 
the full S! family on chains or homology gives us the structure of an odd modular 
operad. That is the gluing operations have degree | and in the dual graph, the edges 
have degree 1. 


9.2 Master Equation and Compactifications 


Going back to Sen and Zwiebach [48], a viable string field theory action S is a 
solution of the quantum Master Equation. Rephrasing this one can say “The Master 
Equation drives the compactification’”’, which is one of the mantras of [35]. 

In particular, the constructions of [36] and [21] give the correct compactification. 


9.3. W-construction 


In [5] we will prove the fact that the derived modular envelope defined via 
the W-construction of the cyclic associative operads is the Kontsevich/Penner 
compactification Me. 

We will also give an Ago version of this theorem and a 2-categorical realization 
that gives our construction of string topology and Hochschild operations from 
Moduli Spaces [27, 28] via the Feynman transform. 


10 Bi- and Hopf Algebras 


We will give a brief overview of the constructions of [14]. 
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10.1 Overview 


Consider a non-Sigma Feynman category 8B = Hom(Mor(F), Z) . 


Product Assume that is strict monoidal, that is F is strict monoidal, then ® is 
an associative unital product on 8 with unit id,,. 


Coproduct Assume that # decomposition finite, i.e. that the sum below is finite. 
Set 


AM= Yi Heh (37) 
($0.01):=¢1°¢0 


and €(@) = 1 if @ = idy and 0 else. 


Theorem 10.1 ({14]) 8 together with the structures above is a bi-algebra. Under 
certain mild assumptions, a canonical quotient is a Hopf algebra. 


Remark 10.2. Now, it is not true that any strict monoidal category with finite 
decomposition yields a bi-algebra. Also, if is a Feynman category, then §°’, 
although not necessarily a Feynman category, does yield a bi-algebra. 


10.1.1 Examples 


The Hopf algebras of Goncharov for multi-zeta values [20] can be obtained in this 
way starting with the Joyal dual of the surjections in the augmented simplicial 
category. In short, this Hopf algebra structures follows from the fact that simplices 
form an operad. In a similar fashion, but using a graded version, we recover a Hopf 
algebra of Baues that he defined for double loop spaces [3]. We can also recover 
the non-commutative Connes—Kreimer Hopf algebra of planar rooted trees, see e.g. 
[12] in this way. 


Remark 10.3 This coproduct for any finite decomposition category appeared in [38] 
and was picked up later in [22]. We realized with hindsight that the co-product 
we first constructed on indecomposables, as suggested to us by Dirk Kreimer, is 
equivalent to this coproduct. 


10.1.2 Symmetric Version 


There is a version for symmetric Feynman categories, but the constructions are more 
involved. In this fashion, we can reproduce Connes—Kreimer’s Hopf algebra. There 
is a threefold hierarchy. A bialgebra version, a commutative Hopf algebra version 
and an “amputated” version, which is actually the algebra considered in [11]. A 
similar story holds for the graph versions and in general. 
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10.2 Details: Non-commutative Version 


We use non-symmetric Feynman categories whose underlying tensor structure is 
only monoidal (not symmetric). V® is the free monoidal category. 


Lemma 10.4 (Key Lemma) The bi-algebra equation holds due to the hereditary 

condition (ii). 

The proof is a careful check of the diagrams that appear in the bialgebra equation. 
For A o yz the sum is over diagrams of the type 


For — "2767 


~~ a 
r (38) 


where ® = ®; 0 Dp. 
When considering (4 ® [L) © 1723 0 (A @ A) the diagrams are of the type 


® 
X@X’ a >Z@Z’ 
= a 
YeyY’ (39) 


where @ = ¢; 0 dp and W = Y, © Wo. In general, there is no reason for there to be a 
bijection of such diagrams, but there is for non-symmetric Feynman categories. 
For simplicity, we assume that ¥ is skeletal. 


10.3 Hopf Quotient 


Even after quotienting out by the isomorphisms, the bi-algebra is usually not 
connected. The main obstruction is that there are many identities and that there 
are still automorphisms. The main point is that in the skeletal case: 


Midy)= JS > o@o! (40) 


o €Aut(X) 


where here and in the following we assume that if o has a one-sided inverse then it 
is invertible. This is the case in all examples. 
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10.3.1 Almost Connected Feynman Categories 


In the skeletal version, consider the ideal generated by € = |Aut(X)|[idx] — 
|Aut(Y)|[idy] C B, this is closed under A, but not quite a co-ideal. Rescaling «€ 
by Tai Hl = 8/€ becomes a bi-algebra. We call ¥ almost connected if H is 
connected. 


Theorem 10.5 For the almost connected version H is a connected bi-algebra and 
hence a Hopf-algebra. 


10.4 Symmetric/Commutative Version 


In the case of a symmetric Feynman category, the bi-algebra equation does not hold 
anymore, due to the fact that Aut(X) @ Aut(Y) C Aut(X ®@ Y) may be a proper 
subgroup due to the commutativity constraints. The typical example is S where 
Aut(n) x Aut(m) = Sy, X Sm while Aut(n + m) = Syj+m. In order to rectify this, 
one considers the co-invariants. Since commutativity constraints are isomorphisms 
the resulting algebra structure is commutative. 

Let 8’? the quotient by the ideal defined by the equivalence relation generated 
by isomorphism. That is f ~ g if there are isomorphisms 0,0’ such that f = 0 0 
goo’. This ideal is again closed under co-product. As above one can modify the 
co-unit to obtain a bialgebra structure on 8°. Now the ideal generated by € = 
(|Aut(X)| [idx] — |Aut(Y)|[idy] is a co-ideal and H = 8/€ becomes a bi-algebra. We 
call § almost connected if H is connected. 

The main theorem is 


Theorem 10.6 If § is almost connected, the coinvariants B'°° are a commutative 
Hopf algebra. 

This allows one to construct Hopf algebras with external legs in the graph 
examples. It also explains why the Connes—Kreimer examples are commutative. 


10.4.1 Amputated Version 


In order to forget the leg structure, aka. amputation, one needs a semi-cosimplicial 
structure, i.e. one must be able to forget external legs coherently. This is always 
possible by deleting flags in the graph cases. Then there is a colimit, in which all the 
external legs can be forgotten. Again, one obtains a Hopf algebra. The example par 
excellence is of course, Connes—Kreimer’s Hopf algebra without external legs (e.g. 
the original version). 
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10.5 Restriction and Generalization of Special Case: 
Co-operad with Multiplication 


In a sense the above examples were free. One can look at a more general setting 
where this is not the case. This is possible in the simple cases of enriched Feynman 
categories over Surj. Here the morphisms are operads, and & has the dual co-operad 
structure for the one-comma generators. The tensor product ® makes 8 have the 
structure of a free algebra over the one-comma generators O(n) with the co-operad 
structure being distributive or multiplicative over ®. Now one can generalize to a 
general co-operad structure with multiplication. 


10.5.1 Coproduct for a Cooperad with Multiplication 


Theorem 10.7 ({14]) Let O bea co-operad with compatible associative multipli- 
cation. [L : O(n) ® O(n) > On + m) in an Abelian symmetric monoidal category 
with unit 1. Then 8 := @,, O(n) is a (non-unital, non-co-unital) bialgebra, with 
multiplication jt and comultiplication A given by (1 @ 1): 


: k 
O(n) ul @(ow @ 69)d4m.) 


k>1, r=1 


n=m, +--+ 
| 1@ pi! 


DO ® O(n). 
k= 1 (41) 


A:= 1@p)y 


10.5.2 Free Cooperad with Multiplication on a Cooperad 


The guiding example is: 


o"n=B BD dm) @---@ O(n) 


Kk (ny,...ng) do nj=n 


Multiplication is given by 4 = ®. This structure coincides with one of the 
constructions of a non-connected operad in [35]. 

The example is the one that is relevant for the three Hopf algebras of Baues, 
Goncharov and Connes—Kreimer. It also shows how a cooperad with multiplications 
generalizes an enrichment of F;,,,;. 

This is most apparent in Connes—Kreimer, where the Hopf algebra is not actually 
on rooted trees, but rather on forests. The extension of the co-product to a forest is 
tacitly given by the bi-algebra equations. 
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In the symmetric case, one has to further induce the natural (S,, x +++ x Sy,) 2S 
action to an S,, action for each summand. The coinvariants constituting 8° are then 
the symmetric products O(71)s,, © +++ © O(n) sy, - 

The following is the list of motivating examples: 


Hopf algebras (co)operads Feynman category 
Héom Injxe = Surj* Ssurj 

Hck Leaf labelled trees Tsurj.O 

AK graphs Graphs Sgraphs 

Aaues Inj x Ssurjoda 


10.5.3 Grading/Filtration, the g Deformation and Infinitesimal Version 


We will only make very short remarks, the details are in [14]. 

The length of an object in the Feynman category setting is replaced by a depth 
filtration. The algebras are then deformations of their associated graded, see [14]. In 
the amputated version one has to be more careful with the grading. 


Co-operad with multiplication Operad degree — depth 
Amputated version _| Co-radical degree + depth 


Taking a slightly different quotient, one can get a non-unital, co-unital bi-algebra 
and a q-filtration. Sending g — 1 recovers H. 
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Moduli Spaces of (Bi)algebra Structures M®) 
in Topology and Geometry od 


Sinan Yalin 


Abstract After introducing some motivations for this survey, we describe a 
formalism to parametrize a wide class of algebraic structures occurring naturally 
in various problems of topology, geometry and mathematical physics. This allows 
us to define an “up to homotopy version” of algebraic structures which is coherent 
(in the sense of oo-category theory) at a high level of generality. To understand the 
classification and deformation theory of these structures on a given object, a relevant 
idea inspired by geometry is to gather them in a moduli space with nice homotopical 
and geometric properties. Derived geometry provides the appropriate framework to 
describe moduli spaces classifying objects up to weak equivalences and encoding 
in a geometrically meaningful way their deformation and obstruction theory. As an 
instance of the power of such methods, I will describe several results of a joint work 
with Gregory Ginot related to longstanding conjectures in deformation theory of 
bialgebras, E,,-algebras and quantum group theory. 


1 Introduction 


To motivate a bit the study of algebraic structures and their moduli spaces in 
topology, we will simply start from singular cohomology. Singular cohomology 
provides a first approximation of the topology of a given space by its singular 
simplices, nicely packed in a cochain complex. Computing the cohomology of 
spaces already gives us a way to distinguish them and extract some further 
information like characteristic classes for instance. Singular cohomology has the 
nice property to be equipped with an explicit commutative ring structure given by 
the cup product. This additional structure can distinguish spaces which have the 
same cohomology groups, illustrating of the following idea: adding finer algebraic 
structures is a way to parametrize finer invariants of our spaces. In the case of 
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manifolds, it can also be used to get more geometric data (from characteristic 
classes and Poincaré duality for instance). Such an algebraic structure determined 
by operations with several inputs and one single output (the cup product in our 
example) satisfying relations (associativity, commutativity) is parametrized by an 
operad (here the operad Com of commutative associative algebras). More generally, 
the notion of operad has proven to be a fundamental tool to study algebras playing 
a key role in algebra, topology, category theory, differential and algebraic geometry, 
mathematical physics (like Lie algebras, Poisson algebras and their variants). 

We can go one step further and relax such structures up to homotopy in an 
appropriate sense. Historical examples for this include higher Massey products, 
Steenrod squares and (iterated) loop spaces. 

Higher Massey products organize into an Ago-algebra structure on the cohomol- 
ogy of a space and give finer invariants than the cup product. For instance, the trivial 
link with three components has the same cohomology ring as the Borromean link 
(in both cases, the cup product is zero), but the triple Massey product vanishes in 
the second case and not in the first one, implying these links are not equivalent. 

Loop spaces are another fundamental example of Ago-algebras (in topological 
spaces this time). When one iterates this construction by taking the loop space of 
the loop space and so on, one gets an E,,-algebra (more precisely an algebra over the 
little n-disks operad). These algebras form a hierarchy of “more and more” commu- 
tative and homotopy associative structures, interpolating between Ago-algebras (the 
E, case, encoding homotopy associative structures) and E,o-algebras (the colimit 
of the E,,’s, encoding homotopy commutative structures). Algebras governed by E,,- 
operads and their deformation theory play a prominent role in a variety of topics, 
not only the study of iterated loop spaces but also Goodwillie-Weiss calculus for 
embedding spaces, deformation quantization of Poisson manifolds, Lie bialgebras 
and shifted Poisson structures in derived geometry, and factorization homology of 
manifolds [4, 20, 21, 24, 28, 32, 39, 42, 45, 46, 50, 51, 55, 61, 66, 69, 73]. 

The cup product is already defined at a chain level but commutative only 
up to homotopy, meaning that there is an infinite sequence of obstructions to 
commutativity given by the so called higher cup products. That is, these higher 
cup products form an E,o-algebra structure on the singular cochain complex. This 
E,o-structure classifies the rational homotopy type of spaces (this comes from 
Sullivan’s approach to rational homotopy theory [68]) and the integral homotopy 
type of finite type nilpotent spaces (as proved by Mandell [53]). Moreover, such 
a structure induces the Steenrod squares acting on cohomology and, for Poincaré 
duality spaces like compact oriented manifolds for example, the characteristic 
classes that represent these squares (the Wu classes). This is a first instance of how 
a homotopy algebraic structure can be used to build characteristic classes. Then, 
to study operations on generalized cohomology theories, one moves from spaces 
to the stable homotopy theory of spectra, the natural recipient for (generalized) 
cohomology theories, and focuses on theories represented by Eyo-ring spectra (more 
generally, highly structured ring spectra). In this setting, the moduli space approach 
(in a homotopy theoretic way) already proved to be useful [33] (leading to a non 
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trivial improvement of the Hopkins-Miller theorem in the study of highly structured 
ring spectra). 

However, algebraic structures not only with products but also with coproducts, 
play a crucial role in various places in topology, geometry and mathematical 
physics. One could mention for instance the following important examples: Hopf 
algebras in representation theory and mathematical physics, Frobenius algebras 
encompassing the Poincaré duality phenomenon in algebraic topology and deeply 
related to field theories, Lie bialgebras introduced by Drinfeld in quantum group 
theory, involutive Lie bialgebras as geometric operations on the equivariant homol- 
ogy of free loop spaces in string topology. A convenient way to handle such kind 
of structures is to use the formalism of props, a generalization of operads encoding 
algebraic structures based on operations with several inputs and several outputs. 

A natural question is then to classify such structures (do they exist, how 
many equivalence classes) and to understand their deformation theory (existence 
of infinitesimal perturbations, formal perturbations, how to classify the possible 
deformations). Understanding how they are rigid or how they can be deformed 
provides information about the objects on which they act and new invariants for 
these objects. For this, a relevant idea inspired from geometry come to the mind, 
the notion of moduli space, a particularly famous example being the moduli spaces 
of algebraic curves (or Riemann surfaces). The idea is to associate, to a collection 
of objects we want to parametrize equipped with an equivalence relation (surfaces 
up to diffeomorphism, vector bundles up to isomorphism...), a space .@ whose 
points are these objects and whose connected components are the equivalence 
classes of such objects. This construction is also called a classifying space in 
topology, a classical example being the classifying space BG of a group G, which 
parametrizes isomorphism classes of principal G-bundles. If we are interested also 
in the deformation theory of our collection of objects (how do we allow our objects 
to modulate), we need an additional geometric structure which tells us how we can 
move infinitesimally our points (tangent spaces). To sum up, the guiding lines of the 
moduli space approach are the following: 


¢ To determine the non-emptiness of .# and to compute 2..ZH solve existence and 
unicity problems; 

¢ The geometric structure of W#imply the existence of tangent spaces. The tangent 
space over a given point x of .@ is a dg Lie algebra controlling the (derived) 
deformation theory of x (deformations of x form a derived moduli problem) in a 
sense we will precise in Sect. 4; 

* One can “integrate” over .@ to produce invariants of the objects parametrized 
by -@. Here, the word “integrate” has to be understood in the appropriate sense 
depending on the context: integrating a differential form, pairing a certain class 
along the (virtual) fundamental class of -@, etc. 


We already mentioned [29] (inspired by the method of [2]) as an application of the 
first item in the list above. In the second one, we mention derived deformation theory 
and derived moduli problems, which implicitly assume that, in some sense, our 
moduli space .@ lives in a (co-)category of derived objects (e.g. derived schemes, 
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derived stacks...) where tangent spaces are actually complexes. This is due to the 
fact that we want to encompass the whole deformation theory of points, and this 
cannot be done in the classical setting: for varieties or schemes, the tangent space 
is a vector space which consists just of the equivalence classes of infinitesimal 
deformations of the point. For stacks, the tangent space is a two-term complex 
whose H” is the set of equivalences classes of infinitesimal deformations, and H i, 
is the Lie algebra of automorphisms of the point (infinitesimal automorphisms). But 
obstruction theory does not appear on the tangent structure here, because it has to 
live in positive degrees (we will go back to this remark in Sect. 4). 

As a last remark about the third item in the list above, let us say that the idea of 
using moduli spaces to produce topological invariants got also a lot of inspiration 
from quantum field theory and string theory in the 1980s. By the Feynman path 
integral approach, the equations describing the evolution of a quantum system are 
determined by the minimas of a functional integral over all the possible paths of 
this system, that is, by integrating a certain functional over the space of fields. 
This independence from a choice of path led to the idea that one could build a 
topological invariant of a geometric object by computing an integral over the moduli 
space of all possible geometric structures of this kind, ensuring automatically the 
desired invariance property. This is the principle underlying two important sorts 
of invariants of manifolds. First, Witten’s quantization of the classical Chern- 
Simmons invariant in the late 1980s [77], which provided topological invariants for 
3-dimensional manifolds (including known invariants such as the Jones polynomial) 
by integrating a geometric invariant over a moduli space of connections. Second, 
Kontsevich’s formalization of Gromov- Witten invariants in symplectic topology 
(counting pseudo-holomorphic curves) and algebraic geometry (counting algebraic 
curves), defined by a pairing along the virtual fundamental class of the moduli space 
(stack) of stable maps (an analogue of the fundamental class for singular objects 
suitably embedded in a derived setting). 


Organization of the Paper The first section is devoted to the formalism of props 
and algebras over props, accompanied by relevant examples of topological or 
geometric origin in Sect.3. The third section focuses on algebraic structures up 
to homotopy, defined as algebras over a cofibrant resolution of the prop, and the 
fundamental theorem asserting that this notion does not rely on the choice of such 
a resolution (up to an equivalence of oo-categories). This lays down the coherent 
foundations to study homotopy bialgebras. We then provide a little introduction to 
derived algebraic geometry and formal moduli problems in Sect.5, without going 
too far in the details (we refer the reader to [72] for a more thorough survey on 
this topic), before formalizing the idea of moduli spaces of algebraic structures in 
Sect. 6 as well as their most important properties. The way to recover geometrically 
deformation theory and obstruction theory for such structures is explained in Sect. 6. 
Section 6 describes a joint work with Gregory Ginot, merging the homotopical 
and geometric theory of such moduli spaces with several features of factorization 
homology (higher Hochschild (co)homology) to solve several open conjectures in 
deformation theory of E,,-algebras and bialgebras related to quantum group theory. 
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2 Parametrizing Algebraic Structures 


To simplify our exposition, we will work in the base category Gh of Z-graded 
cochain complexes over a field K of characteristic zero. Before stating the general 
definition of a prop, let us give a few examples of algebraic structures the reader 
may have encountered already. 


Example 2.1 Differential graded (dg for short) associative algebras are complexes 
A equipped with an associative product A ® A — A. We can represent such an 


operation by an oriented graph with two inputs and one output . __ satisfying the 
| 
associativity relation 


Common examples of such structures include algebras K[G] of finite groups G 
in representation theory, or the singular cochains C*(X; Z) of a topological space 
equipped with the cup product U of singular simplices. In the first case we have an 
associative algebra in K-modules, in the second case this is a dg associative algebra, 
so the cup product is a cochain morphism determined by linear maps 


U: C"(X; Z) ® C'(X;Z) > C"™"(X; Z). 


Example 2.2 In certain cases, the product is not only associative but also commu- 
tative, and one call such algebras commutative dg algebras or cdgas. To represent 
graphically this symmetry condition, we index the inputs of the es ee and 


add the symmetry condition 


A way to rephrase this symmetry is to say that 2 acts trivially on hk In the 


dg setting, this symmetry has to be understood in the graded sense, that is ab = 
(—1)48(4e8) bg, Commutative algebras are very common objects, for instance the 
singular cohomology of spaces equipped with the cup product defined previously 
at the chain level, or the de Rham cohomology for manifolds. Commutative rings 
also represent affine schemes in algebraic geometry or rings of functions on 
differentiable manifolds. Cdgas over Q also model the rational homotopy type of 
simply connected spaces. 
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Example 2.3 Another example of product is the bracket defining Lie algebras 
2 satisfying an antisymmetry condition 


See 


1 1 


and the Jacobi identity 


A way to rephrase the antisymmetry is to say that the action of > on 1 2, 


Sw 


is given by the signature representation sgn2. Lie algebras appear for gic as 
tangent spaces of Lie groups in differential geometry (Lie’s third theorem gives an 
equivalence between the category of finite dimensional Lie algebras in vector spaces 
and the category of simply connected Lie groups), in Quillen’s approach to rational 
homotopy theory and in deformation theory (“Deligne principle” relating formal 
moduli problems to dg Lie algebras). 

In these three first examples, we see that the algebraic structure is defined only 
by operations with several inputs and one single output. Such structures can be 
encoded by a combinatorial object called an operad, and a given kind of algebra 
is an algebra over the associated operad. We refer the reader to [49] for more details 
about this formalism. However, there are more general algebraic structures involving 
operations with several inputs and several outputs. We give below two fundamental 
examples of these, before unwrapping the general definition of the combinatorial 
structure underlying them (props). 


Example 2.4 Poisson-Lie groups are Lie groups with a compatible Poisson struc- 
ture, which occur in mathematical physics as gauge groups of certain classical 
mechanical systems such as integrable systems. Because of the Poisson bracket, 
the tangent space T.G of a Poisson-Lie group G at the neutral element e is equipped 
with a “Lie cobracket” compatible with its Lie algebra structure, so that T,G forms 
something called a Lie bialgebra. The compatibility relation between the bracket and 
the cobracket is called the Drinfeld’s compatibility relation or the cocycle relation. 
In terms of graphical presentation, we have a bracket and a cobracket 


which are antisymmetric, that is, with the signature action of 2. These two 
operations satisfy the following relations: 
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Jacobi 


0 


1 2 343 1 242 3. l= 
co-Jacobi 


ven : RX , AN 7 
y 2 3 3 ‘I ‘2 27 3 “1 
The cocycle relation 


1 2=1 2 +2 1 — 1 2+ 2 1 
ws Fb fT te g Fo 


The cocycle relation means that the Lie cobracket of a Lie bialgebra g is a cocycle 
in the Chevalley-Eilenberg complex C%,,(g, A’g), where Ag is equipped with 
the structure of g-module induced by the adjoint action. Let us note that there is 
an analogue of Lie’s third theorem in this context, namely the category of finite 
dimensional Lie bialgebras in vector spaces is equivalent to the category of simply 
connected Poisson-Lie groups [11]. Deformation quantization of Lie bialgebras 
produces quantum groups, which turned out to be relevant for mathematical physics 
and for low-dimensional topology (quantum invariants of knots and 3-manifolds). 
This process also deeply involves other kind of objects such as Grothendieck- 
Teichmiiller groups, multizeta values via the Drinfeld associators [11], or graph 
complexes. The problem of a universal quantization of Lie bialgebras raised by 
Drinfeld was solved by Etingof and Kazhdan [16, 17]. A deformation quantization 
of a Lie bialgebra g is a topologically free Hopf algebra H over the ring of formal 
power series K|[f]] such that H/AH is isomorphic to U(g) (the enveloping algebra 
of g)as a co-Poisson bialgebra. Such a Hopf algebra is called a quantum universal 
enveloping algebra (QUE for short). The general idea underlying this process is to 
tensor the K-linear category of g-modules by formal power series, equip it with 
a braided monoidal structure induced by the choice of a Drinfeld associator and 
an r-matrix, and make the forgetful functor from g[[/]|-modules to K[[A]]-modules 
braided monoidal. Applying the Tannakian formalism to this functor, the category 
of g|[A]|-modules is equivalent to the category of modules over the QUE algebra of 
g. Deformation quantization of Lie bialgebras can be formulated in the formalism 
of props and their algebras, see for instance the introduction of [14] explaining 
quantization/de-quantization problems in terms of prop morphisms. Another point 
of view is the prop profile approach of [57], particularly useful to relate the results 
of [30] to deformation quantization of Lie bialgebras. 

A variant of Lie bialgebras called involutive Lie bialgebras arose in low 
dimensional topology, in the work of Goldman [35] and Turaev [75]. Given a surface 
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S, one considers the K-module generated by the free homotopy classes of loops on 
S. Let us note L : S! + Sa free loop on the surface S (that is, a continuous map 
which is not pointed, contrary to based loops) and [LZ] its free homotopy class. Up 
to homotopy, we can make two loops intersect transversely, so we suppose that two 
given loops L and K intersect only at a finite number of points, and we note LN K 
this finite set. The Lie bracket of [L] and [K] is then defined by 


{(L.(K} = D> elk Up x] 


peELNnk 


where LU, K is the loop parametrized by going from p to p along L, then going again 
from p to p along K. The symbol €, denote a number which is —1 or 1, depending on 
the way L and K intersect at p with respect to a choice of orientation. The cobracket 
is then defined similarly, by considering this time the self-intersections of L (that we 
can take transverse, up to homotopy): 


6({Z]) = ». €p([L1] ® [Lop] _ [Lop] ® [L1 pl) 


pELnL 


where L, and Ly are the two loops obtained by separating L in two parts at the self- 
intersection point p. These two operations define a Lie bialgebra structure, satisfying 
moreover ({, } 0 6)({Z]) = 0. From the graphical presentation viewpoint, this means 
that we add the involutivity relation 


<> =0 


Links defined in the cylinder S x [0; 1] over S can be presented by diagrams of 
loops on S via the canonical projection S x [0; 1] — S. Explicit quantizations of the 
Lie bialgebra of loops on S have been used to produce (quantum) invariants of those 
links [75] and the corresponding 3-dimensional TQFTs [64]. 

Ten years after, algebraic structures on free loop spaces for more general 
manifolds were introduced by Chas and Sullivan, giving birth to string topology 
[7], a very active field of research nowadays. In the equivariant setting, the Lie 
bialgebra of Goldman and Turaev has been generalized to loop spaces of smooth 
manifolds [6]. The string homology of a smooth manifold M is defined as the 
reduced equivariant homology (i.e. relative to constant loops) of the free loop space 
LM of M. The word equivariant refers here to the action of S' on loops by rotation. 
According to [6], the string homology of a smooth manifold forms an involutive 
Lie bialgebra. Let us note that for an n-dimensional manifold, the bracket and the 
cobracket of this structure are of degree 2 — n. In particular, the string homology of 
a surface is isomorphic to Goldman-Turaev Lie bialgebra as a graded Lie bialgebra. 
Let us note that such a structure is also related to very active research topics in 
symplectic topology. Precisely, the string homology of M is isomorphic as a graded 
Lie bialgebra to the contact homology of its cotangent bundle (equipped with the 
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standard symplectic form) [8]. This result is part of a larger program aimed at 
relating string topology and symplectic field theory. 


Example 2.5 A dg Frobenius algebra is a unitary dg commutative associative 
algebra of finite dimension A endowed with a symmetric non-degenerate bilinear 
form < .,. >: A@®A — K which is invariant with respect to the product, i.e 
<xy,Z >=< xX, yz >. 

A dg Frobenius bialgebra of degree m is a triple (B, jz, A) such that: 


(i) (B, 4) is a dg commutative associative algebra; 
(i1) (B, A) is a dg cocommutative coassociative coalgebra with deg(A) = m; 
(iii) the map A: B > B @ Bis a morphism of left B-module and right B-module, 
i.e in Sweedler’s notations we have the Frobenius relations 


Yo@yay ®@ (ya) = yxy) ® ye) 
(xy) () 


= Vy" xuy ® xeay-y 
@) 


The two definitions are strongly related. Indeed, if A is a Frobenius algebra, then 
the pairing < .,. > induces an isomorphism of A-modules A & A*, hence a map 


A* 4 (A@A)* &A* @A* ZABA 


GB 
> 
Yee 


which equips A with a structure of Frobenius bialgebra. Conversely, one can prove 
that every unitary counitary Frobenius bialgebra gives rise to a Frobenius algebra, so 
the two notions are equivalent. In terms of graphical presentation, we have a product 
of degree 0 and a coproduct of degree m presented by 


“i As 


and satisfying the following relations: 


Associativity and coassociativity 


Frobenius relations 
AOS DOCy 


In the unitary and counitary case, one adds a generator for the unit, a generator 
for the counit and the necessary compatibility relations with the product and the 
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coproduct. We refer the reader to [44] for a detailed survey about the role of 
these operations and relations in the classification of two-dimensional topological 
quantum field theories. Let us note that a variant of Frobenius bialgebras called 
special Frobenius bialgebra is closely related to open-closed topological field 
theories [48] and conformal field theories [19]. 

A classical example of Frobenius (bi)algebra comes from Poincaré duality. Let 
M be an oriented connected closed manifold of dimension n. Let [M] € H,(M; IK) & 
H°(M;K) = K be the fundamental class of [M]. Then the cohomology ring 
H*(M; kK) of M inherits a structure of commutative and cocommutative Frobenius 
bialgebra of degree n with the following data: 


1. the product is the cup product 


yw: H'M @ H'M > H*t'M 


x@yrxUy 


2. the unit 7 : K > H°M = H,,M sends 1x on the fundamental class [M]; 
3. the non-degenerate pairing is given by the Poincaré duality: 


B: H'M @H"*M >K 
xX@yh <xUy,[M] > 


i.e the evaluation of the cup product on the fundamental class; 
4. the coproduct A = (4 @ id) o (id ® y) where 


y:K> @ AMe@u'M 
k+l=n 


is the dual copairing of 6, which exists since 6 is non-degenerate; 
5. the counite =< .,[M] >: H"M — K.ie the evaluation on the fundamental class. 


A natural question after looking at all these examples is the following: can we 
extract acommon underlying pattern, analogue to representation theory of groups or 
to operad theory, which says that an algebraic structure of a given kind is an algebra 
over a corresponding combinatorial object? A formalism that include algebras 
over operads as well as more general structures like Lie bialgebras and Frobenius 
bialgebras? We answer this question with the following definition, originally due 
to MacLane [52]. A 2/-biobject is a double sequence {M(m,n) € Gh} mnyen2 
where each M(m, n) is equipped with a right action of Y,, and a left action of ¥, 
commuting with each other. 


Definition 2.1 A prop is a '-biobject endowed with associative horizontal compo- 
sition products 


On: P(m, 1) ® P(m2,n2) > P(m, + m,n + n2), 
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associative vertical composition products 
oy : P(k,n) ® P(m,k) > P(m,n) 


and maps K — P(n,n) which are neutral for o, (representing the identity 
operations). These products satisfy the exchange law 


(fi On fa) Ov (81 On 82) = (ft Ov 81) On (f2 Ov 82) 


and are compatible with the actions of symmetric groups. 

Morphisms of props are equivariant morphisms of collections compatible with 
the composition products. 
A fundamental example of prop is given by the following construction. To any 
complex X we can associate an endomorphism prop End, defined by 


Endx(m,n) = Home (X®”", X®"), 


The prop structure here is crystal clear: the actions of the symmetric groups are the 
permutations of the tensor powers, the vertical composition is the composition of 
homomorphisms and the horizontal one is the tensor product of homomorphisms. 


Definition 2.2 A P-algebra on a complex X is a prop morphism P > Endy. 
That is, a P-algebra structure on X is a collection of equivariant cochain morphisms 


{ P(m,n) > Home, (X®”, X®")} in nen 


commuting with the vertical and horizontal composition products. Hence the formal 
operations of P are sent to actual operations on X, and the prop structure of P 
determines the relations satisfied by such operations. 


Remark 2.3 MacLane’s original definition is more compact: a prop P in a closed 
symmetric monoidal category @ as a symmetric monoidal category enriched in @, 
with the natural integers as objects and the tensor product ® defined by m@n = m+ 
n. A morphism of props is then an enriched symmetric monoidal functor. An algebra 
over a prop is an enriched symmetric monoidal functor P — @, and a morphism of 
algebras is an enriched symmetric monoidal transformation (see also [82, Section 
2.1] for the colored case). 

There is an adjunction between the category of 4'-biobjects and the category of 
props, with the right adjoint given by the forgetful functor and the left adjoint given 
by a free prop functor. Briefly, given a 3’-biobject M, the free prop (M) on M is 
defined by 


FMy(mn)= GP ( WK MUIn(v)|, |Out(r)|))aucey 


GeGr(m,n) veVert(G) 


where 
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¢ The direct sums runs over the set Gr(m,n) of directed graphs with m inputs, n 
outputs and no loops; 

e The tensor products are indexed by the sets Vert(G) of vertices of such graphs G; 

¢ For each vertex v of G, the numbers |/n(v)| and |Out(v)| are respectively the 
number of inputs and the number of outputs of v; 

e These tensor products are mod out by the action of the group Aut(G) of 
automorphisms of the graph G. 


We refer the reader to [23, Appendix A] for more details about this construction. 
Moreover, there is an obvious notion of ideal in a prop P, defined as a ¥’-biobject 
I such that io, p € 7 fori ¢ and p € P, andio, p € I fori € J andp € P. This 
means that each prop admits a presentation by generators and relations, something 
particularly useful to describe an algebraic structure. For instance, all the operations 
A®" —s A on an associative algebra A induced by the algebra structure are entirely 
determined by a product A @ A — A and the associativity condition. Actually, the 
graphical presentations we gave in the examples above are exactly presentations of 
the corresponding props by generators and relations ! For instance, if we denote by 
BiLie the prop of Lie bialgebra, we have 


BiLie = F(M)/I 
where M(2, 1) = sgno@K. a M(1, 2) = sgno@K. a 
(m,n) ¢ {(2, 1), (1, 2)} (recall here that sgnz is the signature representation of 3/2). 


The ideal J is generated by the graphs defining the relations in Example 4 (Jacobi, 
co-Jacobi, cocycle relation). A Lie bialgebra g is then the datum of a prop morphism 


and M(m, n) = 0 for 


{BiLie(m,n) > Homa(g®", g®")} nneN- 


According to the presentation of BiLie by generators and relations, this prop 

morphism is completely determined by its values on the generators. That is, we 

send the generator | 2, to acochain map [,] : g ® g — g, the generator to 
g Vy pL]: s@g—g, theg A 


a cochain map 6 : g = g © g, and the graphs of J to zero. This implies that [, is a 
Lie bracket, 5 a Lie cobracket and they satisfy moreover the cocycle relation. 

Actually, for a wide range of algebraic structures, a well defined grafting 
operation on connected graphs is sufficient to parametrize the whole structure. 
Such a grafting is defined by restricting the vertical composition product of props 
to connected graphs. The unit for this connected composition product &, is the 
d/-biobject J given by /(1,1) = K and /(m,n) = 0 otherwise. The category of 
»'-biobjects then forms a symmetric monoidal category (ChE, X., 1). 


Definition 2.4 A dg properad (P, 4,7) is a monoid in (Che, &.,1), where ju 
denotes the product and 7 the unit. It is augmented if there exists a morphism of 
properads « : P — I. In this case, there is a canonical isomorphism P & I ® P 
where P = ker(e) is called the augmentation ideal of P. 
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Morphisms of properads are morphisms of monoids in (Ch, Kl, /). 
Properads have also their dual notion, namely coproperads: 


Definition 2.5 A dg coproperad (C, A, €) is a comonoid in (Che, &, 1). 
As in the prop case, there exists a free properad functor -¥ forming an adjunction 


EF: Chg = Properad : U 


with the forgetful functor U. There is an explicit construction of the free properad 
analogous to the free prop construction, but restricted to connected directed graphs 
instead of all directed graphs. Dually, there exists a cofree coproperad functor 
denoted ¥,.(—) having the same underlying »'-biobject. There is also a notion of 
algebra over a properad similar to an algebra over a prop, since the endomorphism 
prop restricts to an endomorphism properad. Properads are general enough to 
encode a wide range of bialgebra structures such as associative and coassociative 
bialgebras, Lie bialgebras, Poisson bialgebras, Frobenius bialgebras for instance. 


Remark 2.6 There is a free-forgetful adjunction between properads and props [76]. 


3 Homotopy Theory of (Bi)algebras 


We already mentioned before the natural occurrence of “relaxed” algebraic struc- 
tures, like Ago-algebras or E,o-algebras, in various situations where a given 
relation (associativity, commutativity) is satisfied only up to an infinite sequence of 
obstructions vanishing at the cohomology level. More generally, one can wonder 
how to set up a coherent framework to define what it means to “relax” a P- 
algebra structure, encompassing in particular the previous examples. Moreover, we 
will see later that deformation theory of differential graded P-algebras can not 
be defined without working in the larger context of P-algebras up to homotopy 
(or homotopy P-algebras). This is due to the fact that the base category Gh itself 
manifests a non trivial homotopy theory. A natural way to define homotopy P- 
algebras is to resolve the prop P itself by means of homotopical algebra. For this, 
we recall briefly that @h has all the homotopical properties needed for our purposes, 
namely, it forms a cofibrantly generated symmetric monoidal model category. We 
refer the reader to Hirschhorn [40] and Hovey [41] for a comprehensive treatment 
of homotopical algebra and monoidal model categories. The 2’-biobjects form a 
category of diagrams in Gh and inherit thus a cofibrantly generated model structure 
with pointwise weak equivalence and fibrations (the projective model structure). The 
free prop functor allows to transfer the projective model structure of ¥’-biobjects 
along the free-forgetful adjunction: 


Theorem 3.1 (cf. [23, Theorem 5.5]) The category of dg props Prop equipped 
with the classes of componentwise weak equivalences and componentwise fibrations 
forms a cofibrantly generated model category. 
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Remark 3.2. According to [59], the similar free-forgetful adjunction between »’- 
biojects and dg properads equips dg properads with a cofibrantly generated model 
category structure with componentwise fibrations and weak equivalences. 

Hence we can define homotopy algebras over props as follows: 


Definition 3.3 A homotopy P-algebra is a Poo-algebra, where Poo > Pisa 
cofibrant resolution of P. 

Homotopy algebra structures appear naturally in plenty of topological and geometric 
situations, especially for transfer and realization problems: 


¢ Transfer problems: given a quasi-isomorphism X = Y, if Y forms a P-algebra, 
then X can not inherit a P-algebra structure as well (since this is not a strict 
isomorphism) but rather a P,o-algebra structure. In the converse way, a choice 
of quasi-isomorphism X + H*X froma complex to its cohomology allows to 
transfer any P-algebra structure on X to a Poo-algebra structure on H*X. That 
is, the data of a big complex with a strict structure can transferred to a smaller 
complex with a bigger structure up to homotopy. 

¢ Realization problems: A P-algebra structure on the cohomology H*X is induced 
by a finer P.-algebra structure on X, which consists in a family of higher 
operations on cochains. 


Let us name a few applications of such ideas: 


¢ Aoo-structures (associative up to homotopy) appeared very early in the study 
of loop spaces and monoidal categories (Stasheff’s associahedra), and the Ago- 
structure induced on the singular cohomology of a topological space by the 
cochain-level cup product gives the higher Massey products. Such products are 
topological invariants, for instance the triple Massey product differentiate the 
Borromean rings from the trivial link, even though their respective cohomologies 
are isomorphic as associative algebras. 

¢ Ep>o-structures (commutative up to homotopy) on ring spectra play a key role 
to encode cohomological operations in stable homotopy theory. Realization 
problems for such structures have been the subject of a consequent work by 
Goerss-Hopkins [33], following the idea of [2] to study the homotopy type of 
the moduli space of all realizations on a given spectrum by decomposing it 
as the limit of a tower of fibrations, and determining the obstruction groups 
of the corresponding spectral sequence (which turns out to be André-Quillen 
cohomology groups). 

e The E.o-structure on singular cochains classifies the homotopy type of nilpotent 
spaces (see Sullivan over Q, Mandell over Z and F,). 

¢ Lo -structures (Lie up to homotopy) encode the deformation theory of various 
algebraic, topological or geometric structures, a striking application being 
Kontsevich’s deformation quantization of Poisson manifolds [46]. 

¢ In string topology, the homology of a loop space §2M on a manifold M is 
equipped with a natural Batalin-Vilkovisky algebra (BV-algebra) structure [7]. 
On the other hand, the Hochschild cohomology of the singular cochains on M 
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is also a BV-algebra (extending the canonical Gerstenhaber algebra structure). 
In characteristic zero, when M is a simply connected closed manifold, both are 
known to be isomorphic as BV-algebras [18]. It turns out that this structure lifts 
to a BVo-structure on Hochschild cochains (a result called the cyclic Deligne 
conjecture). Homotopy BV-algebras are related not only to string topology but 
also to topological conformal field theories and vertex algebras [26]. 

¢ Homotopy Gerstenhaber algebras, or equivalently E,-algebras, are the natu- 
ral structures appearing on Hochschild complexes by Deligne’s conjecture, 
which has been generalized to the existence of EF, ,-algebra structures on 
higher Hochschild complexes of E,,-algebras. These results have applications to 
deformation quantization but also to factorization homology of manifolds and 
generalizations of string topology [32]. The proof of Deligne’s conjecture relies 
on a transfer of structures combined with an obstruction theoretic method. Let us 
note that a bialgebra version of this conjecture obtained recently in [30] relies in 
particular on this “transfer+obstruction” method in the case of E3-algebras and 
has applications to open problems in quantum group theory. 


Moreover, homotopy algebra structures are the structures controlled by the coho- 
mology theories of algebras, when one works in the dg setting. For instance, the 
Hochschild complex of a dg associative algebra A controls (in a sense we will 
precise later) not the strict algebra deformations but the Ago deformations of A. 

However, there is a quite obvious problem in the definition of homotopy algebra 
we gave above. Indeed, it relies a priori on the choice of a resolution. For instance, 
two homotopy P-algebras could be weakly equivalent for a certain choice of Poo 
but not for another choice. In order to make sense of this notion and of the various 
deformation theoretic, transfer and realization problems in which it naturally arises, 
we have to prove an invariance result for the homotopy theory of homotopy P- 
algebras: 


Theorem 3.4 ((79, Theorem 0.1]) A weak equivalence p : Po = Qo. between 
cofibrant props induces an equivalence of (00, 1)-categories 


0* : (Qo — Alg, gq — isos) =e (Poo — Alg, g — isos), 


where (Po. — Alg, g — isos) is the (oo, 1)-category associated to the category of dg 
Po-algebras with quasi-isomorphisms as weak equivalences. 

In the case of algebras over operads, this result is already known by using classical 
methods of homotopical algebra. A weak equivalence g : P — Q of dg operads 
induces an adjunction 


$1: Poo —Alg & Qoo — Allg: 9", 
where y* is the functor induced by precomposition P99 > Qo — Endy and 


gy is a certain coequalizer. The functor g* is a right Quillen functor since weak 
equivalences and fibrations of algebras over operads are determined in complexes, 
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so this is a Quillen adjunction. One can then prove that the unit and the counit of this 
adjunction are weak equivalences, hence the desired result (a Quillen equivalence 
induces an equivalence of the associated (oo, 1)-categories. We refer the reader to 
[22, Chapter 16] for a detailed proof of this result. This method completely fails in 
the case of algebras over props for two reasons: 


e Algebras over props are a priori not stable under all colimits, so the left adjoint 
¢, does not exist in general; 

¢ There is no free P-algebra functor, hence no way to transfer a model category 
structure from the one of cochain complexes (and by the previous point, the first 
axiom of model categories already fails). 


To overcome these difficulties, one has to go through a completely new method 
based on the construction of a functorial path object of P-algebras and a corre- 
sponding equivalence of classification spaces proved in [78], then an argument 
using the equivalences of several models of (00, 1)-categories [79]. The equivalence 
of Theorem 3.4 is stated and proved in [79] as an equivalence of hammock 
localizations in the sense of Dwyer-Kan [12]. 

Theorem 3.4 means that the notion of algebraic structure up to homotopy is 
coherent in a very general context, and in particular that transfer and realization 
problems make sense also for various kinds of bialgebras. Two motivating examples 
are the realizations of Poincaré duality of oriented closed manifolds as homotopy 
Frobenius algebra structures at the cochain level, and realizations of the Lie 
bialgebra structure on string homology at the chain level. Let us note that an explicit 
realization has been recently obtained in [9] (with interesting relationships with 
symplectic field theory and Lagrangian Floer theory), using a notion of homotopy 
involutive Lie bialgebra which actually matches with the minimal model of the 
associated properad obtained in [5] (see [9, Remark 2.4]). However, classification 
and deformation theory of such structures, as well as the potential new invariants 
that could follow, are still to be explored. 


4 Deformation Theory and Moduli Problems in a Derived 
Framework 


Geometric Idea A common principle in algebraic topology and algebraic geome- 
try is the following. 


¢ In order to study a collection of objects (or structures) equipped with an 
equivalence relation, one construct a space (classifying space in topology, moduli 
space in geometry) whose points are given by this collection of objects and 
connected components are their equivalence classes. 

¢ The set of equivalence classes is not enough. Indeed, understanding the deforma- 
tion theory of these objects amounts to studying the infinitesimal deformations 
(formal neighbourhood) of the corresponding points on the moduli space. For 
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this, one needs the existence of some tangent structure, thus the existence of a 
geometry on such a moduli space. 

e The deformation theory of a given point is then described by the associated 
formal moduli problem, which consists, roughly speaking, of a functor from 
augmented Artinian cdgas to simplicial sets with nice gluing properties, so that 
its evaluation on an algebra R is the space of R-deformations of this point. 

¢ One would like an algebraic description of this deformation theory in terms 
of deformation complexes and obstruction theory. For this, one has to move in 
the derived world and use Lurie’s equivalence theorem between formal moduli 
problems and dg Lie algebras. The corresponding dg Lie algebra is called the 
tangent Lie algebra. 


In the two sections below, we describe some key ideas to work out the construction 
above in a derived framework, and motivate the necessity to introduce these 
additional derived data. 


4.1 Derived Algebraic Geometry in a Nutshell 


A usual geometric approach to moduli problems is to build an algebraic variety, 
scheme, or stack parameterizing a given type of structures or objects (complex 
structures on a Riemann surface, vector bundles of fixed rank...). However, 
the usual stacks theory shows its limits when one wants to study families of 
objects related by an equivalence notion weaker than isomorphisms (for instance, 
complexes of vector bundles) and capture their full deformation theory on the 
tangent spaces. Derived algebraic geometry is a conceptual framework to solve such 
problems, that can be seen as a homotopical perturbation or thickening of algebraic 
geometry [74]. 

Recall that as a ringed space, a usual scheme is a couple (X, Gx), where X 
is a topological space and @y a sheaf of commutative algebras over X called 
the structural sheaf of the scheme. That is, schemes are structured spaces locally 
modelled by commutative algebras. From the “functor of points” perspective, 
schemes are sheaves Aff —> Set on the category Aff of affine schemes, which 
is the opposite category of the category Comx of commutative algebras: they 
are functors Come — Set satisfying a gluing condition (also called descent 
condition) with respect to a specified collection of families of maps in Comx called 
a Grothendieck topology on Comx. The notion of Grothendieck topology can be 
seen as a categorical analogue of the notion of covering of a topological space, 
and like sheaves on a topological space, we want sheaves on a given category 
to satisfy a gluing condition along the “coverings” given by this Grothendieck 
topology. Stack theory goes one step further, replacing Set by the 2-category of 
groupoids Grpd. Stacks are then functors Comx — Grpd satisfying a 2-categorical 
descent condition (gluing on objects of the groupoids and compatible gluing on 
sets of isomorphisms between these objects). A motivation for such a complicated 
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generalization of scheme theory is to handle all the interesting moduli problems that 
cannot be represented by a moduli space in the category of schemes, due to the fact 
that the families of objects parametrized by this moduli problem have non trivial 
automorphisms (consider for instance fiber bundles on a variety). 

To give a geometric meaning and good properties for such moduli spaces, one 
has to go further and work with geometric stacks, a subcategory of stacks which can 
be obtained by gluing (taking quotients of) representable stacks along a specified 
class P of maps. An important example of Grothendieck topology is the étale 
topology. In this topology, the geometric stacks obtained by choosing for P the class 
of étale maps are the Deligne-Mumford stacks, and the geometric stacks obtained 
by choosing for P the class of smooth maps are the Artin stacks. To satisfy the 
corresponding conditions forces the points of such a stack to have “not too wild” 
automorphism groups: the points of a Deligne-Mumford stack have finite groups of 
automorphisms (the historical example motivating the introduction of stack theory is 
the moduli stack of stable algebraic curves), and Artin stacks allow more generally 
algebraic groups of automorphisms (for example a quotient of a scheme by the 
action of an algebraic group). 

A derived scheme is a couple S = (X, Gx), where X is a topological space and 
Ox a sheaf of differential graded commutative algebras over X, such that tS = 
(X, H°@x) (the zero truncation of $) is a usual scheme and the H~'@y are quasi- 
coherent modules over H° Gy. That is, derived schemes are structured spaces locally 
modelled by cdgas. Using the “functor of points” approach, we can present derived 
geometric objects in the diagram 


Comy ———~> Set 


Grpd 


| 


CDGAxK ——~ sSet 


where CDGAg is the oo-category of non-positively graded commutative differential 
graded algebras, Set the category of sets, Grpds the (2-)category of groupoids and 
sSet the oo-category of simplicial sets (co-groupoids). 


e Schemes are sheaves Comx — Set over the category of affine schemes (the 
opposite category of Com) for a choice of Grothendieck topology. 

e Stacks are “sheaves” Comg — Grpd for a 2-categorical descent condition, and 
landing in groupoids allows to represent moduli problems for which objects have 
non-trivial automorphisms. 

¢ Higher stacks are “sheaves up to homotopy” Comx — sSet, and landing in 
simplicial sets allows to represent moduli problems for which objects are related 
by weak equivalences instead of isomorphisms. 
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¢ Derived stacks are “sheaves up to homotopy” CDGAxK — sSet over the oco- 
category of non-positively graded cdgas (in the cohomological convention) with 
a choice of Grothendieck topology on the associated homotopy category. They 
capture the derived data (obstruction theory via (co)tangent complexes, non- 
transverse intersections, K-theoretic virtual fundamental classes [72, Section 3]) 
and convey richer geometric structures (shifted symplectic structures for instance 
[60]). 


It is important to be precise that, to get derived stacks with geometric properties, 
we have to restrict to a sub-oo-category of these, called derived Artin stacks. 
Derived 1-Artin stacks are geometric realizations of smooth groupoid objects in 
derived affine schemes, and derived n-Artin stack are recursively defined as the 
geometric realization of smooth groupoid object in derived n — 1-Artin stacks. 
An alternate way is to define n-Artin stacks as smooth n-hypergroupoid objects 
in derived affine schemes [63]. This is the natural generalization, in the derived 
setting, of the geometric stacks we mentionned earlier: we obtain them by gluing 
representables along smooth maps, and this gluing is defined as the realization 
of a (higher) “groupoid-like” object. Such stacks are also said to be n-geometric. 
Derived Artin stacks admit cotangent complexes, an associated obstruction theory 
and various properties for which we refer the reader to [72]. Concerning in 
particular the obstruction theory, the cotangent complex of a derived n-Artin stack 
is cohomologically concentrated in degrees ] — 00; n]. If the derived Artin stack X 
is locally of finite presentation, then it admits a tangent complex (the dual of the 
cotangent complex in the oo-category Lgcon(X) of quasi-coherent complexes over 
X) cohomologically concentrated in degrees [—n; oo[. The geometric meaning of 
the cohomological degree is the following: at a given point x of X, the cohomology 
of the tangent complex in positive degrees controls the obstruction theory of x 
(extensions of infinitesimal deformations to higher order deformations), the oO”. 
cohomology group is the group of equivalence classes of infinitesimal deformations, 
and the cohomology of the tangent complex in negative degrees controls the (higher) 
symmetries of x (the homotopy type of its automorphisms is bounded by n). This last 
part generalizes to derived geometry the idea of the usual theory of algebraic stacks, 
that we have to control the automorphisms of the points to get a nice geometric 
object. 


Remark 4.1 Derived Artin stacks satisfy the “geometricity” condition for a derived 
analogue of the class of smooth maps. Similarly, one can define derived Deligne- 
Mumford stacks by a geometricity condition for a derived analogue of the class of 
étale maps. 

To illustrate this homotopical enhancement of algebraic geometry, let us give 
some interesting examples. 


Example 4.1 Let X and Y be two subvarieties of a smooth variety V. Their 
intersection is said to be transverse if and only if for every point p € XM Y, we 
have T,V = T,X + T,Y where T, is the tangent space at p. This means that X N Y 
is still a subvariety of V. Transverse intersections are very useful: 
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¢ In algebraic topology, to define the intersection product [X].[Y] = [XM Y] on 
the homology H,.M of a manifold M (classes being represented by submanifolds 
X,Y of M). 

¢ In algebraic geometry, classes represented by subvarieties are called algebraic 
classes, and the formula of the intersection product above equip algebraic classes 
with a ring structure. This is called the Chow ring. 


It is thus natural to ask what happens when intersections are not transverse. The idea 
is to deform X to another subvariety X’ and Y to another subvariety Y’ such that X’ 
and Y’ intersect transversely, and to define [X].[ Y] = [X’N Y’]. The drawback is that 
XY is not a geometric object anymore but just a homology class. 

Another natural question is to count multiplicity (in some sense, the “degree of 
tangency’’) of non transverse intersections. For example, consider X = {y = O} a 
line tangent to Y = { y — x? = O} the parabola in the affine plane, and look at the 
intersection point p = (0,0) of X and Y. If we deform this situation to a generic 
case by moving the line along the parabola, the line intersects the parabola at two 
distinct points. This means that the multiplicity of p is 2. In general, the multiplicity 
of the intersection of two subvarieties X and Y at a generic point p is given by Serre’s 
intersection formula 


ss 6 
I(p;X,Y) = Y\(-Didime,,, (Tor; "” (Oxy, Ov p)) 
= dim(OX p Qo,, Oy ») + correction terms 


where OV » is the stalk of Oy at p, and Ox », Oy, are Oy »-modules for the structures 
induced by the inclusions X <> V,Y <> V. In certain cases, the multiplicity is 
determined by the dimension of Ox, Qo, Oy », but in general this is not sufficient 
and we have to introduce correction terms given by the derived functors Tor with no 
geometric meaning. 

Non transverse intersections have a natural geometric construction in derived 
geometry. The idea is to realize X M Y as a derived scheme by using a derived fiber 
product 


Xx Y= (XY, Oyyny = Ox BG, Ov) 


where @" is the left derived tensor product of sheaves of cdgas and @G, is the left 
derived tensor product of dg Gy-modules. Then 


Mp:X.¥) = J (-VidimH"Oxx4), 


that is, the intersection number naturally and geometrically arises as the Euler 
characteristic of the structure sheaf of the derived intersection. In a sentence, the 
transversality failure is measured by the derived part of the structure sheaf. 
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Example 4.2 Another kind of application is Kontsevich’s approach to Gromov- 
Witten theory in symplectic topology and algebraic geometry (which has also 
applications in string theory). On the algebraic geometry side, the problem is the 
following. When we want to count the intersection points of two curves in P”, 
we use intersection theory on P? and Bezout theorem. More generally, one could 
wonder how to count rational curves of a given degree in P that intersect a given 
number of points pj, +++ , Pn, or replace P’ by a more general variety X. The idea to 
address this question is to define a moduli space of such curves and do intersection 
theory on this moduli space. But for this, one has to define a moduli space with good 
geometric properties, a constraint that leads to the notion of stable map. Let C be 
a curve of genus g and degree d with marked points p),--- ,p,. A stable map is a 
mapf : C — X satisfying an additional “stability condition” we do not precise here. 
Counting rational curves of genus g and degree d in X passing through n fixed points 
X1,°+** ,X, of X amounts to count such stable maps, and this defines the Gromov- 
Witten invariants of X. A classical idea is to define an invariant by integrating some 
function on the appropriate moduli space (via intersection theory). Here, this is the 
moduli space of stable maps -%, ,(X,d). In the case X = P”, this is a smooth and 
compact Deligne-Mumford stack. In the general case of a smooth proper variety, the 
moduli space -%, ,(X, d) is not smooth anymore and this is a major trouble. 
Indeed, we would like to define Gromov-Witten invariants by 


GW4(x1,°°* . Xn) = [ ev; [xi] U-+- U evz [xa] 


Mg n (Xd) 


=< [Mg n(X, d)], ev; [x1] U-++ U evs fy] > 


where e0; : My (X ,d) > X,f + f(p;) is the evaluation map at the ith marked point 
of curves, the class [x;] is the cohomology class associated to the homology class of 
the point x; by Poincaré duality, and <, > is the Poincaré duality pairing. Intuitively, 
the class evj[x;] represents curves in X whose ith marked point coincide (up to 
deformation of the curve) with x;, that is, equivalences classes of curves passing 
through x;. The product ev} [x;]U- : -Uev; [x,] then correspond to equivalence classes 
of curves passing through x;,--- ,x,, and counting such curves amounts to pair it 
along the fundamental class [4 n(X,d)] of @_n(X,d). And this is the problem: 
there is no such thing as a “‘fundamental class of Man(X ,d)’”, since My (X , da) is 
not smooth. 

Briefly, Kontsevich’s idea is to see Ma n(X ,d) as a “derived space” (i.e. equipped 
with a differential graded structure sheaf), that is, to make Ma n(X ,d) formally 
behave like a smooth space by replacing the tangent spaces by tangent complexes. 
Then one associates to its dg sheaf a “virtual fundamental class” [.4Z,n(X,d)]”"”, 
generalizing the fundamental class of smooth objects to singular objects (by taking 
the Euler characteristic of this dg sheaf in K-theory, and sending this K-theory 
virtual class to a class in the Chow ring of .%,,,(X,d), thanks to the existence of 
a Chern character). This allows to properly define 


GWa(x1,°+* .Xn) =< [Ben(X, d)|"", eve [x1] U-+: U ev* [x] >. 
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Example 4.3 Another very interesting application is the possibility to define a 
derived version of character varieties. Let M be a smooth manifold and G a Lie 
group (or an algebraic group). We know that a G-local system on M is given by a 
G-bundle with flat connection, and those bundles are equivalent to representations 
1M — G by the Riemann-Hilbert correspondence. The variety of G-characters of 
M is defined by 


Locg(M) = Hom(1\M, G)/G 


where G acts by conjugation. This is the moduli space of G-local systems on M. 
Character varieties are of crucial importance in various topics of geometry and 
topology, including 


¢ Teichmiiller geometry: for a Riemann surface S, the variety Locsz,(S) contains 
the Teichmiiller space of S as a connected component. 

¢ Low dimensional topology: for dim(M) = 3, the variety Locg(M) is related 
to quantum Chern-Simons invariants of M (there are various conjectures about 
how the properties of Locg(M) could determine the behaviour of the 3-TQFT 
associated to G and M and associated invariant such as the colored Jones 
polynomial). 


However, this is generally a highly singular object, and one would like to apply 
the principle shown in the previous example: treat this singular object as a smooth 
object in a derived framework. To formalize this idea, one defines a derived stack 


RLocg(M) = Map(Betti(M), BG) 


where Betti(M) is the Betti stack of M, BG is the derived classifying stack of M and 
Map is the internal mapping space in the oo-category of derived stacks [72]. This 
new object satisfies the following important properties: 


¢ Its zero truncation gives the usual character variety 
TyRLocg(M) = Locg(M). 


e The tangent complex over a point computes the cohomology of M with coeffi- 
cients in the associated G-local system. 

e There is a nice new geometric structure appearing on such objects, which 
is typically of derived nature: it possesses a canonical 2 — dim(M)-shifted 
symplectic structure [60]. Briefly, shifted symplectic structures are the appro- 
priate generalization of symplectic structure from smooth manifolds to derived 
stacks. Here, since tangent spaces are complexes, differential forms come with 
a cohomological degree in addition to their weight. An n-shifted symplectic 
structure is a cohomology class of degree n in the de Rham complex of closed 
2-forms satisfying a weak non-degeneracy condition: for every point Spec(K) > 
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X, it induces a quasi-isomorphism Tx/xK = Ly/x[—n] between the tangent 
complex and the shifted cotangent complex. 


If X is asmooth manifold, a 0-shifted symplectic structure on X is a usual symplectic 
structure. Let us note that in the case of a surface, the 0-shifted symplectic form 
RLocg(M) restricts to Goldman’s symplectic form on the smooth locus of Locg(M) 
[34], so this is really an extension of Goldman’s form to the whole moduli space. 

Finally, to come back to the main topic of our survey and to motivate a bit the 
use of homotopy theory for moduli spaces of algebraic structures, let us see on a 
very simple example what happens if we build such a space with usual algebraic 
geometry: 


Example 4.4 Let V be a vector space of dimension n, and let us consider a basis 
{€1,-,én} of V. An associative product on V is a linear map ph : V@V > V 
satisfying the associativity condition, hence it is determined by its values on the 
basis vectors 


n 
k 
1(61,¢)) = D> cher, 
k=1 


where the cis satisfy moreover a certain set of relations R determined by the 
associativity of jz. We can build an affine scheme whose K-points are the associative 
algebra structures on V: its ring of functions is simply given by A = K[cj] /(R). 
But we would like to classify such structures up to isomorphism, hence up to base 
change in V. For this, we have to mod out by the action of GL, on V. In order to have 
a well defined quotient of Spec(A) by GL,, we take the quotient stack [Spec(A)/GLy]| 
as our moduli space of associative algebra structures up to isomorphisms. 

Now let R be an associative algebra with underlying vector space V, which 
represents a K-point of V (given by the orbit of the action of GL(V) on R). Then 
the truncated tangent complex Tr of [Spec(A)/GL,] over the orbit of R is given by 
a map 


dw : gl(V) + TrSpec(A), 


where gi(V) is the Lie algebra of GL(V) (the Lie algebra of matrices with 
coefficients in V) sitting in degree —1, and TrSpec(A) is the tangent space of 
Spec(A) over R, sitting in degree 0. This map is the tangent map of the scheme 
morphism 


ob: GL(V) — Spec(A) 


which sends any f € GL(V) to f.R, the action of f on R, defined by transferring 
the algebra structure of R along f. This is what one should expect for the tangent 
complex: two associative algebra structures are equivalent if and only if they are 
related by the action of GL(V) (also called action of the “gauge group”). We then 
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get H'Tr = Endzig(R) (the Lie algebra of algebra endomorphisms of R, tangent 
to Autaig(R)) and H°Tr = HH?(R, R) the second Hochschild cohomology group of 
R. Let us note that this computation is a very particular case of [80, Theorem 5.6]. 
The group HH? (R, R) classifies equivalence classes of infinitesimal deformations of 
R. In particular, if HH?(R, R) = 0 then the algebra R is rigid, in the sense that any 
infinitesimal deformation of R is equivalent to the trivial one. 

The construction above has two main drawbacks. First, the tangent complex does not 
give us any information about the obstruction theory of R, for instance, obstruction 
groups for the extension of infinitesimal deformations to formal ones. Second, in the 
differential graded case this construction does not make sense any more, and gives 
no way to classify structures up to quasi-isomorphisms. 


4.2 Derived Formal Moduli Problems 


Formal moduli problems arise when one wants to study the infinitesimal deforma- 
tion theory of a point x of a given moduli space X (variety, scheme, stack, derived 
stack) in a formal neighbourhood of this point (that is, the formal completion 
of the moduli space at this point). Deformations are parametrized by augmented 
Artinian rings, for example K[#]/(#*) for infinitesimal deformations of order one, or 
K[¢]/(t") for polynomial deformations of order n. The idea is to pack all the possible 
deformations of x in the datum of a deformation functor 


Defx,x : Arty. > Set 


from augmented Artinian algebras to sets, sending an Artinian algebra R to the set 
of equivalence classes of R-deformations of x, that is, equivalence classes of lifts 


Spec(R) ——> X 


|“ 


Spec(IK) 


(where the morphism Spec(K) — Spec(R) is induced by the augmentation 
R — Kv). These are nothing but the fiber of the map X(R) — X(K) induced 
by the augmentation R — K and taken over the base point x. Later on, several 
people realized that one could use Lie theory of dg Lie algebra to describe these 
deformation functors. Precisely, given a dg Lie algebra g, we consider the functor 


Def, » Arty” — Set 


Rt--> MC(g ®x mp) 
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where me is the maximal ideal of g and MC(g ®x mp) is the set of Maurer-Cartan 
elements of the dg Lie algebra g ®x mp, that is, elements x of degree | satisfying 
the Maurer-Cartan equation dx + six, x] = 0. The functor Def, is a formal moduli 
problem called the deformation functor or deformation problem associated to g. 
This characterization of formal moduli problems arose from unpublished work 
of Deligne, Drinfed and Feigin, and was developed further by Goldman-Millson, 
Hinich, Kontsevich, Manetti among others. Defining deformation functors via dg 
Lie algebras led to striking advances, for instance in the study of representations of 
fundamental groups of varieties [36, 67] and in deformation quantization of Poisson 
manifolds [46]. 

It turned out that all known deformation problems related to moduli spaces 
in geometry were of this form, which led these people to conjecture that there 
should be a general correspondence between formal moduli problems and dg Lie 
algebras. However, there was no systematic recipe to build a dg Lie algebra from 
a given moduli problem (the construction above is the converse direction of this 
hypothetical equivalence), and even worse, different dg Lie algebras could represent 
the same moduli problem. Moreover, the obstruction theory associated to a moduli 
problem, given by the positive cohomology groups of its Lie algebra, has no natural 
interpretation in terms of the deformation functor. Indeed, deformation theory is 
actually of derived nature. For instance, if we want to study the extension of 
polynomial deformations of order n to order n + 1, we have to study the properties 
of the natural projection K[f]/(e"t!) — K[¢]/(t") and under which conditions 
the induced map X(K[#/(¢"t!)) > X(K[¢]/(t’)) is surjective, or bijective. This 
projection actually fits in a homotopy pullback (not a strict pullback) of augmented 
dg Artinian algebras (not augmented commutative algebras in K-modules) 


Kiq/@"t') —> Ki/@) , 


| | 


K ———~ K{e]/(€’) 


where € is of cohomological degree 1 (not 0). If we could define formal moduli 
problems in this dg setting, we would like to apply the formal moduli problem X,, 
associated to a given point x of a moduli space X, to the diagram above to get a fiber 
sequence 


X(KIM/("")) > X(KIA/()) > X(Kle]/(€*)) 


and study the obstruction theory by understanding X (K[e]/(€7)) in an algebraic way. 

These problems hint towards the necessity to introduce some homotopy theory 
in the study of formal moduli problems. For this, one replaces augmented Artinian 
algebras Arty” by augmented dg Artinian algebras dgArty.* , and sets Set by 
simplicial sets sSet: 
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Definition 4.2 A derived formal moduli problem is a functor F : dgArt,* > sSet 
from augmented Artinian commutative differential graded algebras to simplicial 


sets, such that 


1. We have an equivalence F(IK) ~ pt. 

2. The functor F sends quasi-isomorphisms of cdgas to weak equivalences of 
simplicial sets. 

3. Let us consider a homotopy pullback of augmented dg Artinian algebras 


A—>B 


1 | 


C—+D 


and suppose that the induced maps H°C — H°D and H°B — H°D are surjective. 


Then F sends this homotopy pullback to a homotopy pullback of simplicial sets. 
Formal moduli problems form a full sub-oco-category noted FMPx of the oo- 
category of simplicial presheaves over augmented Artinian cdgas. To make explicit 
the link with derived algebraic geometry, the formal neighbourhood of a point x in 
a derived stack X (formal completion of X at x) gives the derived formal moduli 
problem X, controlling the deformation theory of x. Given an Artinian algebra R 
with augmentation € : R > K, the homotopy fiber 


X,(R) = hofib(X(e) : X(R) > X(K)) 
taken over the K-point x is the space of R-deformations of X, and equivalence 
classes of R-deformations are determined by zX,(R). In particular, applying X,. 


to the homotopy pullback 


Kiq/(@"*") —+ Kf/@) 


| | 


K ———> Kfe]/(€’) 
we get a homotopy fiber sequence of spaces 
X(KI/("")) > X(RIA/(")) > X(Ki/()), 
hence a fiber sequence 


moX,(K[¢]/(t"*!)) > moX,(KIA/(t")) > mo Xx(K[e]/(€7)) ~ H'gx,, 
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where gy, is the tangent Lie algebra of the formal moduli problem X,. We can take 
equivalently the cohomology of the shifted tangent complex Ty,,[—1] of the stack X 
at x. 


Remark 4.3 Actually, as proved in [37], for any derived Artin stack X locally 
of finite presentation (so that we can dualize the cotangent complex to define 
the tangent complex), there exists a quasi-coherent sheaf gy of @x-linear dg Lie 
algebras over X such that 


gx = Txx[-1] 


in the oo-category Lgcon(X) of quasi-coherent complexes over X, where Ty/x is the 
global tangent complex of X over K. Pulling back this equivalence along a point 
x : Spec(IK) — X, we get a quasi-isomorphism gy, ~ Tx,.[—1]. The sheaf gy thus 
encodes the family of derived formal moduli problems parametrized by X which 
associates to any point of X its deformation problem (the formal completion of X at 
this point). 

The rigorous statement of an equivalence between derived formal moduli problems 
and dg Lie algebras was proved independently by Lurie in [50] and by Pridham in 
[62]: 


Theorem 4.4 (Lurie, Pridham) The co-category FMP, of derived formal moduli 
problems over K is equivalent to the oo-category dgLiex of dg Lie K-algebras. 
Moreover, one side of the equivalence is made explicit, and is equivalent to the nerve 
construction of dg Lie algebras studied thoroughly by Hinich in [38]. The homotopy 
invariance of the nerve relies on nilpotence conditions on the dg Lie algebra. In 
the case of formal moduli problems, this nilpotence condition is always satisfied 
because one tensors the Lie algebra with the maximal ideal of an augmented 
Artinian cdga. In this article, what we will call moduli problems are actually derived 
moduli problems. 


4.2.1 Extension to L,.-Algebras 


Certain deformation complexes of interest are not strict Lie algebras but homotopy 
Lie algebras, that is L.o-algebras. There is a strictification theorem for homotopy Lie 
algebras (more generally, for dg algebras over any operad when K is of characteristic 
zero), so any Loo-algebra is equivalent to a dg Lie algebra, but this simplification of 
the algebraic structure goes with an increased size of the underlying complex, which 
can be very difficult to make explicit. This is why one would like the theory of 
derived formal moduli problems to extend to L.-algebras, and fortunately it does. 
There are two equivalent definitions of an Loo-algebra: 


Definition 4.5 


(1) An Loo-algebra is a graded vector space g = {gn}nez equipped with maps J; : 


g®* _s ¢ of degree 2 — k, for k > 1, satisfying the following properties: 
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Ld i(. «+ Xj, Xi+1,-- ) = —(-1) lb, «+ Xj41,Xi,-- .) 
¢ forevery k > 1, the generalized Jacobi identities 


k 
a oS (-1)k GiGou),--+X0@), Xo(it 1) +++ Xo) = 0 


i=1 o€Sh(i,k—i) 


where o ranges over the (i, k — i)-shuffles and 


eZ) =it+ os (xj, I 2 +1). 


ji<j2.0 (fi)>o(j2) 


(2) An Lgo-algebra structure on a graded vector space g = {2,}nez is a coderivation 
Q: Sym'=" (g[1]) > Sym'=" (g[1]) of degree | of the cofree cocommutative 
coalgebra Sym’=" (g{1]) such that Q? = 0. 


The bracket /; is actually the differential of g as a cochain complex. When the 
brackets /, vanish for k > 3, then one gets a dg Lie algebra. The dg algebra C*(g) 
obtained by dualizing the dg coalgebra of (2) is called the Chevalley-Eilenberg 
algebra of g. 

A Le algebra g is filtered if it admits a decreasing filtration 


g=FigdFog>...2F.g2... 
compatible with the brackets: for every k > 1, 


k( F8, 8 -+-58) © Frg. 


We suppose moreover that for every r, there exists an integer N(r) such that 
i(g,...,8) © Fg for every k > N(r). A filtered Loo algebra g is complete if 
the canonical map g —> lim,g/F,g is an isomorphism. 

The completeness of a Lyo algebra allows to define properly the notion of Maurer- 
Cartan element: 


Definition 4.6 


(1) Let g be a dg L.o-algebra and t € g!, we say that r is a Maurer-Cartan element 
of g if 


The set of Maurer-Cartan elements of g is noted MC(g). 
(2) The simplicial Maurer-Cartan set is then defined by 


MC.(g) = MC(g®Q.), 
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where £2, is the Sullivan cdga of de Rham polynomial forms on the standard 
simplex A® (see [68]) and & is the completed tensor product with respect to the 
filtration induced by g. 


The simplicial Maurer-Cartan set is a Kan complex, functorial in g and preserves 
quasi-isomorphisms of complete Loo-algebras. The Maurer-Cartan moduli set of g 
is W6(g) = noMC.(g): it is the quotient of the set of Maurer-Cartan elements of 
g by the homotopy relation defined by the 1-simplices. When g is a complete dg 
Lie algebra, it turns out that this homotopy relation is equivalent to the action of 
the gauge group exp(g°) (a prounipotent algebraic group acting on Maurer-Cartan 
elements), so in this case this moduli set coincides with the one usually known for 
Lie algebras. We refer the reader to [80] for more details about all these results. The 
notion of Maurer-Cartan space allows to define the classical deformation functor of 
g given by 


ME (g): Arte — Set 
Rt> M6(g ® mr) 
and the derived deformation functor or derived formal moduli problem of g given 
by 
MC.(g) : dgArt;® — sSet 
Rt> MC.(g & mr) 


(which belongs indeed to FMPx). By [80, Corollary 2.4], the tensor product 
MC.(g ® mp) does not need to be completed because R is Artinian. To see why 
Theorem 3.3 extends to Loo-algebras, let tm : Loo > Lie be a cofibrant resolution 
of the operad Lie. This morphism induces a functor p* : dgLie > Log — Alg which 
associates to any dg Lie algebra the L,o-algebra with the same differential, the same 
bracket of arity 2 and trivial higher brackets in arities greater than 2. This functor 
fits in a Quillen equivalence 


Pi: Leo — Alg S dgLie : p*, 
where the left adjoint is a certain coequalizer (see [22, Theorem 16.A]), and Quillen 
equivalences induce equivalences of the corresponding oo-categories, so we have a 
commutative triangle of oo-categories 
Loo — Alg 


_ 
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where y and Vv send a Lie algebra, respectively an Loo-algebra, to its derived formal 
moduli problem. The maps p* and w are weak equivalences of oo-categories, so 
v : Loo — Alg — FMP is a weak equivalence of oo-categories as well (here, by 
weak equivalence we mean a weak equivalence in the chosen model category of 
oo-categories, say quasi-categories for instance). 


4.2.2 Twistings of L,..-Algebras 


We recall briefly the notion of twisting by a Maurer-Cartan element. The twisting of 
a complete Loo algebra g by a Maurer-Cartan element t is the complete Loo algebra 
g* with the same underlying graded vector space and new brackets /; defined by 


1 
G(X, +--+ Xk) = a qt. Oa 1. XK) 
i=0 : 
where the J, are the brackets of g. The twisted Loo-algebra g® is the deformation 
complex of g, that is, the derived formal moduli problem of g® controls the 
deformation theory of ¢g. To see this, let us define another kind of Maurer-Cartan 
functor 


MC.(g ®—) : dgArte’® + sSet 
Rt > MC.(g @ R). 
We replaced the maximal ideal mg in the definition of the deformation functor by 
the full algebra R. That is, the functor MC.(g © —) sends R to the space of R-linear 


extensions of Maurer-Cartan elements of g. Then, for every augmented dg Artinian 
algebra R one has 


MC.(g* @ mr) = hofib(MC.(g @ R) > MC.(g). ¢) 
where the map in the right side is induced by the augmentation R — K and the 


homotopy fiber is taken over the base point gy. That is, the space MC.(g? ® ma) is 
the space of R-linear extensions of g as Maurer-Cartan elements of g © R. 


5 Moduli Spaces of Algebraic Structures 


5.1 First Version: A Simplicial Construction 


We refer the reader to [40, Chapter 16, Chapter 17] and [24] for some prerequisites 
about simplicial mapping spaces in model categories. We use this notion of 
simplicial mapping space and the model category structure on props to define our 
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moduli spaces. Let us define a first version of this moduli space as a simplicial set. 
This was originally defined in the setting of simplicial operads [65], and can be 
extended to algebras over differential graded props as follows (see [82]): 


Definition 5.1 Let P.. be a cofibrant prop and X be a cochain complex. The 
(simplicial) moduli space of Pg9-algebra structures on X is the simplicial set Poo {X} 
defined in each simplicial dimension k by 


Poo{X}% = Morprop( Poo, Endy ® 2x), 


where (Endy ® Q,)(m,n) = Hom(X®", X®") @ Qx. 

The Sullivan algebras $2; gather into a simplicial commutative differential graded 
algebra S2, whose faces and degeneracies induce the simplicial structure on Poo {X}. 
The functor (—) ® 9, is a functorial simplicial resolution in the model category of 
props [81, Proposition 2.5], so this simplicial moduli space is a homotopy mapping 
space in this model category. In particular, this means that this simplicial set is a Kan 
complex whose points are the P.o-algebra structures Poo — Endy and 1-simplices 
are the homotopies between such structures (the prop Endy ® (2; forms a path object 
of End in the model category of props). The later property implies that 


TP oo {X} = [ Poo, Endy] H0( Prop) 


is the set of homotopy classes of P.o-algebra structures on X. So our simplicial 
moduli space has the two first properties one expects from a moduli space: its 
points are the objects we want to classify and its connected components are the 
equivalence classes of these objects. Moreover, the fact that this is a homotopy 
mapping space implies that it is homotopy invariant with respect to the choice of a 
cofibrant resolution for the source, that is, any weak equivalence of cofibrant props 


Poo — Qoo induces a weak equivalence of Kan complexes 


Qoo{X} > Poo{X}. 


So this is a well defined classifying object for homotopy P-algebra structures on X. 

Another interesting homotopy invariant is the classification space of Poo- 
algebras, defined as the nerve .WwPoo — Alg of the subcategory whose objects are 
P.o-algebras and morphisms are quasi-isomorphisms of P.,-algebras. By [12, 13], 
this classification space admits a decomposition 


MP oo — Alg ~ Mrxjeno.AvPoo—Alg WL" WP oo — Alg(X, X). 


Here the product ranges over weak equivalence classes of Po -algebras, and 
WL" wP.o—Alg(X, X) is the classifying complex of the simplicial monoid of zigzags 
of weak equivalences X <— e —> X in the hammock localization (or equivalently in 
the simplicial localization) of Poo — Alg in the sense of Dwyer-Kan, i.e. the self 
equivalences of X in the oo-category of Poo-algebras. Let us note that when Poo 
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is an operad and X is a cofibrant P.o-algebra, this space is equivalent to the usual 
simplicial monoid hautp,,(X) of self weak equivalences of X. This means that the 
classification space of P.9-algebras encodes symmetries and higher symmetries of 
P.o-algebras in their homotopy theory. Homotopy invariance of the classification 
space for algebras over props is a non trivial theorem: 


Theorem 5.2 ((78, Theorem 0.1]) Let g : Poo ae Qoo be a weak equivalence 
between two cofibrant props. The map ¢ gives rise to a functor 


0* : WO — Alg > WP oo — Ale 
which induces a weak equivalence of simplicial sets 
MNp* : NwOoo — Alg > MwPoo — Ale. 


Moreover, it turns out that the simplicial moduli space defined above gives a local 
approximation of this classification space, precisely we have the following result: 


Theorem 5.3 ((82, Theorem 0.1]) Let Poo be a cofibrant dg prop and X be a 
cochain complex. The commutative square 


Poo{X} — > MwPw — Alg 


| | 


{X} ———> WCh 


is a homotopy pullback of simplicial sets. 

This homotopy fiber theorem has been applied to study the homotopy type of 
realization spaces in [83] in terms of derivation complexes and to count equivalence 
classes of realizations (of Poincaré duality for example). 

The reader has probably noticed that we used the following property to define 
our simplicial moduli space: tensoring a prop by a cdga componentwise preserves 
the prop structure. This allows us to extend the definition of this moduli space and 
make it a simplicial presheaf of cdgas 


Map( Poo, Q) : R € CDGAK +> Mapprop( Poo, O ® A). 


Moreover, the notion of classification space defined above in the sense of Dwyer- 
Kan can also be extended to a simplicial presheaf. For this, we use that for any 
cdga R, the category Modg is a (cofibrantly generated) symmetric monoidal model 
category tensored over chain complexes, so that one can define the category Poo — 
Alg(Modr) of Poo-algebras in Mod. The assignment 


Ab wPoo — Alg(Modpr) 
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defines a weak presheaf of categories in the sense of [1, Definition I.56]. It sends a 
morphism A — B to the symmetric monoidal functor — @, B lifted at the level of 
P-algebras. This weak presheaf can be strictified into a presheaf of categories (see 
[1, Section I.2.3.1]). Applying the nerve functor then defines a simplicial presheaf 
of Dwyer-Kan classification spaces that we note -“wPo — Alg. The simplicial 
presheaf .4wChx associated to A +» Mody, is the simplicial presheaf of quasi- 
coherent modules of [74, Definition 1.3.7.1]. The constructions above then make 
the following generalization of Theorem 4.3 meaningful: 


Proposition 5.4 ([30, Proposition 2.13]) Let Poo be a cofibrant prop and X be a 
chain complex. The forgetful functor Poo — Alg — Chx induces a homotopy fiber 
sequence 


Po lX} > WP — Alg > NMwChx 


of simplicial presheaves over cdgas, taken over the base point X. 


5.2 Second Version: A Stack Construction and the Associated 
Deformation Theory 


If P is a properad with cofibrant resolution (.A(s~!C), d) + P for a certain 
homotopy coproperad C (see [58, Section 4] for the definition of homotopy 
coproperads), and Q is any properad, then we consider the total complex gpg = 
Homs(C, Q) given by homomorphisms of Y-biobjects from the augmentation ideal 
of C to Q. In the case Q = Endy we will note it gp. By [59, Theorem 5], it 
is a complete dg Lo, algebra whose Maurer-Cartan elements are prop morphisms 
Poo — Q. This Loo-structure was also independently found in [54, Section 5], where 
it is proved that such a structure exists when replacing our cofibrant resolution above 
by the minimal model of a K-linear prop (and its completeness follows by [54, 
Proposition 15]). In [81], we prove a non trivial generalization of this result at the 
level of simplicial presheaves: 


Theorem 5.5 ((81, Theorem 2.10,Corollary 4.21]) Let P be a dg properad 
equipped with a minimal model Pog := (F(s~'C), 0) = Pand Q be a dg properad. 
Let us consider the simplicial presheaf 


Map( Peo, Q) : R € CDGAK +> Mapprop( Poo, Q ® A) 


where CDGAx is the category of commutative differential graded K-algebras and 
Q@A is the componentwise tensor product defined by (Q®A)(m, n) = Q(m,n) @A. 
This presheaf is equivalent to the simplicial presheaf 


MC.(Homy(C, Q)) : A € CDGAK MC, (Homy(C, Q) ® A) 


associated to the complete Lo-algebra Homy (C, Q). 
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In the case Q = Endy, we get the simplicial presheaf which associates to A the 
moduli space of Poo-algebra structures on X ® A. Let us note that Map(Po., Q) can 
be alternately defined by 


At Mappyop(Mods) (Poo &® A, Q ® A), 


where Mapprop(Mod,) iS the simplicial mapping space in the category of props in dg 
A-modules. In the case Q = Endy, we have Q@A = Endyo't where Endy is 
the endormorphism prop of X ® A taken in the category of A-modules. That is, 
it associates to A the simplicial moduli space of A-linear P.o-algebra structures 
on X @ A in the category of A-modules. This theorem applies to a large class 
of algebraic structures, including for instance Frobenius algebras, Lie bialgebras 
and their variants such as involutive Lie bialgebras, as well as the properad Bialg 
encoding associative and coassociative bialgebras. 

Under additional assumptions, we can equip such a presheaf with a stack 
structure: 


Theorem 5.6 ((81, Corollary 0.8]) 


(1) Let Po = (A(s~!C), 0) > Pbea cofibrant resolution of a dg properad P and 
Q be any dg properad such that each Q(m,n) is a bounded complex of finite 
dimension in each degree. The functor 


Map( Poo, Q) : A € CDGAK +> Mapprop( Poo, OQ ® A) 


is an affine stack in the setting of complicial algebraic geometry of [74]. 

(2) Let Po = (A(s~'C), 9) > Pbea cofibrant resolution of a dg properad P 
in non positively graded cochain complexes, and Q be any properad such that 
each Q(m, n) is a finite dimensional vector space. The functor 


Map( Poo, Q): A € CDGAK +> Mapprop( Poo, Q ® A) 


is an affine stack in the setting of derived algebraic geometry of [74], that is, an 
affine derived scheme. 


In the derived algebraic geometry context, the derived stack Map(Po,Q) is not 
affine anymore whenever the Q(m,n) are not finite dimensional vector spaces. 
However, we expect these stacks to be derived n-Artin ind-stacks for the Q(m, n) 
being perfect complexes with finite amplitude n, using the characterization of 
derived n-Artin stacks via resolutions by Artin n-hypergroupoids given in [62]. 

We denote by Tyap(poc,0).x, the tangent complex of Map(Poo,Q) at an A- 
point x, associated to a properad morphism g@ : Po > Q @, A. AS we 
explained before in Sect.4, non-positive cohomology groups of the deformation 
complex correspond to negative groups of the tangent complex, which computes 
the higher automorphisms (higher symmetries) of the point, and the positive part 
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which computes the obstruction theory. Adding some finiteness assumptions on the 
resolution P49, we can make explicit the ring of functions of this affine stack: 


Theorem 5.7 ([81, Theorem 0.14]) Let P be a dg properad equipped with a 
cofibrant resolution Py := 82(C) > P, where C admits a presentation C = 
F(E)/(R), and Q be a dg properad such that each Q(m,n) is a bounded complex 
of finite dimension in each degree. Let us suppose that each E(m,n) is of finite 
dimension, and that there exists an integer N such that E(m,n) = 0 form+n>N. 
Then 


(1) The moduli stack Map(Poo,Q) is isomorphic to RSpeccx(Homs(C.gyy» Where 
C*(Homys(C, Q)) is the Chevalley-Eilenberg algebra of Homy(C, Q). 

(2) The cohomology of the tangent dg Lie algebra at a K-point p : Po > Q is 
explicitly determined by 


H* (TMap( Poo.2) xp [-1]) ~ H* (Homys(C, Q)*). 


This theorem applies to a wide range of structures including for instance Frobenius 
algebras, Lie bialgebras and their variants such as involutive Lie bialgebras, and 
associative-coassociative bialgebras. 


5.3 Properties of the Corresponding Formal Moduli Problems 
and Derived Deformation Theory 


Before turning to formal moduli problems, a natural question after reading the 
previous section is the following: how are the tangent complexes of our moduli 
spaces related to the usual cohomology theories of well-known sorts of algebras 
such as Hochschild cohomology of associative algebras, Harrison cohomology 
of commutative algebras, Chevalley-Eilenberg cohomology of Lie algebras, or 
Gerstenhaber-Schack cohomology of associative-coassociative bialgebras (intro- 
duced to study the deformation theory of quantum groups [27]). It turns out that 
these tangent Lie algebras do not give exactly the usual cohomology theories, but 
rather shifted truncations of them. For instance, let us consider the Hochschild 
complex Hom(A®*°, A) of a dg associative algebra A. This Hochschild complex 
is bigraded with a cohomological grading induced by the grading of A and a weight 
grading given by the tensor powers A®®. It turns out that the part Hom(A,A) of 
weight | in the Hochschild complex is the missing part in g%,. a (the Loo -algebra 
of Theorem 5.7, where y : Ass — Endz, is the associative algebra structure of A). 
There is also a “full” version of the Hochschild complex defined by Hom(A®=°, A). 
These three variants of Hochschild complexes give a sequence of inclusions of three 
dg Lie algebras 


Hom(A®=°, A)[1] > Hom(A®*°, A)[1] D Hom(A®*!, A)[I1]. 
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All of these have been considered in various places in the literature, but without 
comparison of their associated moduli problems. For the full complex, it is known 
that it controls the linear deformation theory of Mod, as a dg category [43, 61]. 

The same kind of open question arises for other cohomology theories and their 
variants, and one of the achievements of our work with Gregory Ginot [30] was to 
describe precisely the moduli problems controlled by these variants and how they 
are related in the general context of P.o-algebras. 

The formal moduli problem P..{X}* controlling the formal deformations of a 
P.o-algebra structure g : Po — Endy on X is defined, on any augmented dg 
Artinian algebra R, by the homotopy fiber 


Poot X}"(R) = hofib(PootX}(R) > Poo{X}(K)) 


taken over the base point y, where the map is induced by the augmentation R > K. 
The twisting of the complete Loo-algebra Homy (C, Endy) by a properad morphism 
~ : Poo > Endy is the deformation complex of g, and we have an isomorphism 


ae = Homs(C, Endx)® = Derg (2(C), Endx) 


where the right-hand term is the complex of derivations with respect to g [59, 
Theorem 12], whose L.o-structure induced by the twisting of the left-hand side is 
equivalent to the one of [54, Theorem 1]. Section 4.2.2 combined with Theorem 5.5 
tells us which formal moduli problem this deformation complex controls: 


Proposition 5.8 ([30, Proposition 2.11]) The tangent Loo-algebra of the formal 
moduli problem P4.{X}° is given by 


Box = Homy(C, Endx)®. 


In derived algebraic geometry, a Zariski open immersion of derived Artin stacks 
F <> G induces a weak equivalence between the tangent complex over a given 
point of F and the tangent complex over its image in G [74]. It is thus natural to 
wonder more generally whether an “immersion” of an oo-category @ into another 
oo-category Y induces an equivalence between the deformation problem of an 
object X of @ (which should be in some sense a tangent space of @ at X) and 
the deformation problem of its image in Y, in particular an equivalence of the 
corresponding tangent dg Lie algebras when such a notion makes sense. Here the 
word “immersion” has to be understood as “fully faithful conservative oo-functor”, 
that is, a fully faithful co-functor @ — QY such that a map of @ is an equivalence 
if and only if its image in F is a weak equivalence. In the case of oo-categories of 
algebras over props, Proposition 5.4 tells us that the formal moduli problem Poo {X}* 
is the “tangent space” over (X, y) to the Dwyer-Kan classification space of the oo- 
category of P..-algebras, with associated tangent L.o-algebra — In this setting, 
we can thus transform the intuition above into a precise statement: 
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Theorem 5.9 ((30, Theorem 2.16]) Let F : Po — Alg > Qoo — Alg be a fully 
faithful and conservative oo-functor inducing functorially in A, for every augmented 
Artinian cdga A, a fully faithful and conservative oo-functor F + Poo—Alg(Mod,) > 
Qoo — Alg(Mod,). Then F induces an equivalence of formal moduli problems 


P00" 0.1 FoOOy @, 


where F(@) is the Qoo-algebra structure on the image F(X,) of X,g under F, 
hence an equivalence of the associated Ly.-algebras 


g F(g) 
8P.x ~ 80.F(x): 


Proposition 5.4 also hints towards the fact that oe does not control the 
deformation theory of homotopy automorphisms of (X, ¢) in the infinitesimal neigh- 
bourhood of id(x,¢), but should be closely related to it, since classification spaces 
decompose into disjoint unions of homotopy automorphisms. These homotopy 
automorphisms form a derived algebraic group [21], and as for underived algebraic 
groups, one can associate Lie algebras to such objects. Indeed, as explained in [21], 
given a moduli functor F and a point x € F (IK), the reduction of F at x is the functor 
F,, defined by the homotopy fiber 


F(R) = hofib( F(R) > F(R)) 


where the map is induced by the augmentation of R and the homotopy fiber is taken 
over the base point x. A point x of F(X) such that the reduction of F at x is a formal 
moduli problem (called an infinitesimal moduli problem in [21, Definition 4.5]) is 
called formally differentiable [21, Definition 4.10], so there is a tangent Lie algebra 
of F at x defined as the Lie algebra of the formal moduli problem F,,. In the case of 
derived algebraic groups, the neutral element is a formally differentiable point and 
the Lie algebra of a derived algebraic group is the Lie algebra of its reduction at 
the neutral element. This is the natural extension to a derived framework of the well 
known Lie algebra of a Lie group. Consequently, there should be a homotopy fiber 
sequence of Loo-algebras relating Lie(hautp_(X, y)) to the tangent Loo-algebra foe 
Of Poo {X}?. 

Let us make explicit a bit the construction of derived algebraic groups of 
homotopy automorphisms. Given a complex X, its homotopy automorphism group 
is denoted haut(X). Given a Poo-algebra (X, y), its homotopy automorphism group 
in the oo-category of Poo-algebras is denoted hautp,,(X, ). In the general case, it 
is defined by Dwyer-Kan’s hammock localization L” wPoo((X, 9), (X, ”)), since we 
do not have a model category structure on the category of Pyo-algebras. However 
in the particular case where Poo is an operad, it turns out that this construction is 
equivalent to the usual simplicial monoid of homotopy automorphisms of (X, ¢) 
in the model category of P.o-algebras (the simplicial sub-monoid of self weak 
equivalences in the usual homotopy mapping space Mapp,,—sig(X, X)). 
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Remark 5.10 What we mean here by a homotopy automorphism is a self weak 
equivalence, not the homotopy class of a strict automorphism. 

The derived algebraic group haut(X) of homotopy automorphisms of X is defined 
by the strictification of the weak simplicial presheaf 


Rt hautmuoa,(X ® R), 


where hautyog, is the simplicial monoid of homotopy automorphisms in the 
category of A-modules. The derived algebraic group hautp, (X, gy) of homotopy 
automorphisms of (X,@) is defined by the strictification of the weak simplicial 
presheaf 


Rre hautp,, (X @R, @ &® R)Modg 


where hautp,,(X ® R,~ ® R)Modg is the simplicial monoid of homotopy automor- 
phisms of (X @ R,g ® R) € Poo — Alg(Modg). The reduction of hautp, (X, 9) 
at id(x,») associates to any augmented dg Artinian algebra R the space of R-linear 
extensions of homotopy automorphisms living in the connected component of 
idx,g), that is, homotopy isotopies. Finally, the deformation complex of ¢ in the 
oo-category of props and the deformation complex of homotopy isotopies of (X, g) 
in the oo-category of P..-algebras are related by the expected fiber sequence: 


Proposition 5.11 (([30, Proposition 2.14]) There is a homotopy fiber sequence of 
Loo-algebras 


Spx > Lie(hautp  (X,p)) > Lie(haut(X)). 


Moreover, we can make explicit Lie(hautp (X,@)) as a slight modification ya = 


of ee which consists in adding a component Hom(X, X) to one (we refer to [30, 
Section 3]): 


Theorem 5.12 ([30, Theorem 3.5]) There is a quasi-isomorphism of Loo-algebras 


Chg ~ Lie(hautp(X, ¢)). 


The conceptual explanation underlying this phenomenon is that Soe controls the 


deformations of the P.o-algebra structure over a fixed complex X, whereas Coy 
controls deformations of this P.,-algebra structure plus compatible deformations 
of the differential of X, that is, deformations of the P.o-algebra structure up to 
self quasi-isomorphisms of X. This is the role of the part Hom(X, X) appearing for 
instance in Hochschild cohomology. For instance, given an associative dg algebra A, 


+ 
the complex ae = Hom(A®*°, A)[1] computes the Hochschild cohomology of 


A and the complex g%,,,  Hom(A®*!,A)[1] is the one controlling the formal 
moduli problem of deformations of A with fixed differential. The full shifted 
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Hochschild complex Hom(A®2°, A)[1) controls the linear deformations of the dg 
category Mody. 

For an n-Poisson algebra A (Poisson algebras with a Poisson bracket of degree 
1 — n), we have the same kind of variants of L.o-algebras: the full shifted Poisson 
complex CHpyjs,(A)[n] [3], the deformation complex CH (A)[n] introduced by 
Tamarkin [71] which is the part of positive weight in the full Poisson complex, and 
the further truncation CHy,;,. (A) [n]. In [30, Section 6], we solve the open problem 


to determine which deformation problems these Loo-algebras control: 
Theorem 5.13 Let A be an n-Poisson algebra. 


(1) The truncation ca (A)[n] is the deformation complex fee of the formal 
moduli problem Poisno.{A}*" of homotopy n-Poisson algebra structures deform- 
ing ©. 

(2) Tamarkin’s deformation complex controls deformations of A into dg-Pois,- 


+ 
algebras, that is, it is the tangent Lie algebra — 4 of hautpois, (A). 


Remark 5.14 We conjecture that the L..-algebra structure of the full shifted Poisson 
complex CH>,,,(A)[n] controls the deformations of Mod, into E,—1-monoidal dg 
categories. This should have interesting consequences for deformation quantization 


of n-shifted Poisson structures in derived algebraic geometry [4, 73]. 


6 Gerstenhaber-Schack Conjecture, Kontsevich Formality 
Conjecture and Deformation Quantization 


6.1 E,-Operads, Higher Hochschild Cohomology and the 
Deligne Conjecture 


Recall that an E,,-operad is a dg operad quasi-isomorphic to the singular chains 
C.D, of the little n-disks operad. We refer the reader to [24, Volume I] for a 
comprehensive treatment of the construction and main properties of the little n-disks 
operads. These E,,-operads satisfy the following properties: 


e There is an isomorphism H,E£, & Ass, where Ass is the operad of associative 
algebras. 

¢ Forn > 2, there is an isomorphism H,F,, < Pois, where Pois, is the operad of 
n-Poisson algebras. 

¢ Forn => 2, the E,,-operads are formal, i.e. there is a quasi-isomorphism of operads 


Ey — Poisy. 


Modulo a technical assumption satisfied in particular by C,D,, this formality 
holds over Q [25]. 
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The formality of the little n-disks operad has a long story of intermediate formality 
results (for n = 2 over Q in [70], for n > 2 over R in [45, 47], finally an intrinsic 
formality result over Q in [25]). This formality is the key point to prove Deligne 
conjecture, which states the existence of a homotopy Gerstenhaber structure (that 
is, the E>-algebra structure) of the Hochschild complex with product given by the 
usual cup product. This result provided in turn an alternative method for deformation 
quantization of Poisson manifolds [45, 46, 69, 70]. 

The cohomology theory of E,,-algebras is called the higher Hochschild cohomol- 
ogy or E,,-Hochschild cohomology: 


Definition 6.1 The (full) E,,-Hochschild complex of an E,,-algebra A is the derived 
hom CH; (A, A) = RHomi," (A, A) in the category of (operadic) A-modules over E,,. 
Given an ordinary associative (or E;) algebra A, the category of (operadic) A- 
modules over EF; is the category of A-bimodules, so one recovers the usual 
Hochschild cohomology. Moreover, the aforementioned Deligne conjecture gener- 
alizes to E,,-algebras: 


Theorem 6.2 (see [32, Theorem 6.28] or [21, 51]) The E,-Hochschild complex 
CH; (A, A) of an E,-algebra A forms an E,41-algebra. 

The endomorphisms Hompimoa,(A, A) of A in the category biMod, of A-bimodules 
form nothing but the center Z(A) of A. Deriving this hom object gives the Hochschild 
complex, and the Hochschild cohomology of A satisfies HH°(A,A) = Z(A). One 
says that the Hoschchild complex is the derived center of A, and the result above 
can then be reformulated as “the derived center of an E,,-algebra forms an E,,+1- 
algebra’. This sentence has actually a precise meaning, because higher Hochschild 
cohomology can be alternately defined as a centralizer in the oo-category of E,,- 
algebras. We refer the reader to [51] for more details about this construction. 
Associated to an E,-algebra A, one also has its cotangent complex La, which 
classifies square-zero extensions of A [21, 51], and its dual the tangent complex 
T, := Hom," (La, A) = RDer(A, A). 


Theorem 6.3 (see [21, 51]) The shifted tangent complex T,[—n] of an E,-algebra 
is an E,,4.-algebra, and is related to its E,-Hochschild complex by a homotopy fiber 
sequence of E,,4,-algebras 


A[-n] — T,[—n] > CH; (A.A). 


6.2 From Bialgebras to E,-Algebras 


A bialgebra is a complex equipped with an associative algebra structure and a 
coassociative coalgebra structure, such that the product is a coalgebra map and 
equivalently the coproduct is an algebra map. That is, bialgebras are equivalently 
algebras in coalgebras or coalgebras in algebras. Their cohomology theory is the 
Gerstenhaber-Schack cohomology [27], intertwinning Hochschild cohomology of 
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algebras and co-Hochschild cohomology of coalgebras. Such structures naturally 
occur in algebraic topology (homology or cohomology of an H-space, for instance 
loop spaces), Lie theory (universal enveloping algebras, cohomology of Lie groups), 
representation theory (group rings, regular functions on algebraic groups, Tannaka- 
Krein duality), quantum field theory (renormalization Hopf algebras, AdS/CFT 
formalism)...Here we are going to focus on their prominent role in quantum 
group theory, [10, 11, 16, 17, 27, 56, 57]. As explained in Example 4, deformation 
quantization of Lie bialgebras produce quantum groups, whose categories of 
representations are particularly well behaved (modular tensor categories) and used 
to produce topological invariants via 3-TQFTs [64]. It turns out that bialgebras 
are deeply related to E,,-algebras, via the natural occurrence of E,-structures in 
deformation quantization and representation theory of quantum groups for instance, 
leading people to investigate the relationship between these two kinds of structures 
to understand various related problems on both sides. A hope in particular was to 
establish some equivalence between their respective deformation theories, maybe 
even their homotopy theories. One of the first goals of [30] was to embody this long- 
standing hope in a precise mathematical incarnation. A first crucial step is to relate 
bialgebras to a “half-restricted” kind of Ey-coalgebras by the following equivalence 
of oo-categories: 


Theorem 6.4 ([30, Theorem 0.1]) 


(1) There exists a bar-cobar adjunction 
Be : E, — Alg®~©" (dgCog°"") yaa E, _ Cog"! (dgCog"") : ite 


inducing an equivalence of oo-categories between nilpotent homotopy associa- 
tive algebras in conilpotent dg coalgebras (O-connected conilpotent homotopy 
associative bialgebras) and conilpotent homotopy coassociative coalgebras in 
conilpotent dg coalgebras. 

(2) The equivalence above induces an equivalence of (00, 1)-categories 


E, _ Alg@8"" (dgCog™"') ae E; _ Cog??? (dgCog™") 


between nilpotent augmented conilpotent homotopy associative bialgebras 
and pointed conilpotent homotopy coassociative coalgebras in conilpotent dg 
coalgebras. 


In part (1), the notation 0 — con means 0-connected, that is dg bialgebras concen- 
trated in positive degrees. In part (2), the notation aug, nil stands for augmented 
and nilpotent. A typical example of such a bialgebra is the total complex of the 
symmetric algebra over a cochain complex. The notation pt stands for pointed 
coalgebras, that is, a coalgebra C equipped with a counite : C — K anda 
coaugmentation e : K — C such that € o e = idx. More generally, one can wonder, 
working in a given stable symmetric monoidal oo-category (not necessarily cochain 
complexes), under which conditions a bar-cobar adjunction induces an equivalence 
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of oo-categories between algebras over an operad and conilpotent coalgebras over 
its bar construction [20]. Theorem 6.3 solves this conjecture of Francis-Gaitsgory 
[20] in the case where the base category is the category of conilpotent dg coalgebras, 
respectively the category of pointed conilpotent dg coalgebras. 


Remark 6.5 This example is also interesting with respect to the conditions imposed 
on the ground symmetric monoidal oo-category in [20], since the categories 
considered here are a priori not pronilpotent in the sense of [20, Definition 4.1.1]. 
Using Koszul duality of E,-operads and an oo-categorical version of Dunn’s 
theorem [31, 51], we deduce from these equivalences the precise and long awaited 
relationship between homotopy theories of bialgebras and E,-algebras. The correct 
answer to this problem needs an appropriate notion of “cobar construction for 
bialgebras”, which intertwines a bar construction on the algebra part of the structure 
with a cobar construction on the resulting E.-coalgebra: 


Theorem 6.6 ((30, Corollary 0.2]) The left adjoint of Theorem 0.1(2) induces a 
conservative fully faithful oo-functor 


e E — Alg"8" (dgCog”) e+ By — Alg@8 


embedding augmented nilpotent and conilpotent homotopy associative bialgebras 
into augmented E,-algebras. 

By Theorem 5.12, this “immersion” of oo-categories induces equivalences of formal 
moduli problems between the moduli problem of homotopy bialgebra structures 
on a bialgebra B and the moduli problem of £,-algebra structures on its cobar 
construction 2B. Moreover, at the level of formal moduli problems controlling 
homotopy isotopies of B and homotopy isotopies of QB, the tangent L.o-algebras 
can be identified respectively with the shifted Gerstenhaber-Schack complex of B 
and the shifted (truncated) higher Hochschild complex (or Fy-tangent complex) of 
QB as Loo-algebras: 


Theorem 6.7 ([30, Theorem 0.6]) Let B be a pointed conilpotent homotopy 
associative dg bialgebra. Let pg : Bialgg, — Endg be this homotopy bialgebra 
structure on B (where Bialg is the prop of associative-coassociative bialgebras) , 
and let 2p : Ey > End gp be the corresponding Ey-algebra structure on its cobar 
construction QB. 


(1) There is a homotopy equivalence of formal moduli problems 
; ~ 2 
Bialgoo{B}? ~ Ex{ QB}. 
This homotopy equivalence induces a quasi-isomorphism of Loo-algebras 


9 9 
SBiale.B? 8p, 6p 
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(2) There is a homotopy equivalence of formal moduli problems 
: + = ny Got 
Bialgi {B\?" ~ Ex {2B} ae 
This homotopy equivalence induces a quasi-isomorphism of Lyo-algebras 


Cés(B, B)[2] > Tae 
between the shifted Gerstenhaber-Schack complex of B and the (truncated) E- 
Hochschild complex or E,-tangent complex of §2(B). 


The Loo structure on the E>-Hochschild complex Ts) is the one induced by the 
E3 structure on Tp) [—2] (see Theorem 6.3 ). Proving that the higher Hochschild 
complex of the cobar construction of a bialgebra is a deformation complex of 
this bialgebra is important, since it allows to reduce questions of deformations of 
bialgebras to those of E2-structures for which more tools are available. 


6.3 Gerstenhaber-Schack Conjecture 


At the beginning of the 1990s, Gerstenhaber and Schack enunciated (in a wrong 
way) a conjecture [27] characterizing the structure of the complex controlling the 
deformation theory of bialgebras, which remained quite mysterious for a while. It is 
a dg bialgebra version of the Deligne conjecture. In [27, Section 8], we extended the 
equivalences of Theorem 6.7 to an equivalence of homotopy fiber sequences of F3- 
algebras, getting a much stronger version of the longstanding Gerstenhaber-Schack 
conjecture for the different versions of the Gerstenhaber-Schack and E-Hochschild 
complexes: 


Theorem 6.8 (Generalized Gerstenhaber-Schack Conjecture [30, Corollary 
0.7]) 


(1) There is an E3-algebra structure on Cés(B, B) and a unital E3-algebra structure 
on CHUB, B)) such that the following diagram 


QB{[-1] ——> 14g) ——~> CH}, (QB, 2B) 


| + + 


all) 4, B) —_> C2) 


is a commutative diagram of non-unital E3-algebras with vertical arrows being 
equivalences. 

(2) The E3-algebra structure on CGs(B,B) is a refinement of its Loo-algebra 
structure controlling the deformation theory of the bialgebra B. 
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Let us note that the upper fiber sequence of part (1) is the fiber sequence of 
Theorem 6.3. In particular, the £3-algebra structure on the deformation complex of 
dg bialgebra B comes from the £3-algebra structure on the E>-Hochschild complex 
of 2B given by the higher Deligne conjecture. 


6.4 Kontsevich Formality Conjecture and Deformation 
Quantization of Lie Bialgebras 


Let us first recall briefly how deformation quantization of Poisson manifolds 
works in Kontsevich’s work [46]. We fix a finite dimensional Poisson manifold M, 
and we consider two complexes one can associate to such a manifold. First, the 
Hochschild complex CH*(@°°(M), @°°(M)), second, the complex of polyvector 
fields Tpoy(M) = (iso A‘ rT(M)[-4) [1] where 'T(M) is the space of 
sections of the tangent bundle on M. The Poisson structure we fixed on M is 
the datum of a bivector IT € Ke I’T(M) satisfying the Maurer-Cartan equation, 
that is, a Maurer-Cartan element of weight 2 in the Lie algebra of polyvector 
fields T,,o(M)[1] (equipped with the Schouten-Nihenjuis bracket). To get the 
equivalent definition of Poisson manifold as a manifold whose ring of functions 
is a Poisson algebra, set {f,g} = IT(df,dg). A well known theorem called the 
Hochschild-Kostant-Rosenberg theorem (HKR for short) states that the cohomology 
of CH*(6™°(M), 6° (M)) is precisely Tyoy(M). In [46], Kontsevich proved that 
there exists a Lo9-quasi-isomorphism 


Toly(M)[1] > CH* (6° (M), €°(M)) [1] 


realizing in particular the isomorphism of the HKR theorem. We did not use 
the notion of LZ. -quasi-isomorphism before, let us just say briefly that it is 
a quasi-isomorphism of cdgas between the Chevalley-Eilenberg algebra of 
Tpoly(M)[1] and the Chevalley-Eilenberg algebra of CH*(@°(M), @~(M))[]I]. 
In particular, it is determined by an infinite collection of maps T,,,(M)[1] > 
A*(CH* (6° (M), @°(M))[1]) for k € N, whose first map is the HKR quasi- 
isomorphism. 


Remark 6.9 An Loo-quasi-isomorphism of dg Lie algebras is actually equivalent to 
a chain of quasi-isomorphisms of dg Lie algebras. 

This formality theorem then implies the deformation quantization of Poisson 
manifolds by the following arguments. First, noting g[[A]]4 = Pag" [Al], one 
proves that the Maurer-Cartan set MC(T,,o1(M)|[[A]]_) is the set of Poisson algebra 
structures on 6°°(M)|[h]] and that the Maurer-Cartan set MC(Dyor(M)[[A]]+) is 
the set of *,-products, which are associative products on @°(M)|[A]] of the 
form a.b + B,(a,b)t + ... (i.e these products restrict to the usual commutative 
associative product on 6°°(M)). Second, an Lyg-quasi-isomorphism of nilpotent 
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dg Lie algebras induces a bijection between the corresponding moduli sets of 
Maurer-Cartan elements, so there is a one-to-one correspondence between gauge 
equivalence classes of both sides. Consequently, isomorphism classes of formal 
Poisson structures on M are in bijection with equivalence classes of *;-products. 
Kontsevich builds explicit formality morphisms in the affine case M = R%, 
with formulae involving integrals on compactification of configuration spaces and 
deeply related to the theory of multi-zeta functions. An alternative proof of the 
formality theorem for M = R®@ due to Tamarkin [69], relies on the formality of 
E-operads (hence on the choice of a Drinfeld associator) and provides a formality 
quasi-isomorphism of homotopy Gerstenhaber algebras (that is E>-algebras) 


Tyoty(R") > CH*(€° (R"), 6° (R")). 


His method works as follows: 


¢ Prove the Deligne conjecture stating the existence of an Fy-algebra structure on 
the Hochschild complex; 

e Transfer this structure along the HKR quasi-isomorphism to get an E>-quasi- 
isomorphism between CH*(¢@*°(R"), @*°(R")) with its E2-algebra structure 
coming from the Deligne conjecture, and T,/,(IR”). 

¢ By the formality of E2, this means that we have two E2-structures on Tyo (R"), 
the one coming from the Deligne conjecture and the one coming from the Pois2- 
structure given by the wedge product and the Schouten-Nijenhuis bracket. One 
proves that T,o1y(M) has a unique homotopy class of E£2-algebra structures by 
checking that it is intrinsically formal (precisely, the Aff(IR")-equivariant Pois2- 
cohomology of 7,51, (IR") is trivial). 


This “local” formality for affine spaces is then globalized to the case of a general 
Poisson manifold by means of formal geometry [46, Section 7]. 

In the introduction of his celebrated work on deformation quantization of Poisson 
manifolds [46], Kontsevich conjectured that a similar picture should underline 
the deformation quantization of Lie bialgebras. Etingof-Kazhdan quantization (see 
[11, 16, 17]) should be the consequence of a deeper formality theorem for the 
deformation complex Def (Sym(V)) of the symmetric bialgebra Sym(V) on a vector 
space V. This deformation complex should possess an £3-algebra structure whose 
underlying L.)-structure controls the deformations of Sym(V), and should be formal 
as an E3-algebra. Then this formality result should imply a one-to-one correspon- 
dence between gauge classes of Lie bialgebra structures on V and gauge classes of 
their quantizations. In [30], we solved this longstanding conjecture at a greater level 
of generality than the original statement, and deduced a generalization of Etingof- 
Kadhan’s deformation quantization theorem. Here we consider not a vector space, 
but a Z-graded cochain complex V whose cohomology is of finite dimension in 
each degree. By the results explained in Sect. 6.3, we know the existence of such 
an £3-algebra structure (interestingly coming from the higher Hochschild complex 
of 2Sym/(V)). It remains to prove the E3-formality of Def(Sym(V)) by proving 
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the homotopy equivalence between two £3-structures on the Gerstenhaber-Schack 
cohomology of Sym(V): the one transferred from Def(Sym(V)), and the canonical 
one coming from the action of Pois; (giving an £3-structure via the formality 
E; — Pois3). Indeed, the cohomology of Def(Sym(V)) (which is precisely the 
Gerstenhaber-Schack complex of V) is explicitly computable, and given by 


Hés(Sym(V), Sym(V)) = Sym(H*V[-1] ® H*VY[-1)) 


where Sym is the completed symmetric algebra and H*VY is the dual of H*V as 
a graded vector space. This symmetric algebra has a canonical 3-Poisson algebra 
structure induced by the evaluation pairing between H*V and H*VY. In the spirit 
of Tamarkin’s method, we have to use obstruction theoretic methods to show that 
Def (Sym(V)) is rigid as an E3-algebra. We thus get a generalization of Kontsevich’s 
conjecture (originally formulated in the case where V is a vector space): 


Theorem 6.10 (Kontsevich formality conjecture [30, Theorem 0.8]) The deforma- 
tion complex of the symmetric bialgebra Sym(V) on a Z-graded cochain complex 
V whose cohomology is of finite dimension in each degree is formal over Q as an 
E3-algebra. 

We prove it by using in particular the relationship between Gerstenhaber-Schack 
cohomology and E>-Hochschild cohomology and the higher HKR-theorem for the 
latter [3]. We then obtain a new proof of Etingof-Kazhdan quantization theorem 
from the underlying L.o-formality given by our £3-formality. Indeed, this formality 
induces an equivalence of the associated derived formal moduli problems, in 
particular we have an equivalence of Maurer-Cartan moduli sets (suitably extended 
over formal power series in one variable). On the right hand side, the Maurer- 
Cartan moduli set is identified with equivalence classes of homotopy Lie bialgebra 
structures on the cochain complex V|[A]]. On the right hand side, it is identified with 
deformation quantization of these Lie bialgebras (formal deformations of Sym(V) 
as a homotopy dg bialgebra). Moreover, what we get is actually a generalization of 
Etingof-Kazhdan quantization to homotopy dg Lie bialgebras: 


Corollary 6.11 ({30, Corollary 0.9]) The Loo-formality underlying Theorem 5.9 
induces a generalization of Etingof-Kazdhan deformation quantization theorem to 
homotopy dg Lie bialgebras whose cohomology is of finite dimension in each degree. 
In the case where V is a vector space, this gives a new proof of Etingof-Kazdhan’s 
theorem. 

This result encompasses the case of usual Lie bialgebras, because if V is concen- 
trated in degree 0, then homotopy Lie bialgebra structures on V are exactly Lie 
bialgebra structures on V. 


Remark 6.12 Actually, what we prove in [30] is even stronger. We get a sequence of 
E3-formality morphisms for the three variants of the Gerstenhaber-Shack complex 
[30, Theorem 7.2], indicating that important variants of deformation quantization 
like [15] should also follow from such £3-formality morphisms. 
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Embedding Calculus and the Little Discs M®) 
Operads ‘a 


Victor Turchin 


Abstract This note describes recent development in the study of embedding spaces 
from the manifold calculus viewpoint. An important progress that has been done was 
the discovery and application of the connection to the theory of operads. This allows 
one to describe embedding spaces as certain derived operadic module maps and to 
produce their explicit deloopings. 


1 Manifold Functor Calculus, Little Discs Operads, 
Embedding Spaces 


Manifold calculus appeared as a tool to study spaces of embeddings between 
manifolds [12, 26]. This is also a very nice application of the operad theory. The 
main operad that appears is the little disks operad. The calculus itself was invented 
by Goodwillie and Weiss. 

Assume that we have a smooth manifold M. We can consider the category 
O(M) of open subsets of M, and then we can look at the functors O(M) — 
Top in both the covariant and the contravariant case. The functors are supposed 
to be isotopy invariant, so that the functor should send isotopy equivalences to 
homotopy equivalences. The functor calculus provides a sequence of polynomial 
approximations. In the covariant case, we have a tower TypF — T|F — ToF > ---, 
all of which come with a map to F. The 7;F is the kth polynomial approxi- 
mation. For the contravariant case all the arrows go in the opposite direction, 
TopF —T,F<-:--. 

There is a version of this calculus which is so-called “context-free.” Consider 
the category Man,, of all smooth manifolds of dimension m. The morphisms are 
codimension 0 embeddings. Then we similarly study functors Man,, — Top. 
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Definition 1 A covariant functor F : Man, — Top is polynomial of degree k if 
for any manifold M and for any collection of closed and pairwise disjoint subsets 
Ao,...,Ax, the cubical diagram assigning to S C {0...k} the space 


St F(M\ | JA). 


ieS 


is homotopy cocartesian. 
As example, in case k = 2 we get the cube 


F(M\A; U A2) ——_> F(M\A2) 


an oe 


F(M\Ap U A; U Ax) ——> F(M\Ap U Ad) > F(M) 


F(M\Ao UA) ———- F(M\Ao) 


One of the main properties of being polynomial is that one can build the value of 
the functor on M out of its value on smaller pieces. 

Here are a few examples. The functor M +> M** is polynomial of degree k. If 
you take the functor M +> M™?, this is not linear. Indeed, for the diagram 


(M\ Ao U A1)* ——+ (M\Ao)? 


| 


(M\A1)? 


the colimit will be (M\Aq)* U (M\A1)’, but this is not M. But if you do this in the 
three dimensional cube, then M? = (M\Ao)? U (M\A,)* U (M\A2)’, which shows 
that the functor is indeed quadratic. 

For the functor F(M) = M** we can actually describe explicitly the kth polyno- 
mial approximation. In this case T;)F(M) = {(x,,...,x¢) € M**|#fy,... a} < 3, 
where # denotes the cardinal of a set. So this functor is not homogeneous. 

As another example, can take M +> M**/3,, this is polynomial of degree k. 
Or ("), the unlabeled configuration spaces of k points, this is also polynomial of 
degree k. Or you could take the spherical tangent bundle of M, or M +> M x A, 
these functors are linear. 

For the contravariant functors the definition is dual: similar cubes must be 
homotopy cartesian instead of cocartesian. Linear examples would be M te 
Maps(M, A) or M + I(p) where p is a functorial bundle Ey — M. So the first 
example is a trivial example of the second. 

Another example would be immersions of M in some larger dimension space N, 
because this is equivalent to sections of a certain fiber bundle, formal immersions, 
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I'(p,M). Here to any manifold M we assign a fibration p: Ey — M, where Ey is 
the space of triples 


(m,n, a: T,M — T,,N) 


with @ a monomorphism. Smale proved his famous immersion theorem, that 
Imm(S?, R?) is connected, which follows from seeing the sphere as the union of 
disks and then seeing that the obtained square is homotopy cartesian. 

As another example of a degree k functor, one has M +> Maps(M**, A) (we 
could also ask for /%-equivariance if A is acted on by 2x). 

The good news is that there is a theorem by Goodwillie and Klein saying that the 
map Emb(M, N) — T;, Emb(M, N) is (1 — m + k(n — m — 2))-connected, provided 
n—m > 2 [11]. In other words, the Taylor tower becomes closer and closer to the 
initial space of embeddings. 

Now let us recall the operadic interpretation appearing in the context free 
setting [2, 23]. Consider the full subcategory Disc<, C Man,, of manifolds with 
objects disjoint unions of up to k disks. Then according to Weiss, the kth Taylor 
approximation is described as follows 


T,F(M) = holim F. 
Disc<,)M 


In other words, it is the homotopy right Kan extension 


Disc<, —“°> Top 


i a 
| v7) hRan 


Man,, 


The category Man,, is monoidal and enriched in topological spaces. Thus one 
can consider the topological operad End(D”) of endomorphisms of D”. Its kth 
component is the space of embeddings of a disjoint union of k disks into a disk. 
In the little disks operad, the embeddings should be just translation and scaling. 
Here we allow all transformations. One can easily see that this operad is equivalent 
to the framed discs operad B/"(k). 


m 


Theorem 1 (Boavida de Brito—Weiss [2], T. [23]) 
T,F(M) = bRmodg hyn (Emb(—, M), F(—)) 


So if a functor is contravariant, the sequence { F(1), F(X), F(X®’), F(X®),...3 
becomes a right module over End(X), that abusing notation we denote by F(—). 
As a particular example, Emb(—, M) is also a right module. In the above formula 
we look at the space of derived maps of truncated up to arity k right modules. For 
k = oo we get a formula similar to factorization homology. 
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Just as a remark, if we look at the initial definition, one gets [23] 


pholim | F ~ hRmode tyme (Emb(—, M)’, F(-)), 
ISC<K 


where 6 means “with the discrete topology”. Thus Theorem | was to understand the 
continuous version of the same result. 

One can also consider functors from manifolds to chain complexes. In this case 
one also gets the enriched version: 


Theorem 2 (Boavida de Brito—Weiss [2]) 


T.F(M) = hRmode ye (Ce (Emb(—, M)), F(—)). 
An interesting space of embeddings is the space Emb(S”, S”), and assuming n—m > 
2 this has the same zg as Embg(D”, D”). So it would be interesting to study the space 
of embeddings of disks and the calculus of the closed disk in general. 

The functor calculus in the closed case works similarly, we should just change 
the category Disc to Disc, whose objects are disjoint unions of discs and one anti- 
disc S"—! x [0, 1). Using this idea together with Arone, we showed that the Taylor 
tower on a closed disc can be expressed in terms of maps of truncated infinitesimal 
bimodules. Notice that here we use the usual (non-framed) operad of little discs. 
Informally speaking we can do so because the disc is parallelizable. 


Theorem 3 (Arone-T. [1]) 
T,.F(D") = hInfBim§"(B,,, F(—)). 


So what are infinitesimal bimodules over an operad? We have so-called infinitesimal 
left action. The structure is Abelian, you can only insert in one input. The right 
action is just usual, since the right action is also unital, we can insert only in one of 
the inputs. For more details, see [1]. 

Given a functor F on the category Disc, we get an infinitesimal bimodule F'(—) 
whose Ath component is F ((S”~! x [0, 1)) U [],.D”). The left action comes from 
the embeddings of discs in the collar component S$’! x [0, 1). Now the inclusion 
of operads B,, — B, induces an infinitesimal B,,-bimodule structure on the target. 

As a corollary, we get the following. 


Corollary 1 (Arone-T. [1]) 
T,Emb;(D", D") = hInfBimg" (By, Bn). 


Here Emby is the homotopy fiber of Embj(D”,D”") —> Imm (D",D") & 
2”V,,(R"). 
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The right-hand side of the equation above is the derived mapping space between 
B,, and B,, in the category of infinitesimal bimodules over B,,. Now the question 
is, what about the derived mapping space between these objects in the category of 
operads? We can also look at the truncated case, where we look at the category of 
truncated operads with no more than k inputs. We can study this algebraic structure. 


Theorem 4 (Dwyer—Hess [7], Boavida de Brito—Weiss [3], Ducoulombier-T. [5]) 
T,Emb3(D”, D") = 2”*! hOper<;(Bm, Bn) 


The second talk/section is devoted to different proofs of this result. One should 
mention that only the second one (by Boavida de Brito and Weiss) appeared already 
as a preprint. 

For Dwyer-—Hess, they proved it first form = 1 [6]. They don’t consider the 
case of truncation, i.e. they only look at the case kK = oo. Boavida and Weiss 
understand the truncated case, and we (Ducoulombier and I) also do the truncated 
case. However, our approaches are very different. They don’t use our theorem from 
above, but Dwyer—Hess and Ducoulombier and I, we do use it. This really becomes 
a theory of operads, not calculus. 

The rational homology and homotopy groups can be computed for the embedding 
spaces. The main reason that things work nicely is the relative formality of the little 
disks operad. 


Theorem 5 (Tamarkin [22], Kontsevich [15], Lambrecht-Voli¢ [16], T.- 
Willwacher [25], Fresse—Willwacher [9]) The map of operads CxBm — CxBy of 
singular chains is rationally formal if and only ifn —m # 1. 

So what does the statement mean? The claim is that we can find a zigzag of 
equivalences of maps of operads from the morphism C,.B,, > C.B, to the induced 
map H,B,, — H.,B,. An equivalence is a commutative square, which in every 
degree for both source and target, induces an isomorphism on homology. 

What is the homology of the little disks operad? This is a theorem of Fred Cohen, 
it’s either the associative operad when m = | or it’s the Poisson operad (with bracket 
of degree m — 1) for m > 2. What is B,,(2)? It’s a configuration space of two 
disks and is homotopy equivalent to an (m— 1)-sphere. The degree 0 class gives the 
product and the degree m — | class gives the bracket of the Poisson structure, which 
disappears when you map to B,(2) x S""!,n > m. 

The formality theorem together with the operadic approach to the manifold 
calculus outlined above allows one to compute the rational homology and homotopy 
groups of embedding spaces. Recall the categories Fin of finite sets and Fin, of 
pointed finite sets. It is easy to see that a contravariant functor from Fin is the same 
thing as the right module over the commutative operad Com; and a contravariant 
functor from Fin, is the same thing as an infinitesimal bimodule over Com. Thus in 
particular for n > 2, H,.B, is a right and infinitesimal bimodule over HoB, = Com 
and can be viewed as both Fin and Fin, module. 
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Given a topological space (respectively, pointed space) X and a cofunctor 
L from Fin (respectively Fin.) to chain complexes, Pirashvili defines the 
higher order Hochschild homology HH*(L) [18]. In the operadic language 
HH*(L) = H(bRmodcom(Cx(X**), L)) (respectively HH*(L) = H(hInfBimcom 
(C,.(X**), L))). For a smooth m-manifold M let Emb(M, R”) denote similarly the 
homotopy fiber of Emb(M, R”) — Imm(M, R”). 


Theorem 6 (Arone-T. [1]) Let n > 2m + 2 and let M be a smooth m-manifold. 
Then 


H,,(Emb(M, R"), Q) ~ HH" (H,B,), 
(this is the non-pointed version of higher Hochschild homology); 
H,(Emb;(D", D"), Q) = HH® (H,Bn) 
(here and below is the pointed version) and 
7 (Emb (D”, D")) @ Q = HH®" (1.B, ® Q). 


Together with G. Arone we describe HH” (4B, ® Q) as the homology of a graph- 
complex obtained as the invariant space of the modular closure of the Loo operad. 

In the recent work of Fresse-T.-Willwacher [10] using the delooping result 
Theorem 4, we improve the last statement of the theorem above to the range 
n—m > 2, 1.e. the whole range in which the manifold calculus works. Another 
crucial point that we use is the strong Hopf statement of the relative little discs 
formality: the map of operads C,B, — C,B, is formal in the category of Hopf 
operads—operads in coalgebras (over Q). In particular, in our graph-complex we 
can see a cycle which corresponds to the Haefliger trefoil [13, 14] appearing when 
m = 4k—1,n = 6k. This knot is the only one in codimension > 2, which is trivial as 
immersion and has infinite order. So it’s known that 2 (Emb(S”, S”)) is an Abelian 
group for n — m > 2 of rank at most one. This is a generator which is not torsion. 

The result that we obtained in [10] is in fact deeper than mere computations of 
the rational homotopy groups. We showed the theorem 


Theorem 7 (Fresse—T.—Willwacher [10]) For n —m > 3 (respectively n —m > 
2), hOper(By,, Bn) (respectively hOpere,(Bm, Bn)) isn — m— 1-connected and its 
rational homotopy type is described by the Loo algebra of homotopy biderivations 
of the map Hx (Bm) — H(Bn) (respectively, truncated to < k). 

Essentially all the rational information is encoded by this homology map HB, > 
HB, of Hopf operads. These are maps of (truncated) Hopf operads, so we need 
cofibrant and fibrant replacements for these guys. Hopf cofibrant essentially means 
cofibrant in chain complexes; Hopf fibrant means all components of the operad are 
fibrant coalgebras. Then we look at maps which are derivations of both structures: 
operadic composition and levelwise for the coalgebra structure. At the limit when 
k — ov, we need codimension three. The problem is that the maps between stages in 
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the tower don’t become higher and higher connected when codimension is 2, but the 
projective limit of groups doesn’t commute with tensoring with rational numbers. 


2 Delooping Results 


The goal of this section/talk is to give insight into different proofs of Theorem 4. Let 
me reiterate that only the proof of Boavida de Brito—Weiss [3] already appeared.! 
Their approach will be explained at the very end. Both Dwyer-Hess [7] and 
Ducoulombier-T. [5] use Corollary | in their proof. In fact we prove a purely 
operadic statement Theorem 9 below, which together with Corollary 1 implies 
Theorem 4. 

Before going any further let us consider the special case m = 1, for which 
the result described by Corollary 1 is really due to Dev Sinha [21]. Indeed, B, is 
naturally equivalent to the associative operad Ass. In fact, B, is equivalent to a 
certain operad K,,, called Kontsevich operad,” and we have a zigzag of equivalences 
of operad maps 


By, a W, —= + Ass 


Lo fd 


a= 


Bn =~ Wa —— Kr. 
An infinitesimal bimodule over Ass is a cosimplicial object, and hInfBimag.(Ass, 
K,) = hTot K,(¢). Thus we recover Sinha’s theorem: 


T,Emb;(D', D") = hTot, K,(e), k < 00. 


For m = 1, Theorem 4 was first proved by Dwyer and Hess [6] and then I gave a 
different proof [24]. It was obtained as a combination of Sinha’s theorem and the 
following result. Given a map of operads Ass > @, the sequence O(e) becomes a 
cosimplicial object.? Moreover, provided (0) = O(1) & «, 


hTot G(e) = 2* hOper(Ass, 6). (1) 


All this business is actually related to Deligne’s Hochschild cohomology conjecture 
(now theorem), that on the Hochschild complex of an associative algebra one gets 
an action of the operad of chains on little squares. Afterward, McClure and Smith 
generalized this to the topological setting showing that for any multiplicative operad 


'By the time of the latest revision, the proof of Ducoulombier and Turchin appeared in [5]. 
This operad was invented by D. Sinha. 
3In this case @ is called a multiplicative operad. 
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O, the space hTot O(e) admits an explicit By-action [17]. The result (1) is an explicit 
delooping (conjecturally to this action). 

Let me give a brief sketch of ideas of Dwyer and Hess’ proof for the case m = 1. 
They prove a theorem 


Theorem 8 (Dwyer—Hess [6]) Let M; — Mp be a morphism of monoids in a 
monoidal model category with unit 1 and satisfying natural axioms. (Thus M gets 
an induced structure of an M,-bimodule.) Then, provided the mapping space from 1 
to Mp is contractible, we get an equivalence of spaces 


hBimy, (M,, M2) =Q hMon(M,, M)). 


The two spaces above are derived mapping spaces respectively of bimodules and 
monoids. 

So how does this help to prove (1)? We can consider a map of operads P > Q. 
Operads are monoids in the category of symmetric sequences with respect to the 
o product. (Dwyer and Hess considered non-symmetric operads, then we have just 
sequences of spaces.) So Q becomes a bimodule over P, and then hBimp(P, Q) = 
2 hOper(P, Q), provided Q(1) = *.* We take P = Ass, and we obtain that 


hBimagss(Ass, @) & S2 hOper(Ass, @). (2) 
Now we need a second delooping, which is the following statement: 
hTot O(e) = $2 hBima,;(Ass, @) (3) 


provided that O(0) & x. This delooping takes place always when @ is an Ass- 
bimodule endowed with a map Ass — @. To prove this delooping from Theorem 8, 
we consider the following monoidal model category: right modules over Ass with 
tensor product (PX Q)(n) = LJ, j=nP(i) x Q(j). Then monoids with respect to this 
structure are Ass-bimodules, and bimodules over the monoid Ass in this category 
are cosimplicial objects. 

My proof of the case m = 1 also proceeds in the same two steps (2), (3) by 
providing explicit cofibrant replacement for Ass, see [24]. 

Now for high dimensions. 


Theorem 9 (Dwyer—Hess [7], Ducoulombier-T. [5]) 
1. If Bn — C@ is an operad map and O(0) = G1) & *, then 


hinfBim§" (By, 0) = 2"*! hOper<; (Bm, 6). 


“This statement is also true in the setting of coloured operads [20]. 
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2. If Bn > M is a By-bimodule map and M(0) & «x, then 
hinfBim§"(Bn,M) ~ 2" hBim§ (By, 0). 


So the second one implies the first one by the Dwyer-Hess-Robertson theorem. This 
has more implications than to the study of embeddings. Let me give some motivation 
for this result and then the ideas of the proofs. 

We can consider any space of maps Maps; (D”, D"), where these maps avoid 
certain multisingularity S, for example triple intersections or something like that. 
For these spaces, it’s a difficult question whether the Goodwillie tower converges. 
Still we can apply the theorem, and get the delooping of the corresponding Taylor 
towers. 

Consider the sequence {Maps° (LI,.D”, D"),k > O}. This is a B,,-bimodule 
under B,,. Therefore the tower T, for the corresponding space Maps; (D”, D”) can 
also be delooped in this way. As a more concrete example, one could look at 
Imm? (D”, D")—the space of immersions which avoid ¢-self intersections. One has 
an obvious inclusion Imm\? (D”, D") — Imma(D”, D"). We denote its homotopy 


fiber space by Imm,’ (D”, D"). Let B® (k) be the space of collections of k labeled 
open disks which can overlap but no £ of them have a common point. The collection 


BO(e) is a bimodule over B,. Then the tower T, of the space Imm,’ (D”, D") is 
described as follows 


T,Imm, (D", D") = hinfBims*(B,, BO) ~ 2” bBimZ"(By,, BO). 


Note that in these examples the spaces Maps; (D”, D”), Imm\? (D", D'”), 


Imm, (D”, D") are naturally acted on by B,,. We conjecture that this action is 
compatible with the delooping of their towers. One should also mention that for 
embedding spaces Emb/’(D”, D"), Embj(D”, D”) we have not just an action of By 
but also of B,,41. Where does this come from? Morally speaking, it comes from the 
fact that we can make knots small and pull ones through the others. This action was 
rigorously defined by Budney [4]. 

The approach of Dwyer—Hess to this theorem, they are using the fact that 
Bn & Ass®---@ Ass, the Boardman—Vogt tensor product [8]. They use this 


decomposition and apply iteratively Theorem 8. How exactly it works I don’t know. 


It is probably technical, that’s why they are slow in writing it down. 

Our approach is more direct, and the proof is very similar to my proof of the 
second delooping (3) in the case m = 1, with an explicit cofibrant replacement. For 
any operad Y (doubly reduced A(0)  A(1) & *), and any Y-bimodule map 
P — M, we construct a natural map 


Maps, (Y' A(2), hBima(Y, M)) > hinfBima(Y, M) 
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and we write down when this is an equivalence. Then we check that for the little 
disks this condition is satisfied. 

Our approach works for the truncated case as well. In Dwyer—Hess, it is more 
difficult. One has to look at the tensor product of truncated operads and then it is not 
clear how well it works. 

Now let us discuss the approach of Boavida de Brito and Weiss. How do they 
prove that Emb(D”, D’) = 2”*! hOper(Bm, Bn). 

Their result is weaker and stronger. Their approach can not be applied to other 
spaces like non-(£)-equal immersions or spaces avoiding a given multisingularity, 
but it’s stronger because their deloopings respect the action of the little disks. We 
have Embj(D”, D”), which is mapped to §2’”V,,,(IR”), the m-loop space on the Stiefel 
manifold V,,(IR”). By the Smale-Hirsch principle, Immj(D”, D") ~ Q’"V,,(R"), 
which is also equivalent to the linear approximation T, Embj(D”, D”). Thus we 
have a map 7; Embj(D”, D") > 92’"V,,(IR”). There is also a natural map V,,(IR") > 
hOper(B,,, B,). The theorem of Boavida de Brito and Weiss is: 


Theorem 10 The sequence 
T;, Emb3(D”, D") > QV, (IR") > 2” hOper<;, (Bm, Bn) 


is a fiber sequence. 
In particular for n — m > 2, they get 


Emb;(D”, D") = 2” hofib(V,,(R") — hOper(Bm, Bn)). (4) 


Theorem 4 is an obvious consequence of the theorem above, when we take the 
homotopy fiber of the first map, we get 2”*!, as stated. Notice that in the fiber 
sequence 


Emba(D”, D") > 2”V,,(R") > 2” hOper(Bn, Bn), 


both maps respect the B,,-action. Therefore, the delooping (4) is compatible with 
the B,,-action.> 

To give an idea of the techniques that Boavida de Brito-Weiss are using, the 
crucial things are configuration categories. They don’t need M to be smooth, and 
they define Con(M), as a topological category. The objects of the category are the 
disjoint union of embeddings of k labeled points to M, Emb(k, M). If x € Emb(k, M) 
and y € Emb(£, M), then Mor(x, y) = {(j,a)} where j : k > £ and @ is a reverse 
exit path from x to y oj, meaning if points collided at some point of a path, they 
remain collided until the end. One has a natural functor from Con(M) — Fin that 
remembers only the set of points. Now the theorem is the following. 


>There is still a question why the delooping Emb(D”, D”) & Q”+! hOper(Bm, Bn) is compatible 
with Budney’s B,,41-action. (Obviously it is compatible when restricted on B,,,.) 
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Theorem 11 /fn— m > 3, there is a homotopy Cartesian square 


Emb(M, N) ——> hMapr;,(Con(/), Con(V)) 


| | 


Imm(M, NV) >. 


where I" is the space of sections of E > M where E = {(m,n, a)} where m is in M, 
nisin N, and a is in hMap;;,(Con(T,M), Con(L,N)), which you'll see in a second 
is equivalent to hOper(Bn, By). 

So what do they consider? They take the nerve of the category Con(M), this is 
a simplicial space, and the nerve of Fin. Then we need to consider the Rezk 
model category structure on simplicial spaces [19], a.k.a. homotopy theory of 
homotopy theories. The fibrant objects are complete Segal spaces. They work in 
the overcategory, the space of maps in this model category of objects over N, Fin. 
There are two important statements. 


Proposition 1 When we apply the above construction to embeddings of discs 
Emba(D”, D"), we get the space hMaprin, (Con?(D”), Con®(D")) which is con- 
tractible.® 

Notice that the map Embg(D”, D”) — hMaprin, (Con?(D”), Con®(D")) factors 
through the space of topological embeddings, which is contractible by the Alexander 
trick. The statement of the proposition above is a “calculus version” of this trick. 


Proposition 2. One has hMap,;, (Con(R”), Con(R")) = hOper(Bm, Bn). 

The nerve Ne Con(R”) of the configuration category over N. Fin is equivalent 
to a certain simplicial space Cg, constructed from the operad B,,. If we have a 
sequence of maps of sets, we can assign to this a level tree. So once we have an 
operad @, we can construct a simplicial space Cg over Ne Fin. That’s essentially 
the idea of this construction that simplicial spaces over N. Fin are some kind of 
leveled dendroidal spaces and thus are equivalent to operads. In particular they 
show that for any pair of operads @;, O2 with O\(0) = O2(0) & x, one gets 
hMap,,,(Coe,,Ce,) = hOper(@, G2). 
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The construction is slightly different in the case when we have boundary, that’s why instead of 
Fin we get pointed sets Fin,., the base point corresponding to the points escaping to the boundary. 
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Abstract These are notes of a lecture series delivered during the program Winter 
of Disconnectedness in Newcastle, Australia, 2016. The exposition is on several 
families of groups acting on trees by automorphisms or almost automorphisms, 
such as Neretin’s groups, Thompson’s groups, and groups acting on trees with 
almost prescribed local action. These include countable discrete groups as well as 
locally compact groups. The focus is on the study of certain subgroups, e.g. finite 
covolume subgroups, or subgroups satisfying certain normality conditions, such as 
commensurated subgroups or uniformly recurrent subgroups. 


1 Introduction 


The main Ga theme on which these notes are based is the study of certain discrete 
and locally compact groups defined in terms of an action on a tree by automorphisms 
or almost automorphisms. Notorious examples of groups under consideration here 
include the finitely generated groups introduced by R. Thompson, as well as 
Neretin’s groups. 

This text is supposed to be accessible to people not familiar with the topic, 
and is organized as follows: Sect. 2 introduces basic results about groups acting on 
trees, and sketches the proof of Tits’ simplicity theorem for groups satisfying Tits’ 
independence property. In Sect. 3 we define the notion of almost automorphisms of 
trees and draw a brief survey about these groups. Section 4 concerns a family of 
groups acting on trees defined by prescribing the local action almost everywhere. 
It is shown that this construction provides locally compact groups with somehow 
unusual properties. Finally the focus in Sect. 5 is on the study of uniformly recurrent 
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subgroups of countable groups having a so called micro-supported action on a 
Hausdorff topological space. Several classes of groups encountered in other sections 
of this text fall into that framework, but this class of groups is actually much larger. 

We should warn the reader that these notes do not contain new results. Instead, 
they constitute an accessible introduction to the topic, and to recent developments 
around the groups under consideration here. Some of the theorems given here are 
proved in these notes, but most of them are stated without proofs, and we tried 
to indicate as much as possible references where the reader will be able to find 
complements and proofs of the corresponding results. 

Finally the author would like to mention that Stephan Tornier should be credited 
with the existence of this text, for taking notes during the lectures and writing a 
substantial part of this text. 


2 Groups Acting on Trees and Tits’ Simplicity Theorem 


In this section we recall classical results about groups acting on trees and outline a 
proof of Tits’ simplicity theorem. For complements on groups acting on trees, the 
reader is invited to consult [36, 40, 44]. 


2.1 Classification of Automorphisms and Invariant Subtrees 


Throughout, 7 denotes a simplicial tree and Aut(T) its automorphism group. To 
begin with, there is the following classical trichotomy for automorphisms of trees. 


Proposition 1 Let g € Aut(T). Then exactly one of the following holds: 


(1) There is a vertex fixed by g. 
(2) There are adjacent vertices permuted by g. 
(3) There is a bi-infinite line along which g acts as a non-trivial translation. 


Automorphisms of the first two kinds are called elliptic, and automorphisms of 
the third kind are called hyperbolic. 


Proof Set ||g|| := min{d(v, gv) | v € V(7)} and 


min(g) := {v € V(T) | d(v, gv) = Ig}. 


If ||g|| = 0 then (1) holds. Now assume ||g|| > 0. Let s € min(g) and let t € V(7) 
be the vertex which is adjacent to s and contained in the geodesic segment [s, gs]. If 
gt € [s, gs] then either gt = s and gs = t and (2) holds. Otherwise, U),,<z 8" [s. g5] 
is a geodesic line and (3) holds. oO 
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Definition 1 Let g € Aut(7) be hyperbolic. The bi-infinite line along which g acts 
as a translation is called the axis of g, and is denoted L,. The endpoints of g are the 
two ends of T defined by Ly. 

With the classification of automorphisms of trees at hand we now turn to groups 
acting on trees. First, we record the following lemma. 


Lemma 1 Let g,h € Aut(T) by hyperbolic such that L, and Ly are disjoint. Then 
gh is also hyperbolic and Lg, intersects both Lg and Lp. 


Proof The situation presents itself as in Fig. 1. 
Consider a = [x, y]. Then (gh)aNa = {y}. Thus gh is hyperbolic anda € Lg,.0 
We derive the following proposition. For a group G acting on T by automor- 
phisms, we denote by Hyp(G) the set of hyperbolic elements of G. 


Proposition 2 Let G act on T and assume that Hyp(G) # @. Then there is a unique 
minimal G-invariant subtree, which is given by 


X= |)! Be 


g€Hyp(G) 


Proof Let g € Hyp(G) and h € G. Then hgh! € Hyp(G) and Lign-| = h(Lg). 
Hence X is G-invariant; it is a subtree by the previous lemma. As to minimality, let 
Y bea G-invariant subtree. Then for y € V(Y) and g € Hyp(G) we have [y, gy] C Y. 
Hence YM L, # @ and Y has to contain Ly. Oo 


Definition 2 


(a) A subtree X C T is called a half-tree if X is obtained as one of the components 
resulting from removing some edge of T (Fig. 2). 


Fig. 1 Disjoint lines of x= h'(p) P 
hyperbolic elements te ° ° ° ° eo. Ly 
f gp=y 
- @ ° e * @sce Leg 
q gq) 
Fig. 2 Definition of half-tree \ / 


\ / 
\ / 
\ / 
half-tree --- : 2 +++ half-tree 
/ \ 
i \ 
/ \ 


/ \ 
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(b) An action of a group G on T is 


(1) minimal if there is no proper G-invariant subtree, 
(2) lineal if there is a G-invariant, bi-infinite line and Hyp(G) 9. 
(3) of general type if there are g1, g2 € Hyp(G) with no common endpoints. 


2.2 Classification of Actions on Trees 


In the following, fixing amounts to stabilizing point-wise and stabilizing amounts to 
stabilizing set-wise. Let G act on T. Then exactly one of the following happens. 


(1) There is a vertex or an edge stabilized by G. 
(2) The action is lineal. 

(3) There is exactly one end fixed by G. 

(4) The action is of general type. 


An example of a lineal action is the action of Z on its standard Cayley graph. 
An example of case (3) is given by the action of a Baumslag-Solitar group BS(1, 7), 
n > 2, on its Bass—Serre tree. 


Proposition 3 Let G act minimally and of general type on T. Then 


(1) for every half-tree X of T there is g € Hyp(G) with Ly C X; 
(2) every non-trivial normal subgroup N <1 G acts minimally of general type. 


Proof For (1), let X be a half-tree in T. Then there is g ¢ Hyp(G) such thatL,NX # 
®, since otherwise there would be a proper invariant subtree in the complement of 
X by Proposition 2. Now if h € Hyp(G) has no common endpoints with g, it is a 
simple verification that there must exist n € Z such that g”hg™" has its axis inside 
X. This shows (1). 

Statement (2) is obtained by using the classification of group actions on trees. 
Details are left to the reader. Oo 


2.3 Tits’ Simplicity Theorem 


Let G act on T and let X be a (finite or infinite) geodesic in T. Further, let zy : 
T — X denote the closest point projection on X, and Fixg(X) the fixator of X in G 
(Fig. 3). 


Fig. 3 Closest point aie . x ® baal 
projection _ 
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Given x € V(T), let G” be the permutation group induced by the action of 
Fixg(X) on zy! (x). We have a morphism 


x : Fixg(X) Oo I] G®, 


xEX 


Definition 3 Retain the above notation. The group G satisfies Tits’ independence 
property if gy is an isomorphism for all X. 

The following lemma is the core of the proof of Tits’ theorem. For the proof, we 
refer the reader to Tits’ original article [44]. 


Lemma 2 (Commutator Lemma) Let G act on T, g € Hyp(G) and X := Ly. 
Assume that gx is an isomorphism. Then 


Fixg(X) = {[g.h] | A € Fixe(X)}. 


We now state Tits’ simplicity theorem. Given a group G acting on T, we denote 
by G* the subgroup of G generated by fixators of edges: Gt := (Fixg(e) | e € 
E(T)). Clearly G* is a normal subgroup of G. 


Theorem 1 Let G < Aut(T) act minimally and of general type on T. If G satisfies 
Tits’ independence property, then G* is either abstractly simple or trivial. 


Proof Assume that Gt is non-trivial and let N < G* be non-trivial. Two 
applications of Proposition 3 show that N acts minimally and of general type on T. 

Let e € E(T). We show that Fixg(e) C N. By Tits’ independence property and 
for symmetry reasons it suffices to show that Fixg(X,) C N, where X| is one of the 
two half-trees defined by e. According to Proposition 3, there exists a hyperbolic 
element g € Hyp(N) with L, C X;. Applying Lemma 2 to this element g, we obtain 


Fixg(L,) = [Fixg(Lz). g] < N, 
where the last inclusion follows from the fact that NV is normal in G. This finishes 
the proof as Fixg(X1) C Fixg(L,). Oo 


Remark I This result has been generalized in various directions. See for instance 
Haglund—Paulin [20], Lazarovich [24] for cube complexes and Caprace [10] for 
buildings. Whereas the above generalizations vary the space, there is also work of 
Banks—Elder—Willis [4] and M6ller—Vonk [31] for trees. 


3  Almost-Automorphisms of Trees 


In this section we draw a brief survey about groups of almost-automorphisms of 
trees, and discuss some recent results. 
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For d,k > 2 let Ty, the rooted tree in which the root has degree k and the other 
vertices have degree d + 1. The /evel of a vertex is its distance from the root. For 
instance 73.7 looks as in Fig. 4. 

Fix a bijection between the vertices of Tz, and finite words that are either empty 
or of the form xy, y2-++y;, where x € {0,...,k—1} and y; € {0,...,d— 1}. Further, 
let Xz, := Ty, denote the boundary of the tree Ty,. Given &,&’ € Xyx, we set 
d(é,&) := d-NE*) where N(E, ’) = sup{m > 1 | & = &/} and &,, &/, denote the 
mth letter in the word &, &’ respectively. This turns (Xz, @) into a compact metric 
space homeomorphic to a Cantor set. 


Remark 2 Note that there is a one-to-one correspondence between proper balls in 
Xq,x and vertices of level at least one, in which a vertex v € V(T,;) corresponds to 
set of ends of 7, hanging below v. 

Remark that any element of Aut(T,,) induces a homeomorphism of X,;,, and 
the action of Aut(7T;,) on X44 is faithful and by isometries. The notion of almost 
automorphisms is a natural generalization of the one of automorphisms, and goes 
back to Neretin [32]. 


Definition 4 An element g € Homeo(X,,) is an almost-automorphism of Ty if 
there is a partition Xy, = B, U---U B, of Xqx into balls, such that for every 
ie€ {1,...,m} there is A; > 0 so that dist(gx, gy) = Ajd(x, y) for all x, y € Bj. 

We denote by AAut(7T;;,) the set of all almost-automorphisms of T,, which 
is easily seen to be a subgroup of Homeo(X,,). For an example of an almost- 
automorphism, consider Fig. 5 


Remark 3 We record the following facts about AAut(Ty,). 


(1) Aut(Tz,) is clearly a subgroup of AAut(Ty,,). 

(2) In the case k = 2, one may check that the group AAut(7y2) coincides with 
the topological full group [[Aut(741), 0Tz+1]], where Ty41 is a non-rooted 
regular tree of degree (d + 1). This corresponds to Neretin’s original definition 
[32] (although the terminology “topological full group” was not used there). 
Similarly, one can embed the group Aut(7j+,) into AAut(7z,) for arbitrary k. 


Fig. 4 The tree 73,5 
level 1 


level 2 
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1/2/3)4] 5 6 6/3] 1 4/5) 2 


Fig. 5 An almost-automorphism 


Remark that the group Aut(7) is naturally a topological group, which is totally 
disconnected and compact. The proof of the following fact is left to the reader. 


Proposition 4 The group AAut(Tg,.) admits a group topology which makes the 
inclusion of Aut(Tg,) continuous and open. 
Henceforth we implicitly consider AAut(Ty,) equipped with this topology. 


Definition 5 (Higman—Thompson Group) Let Vz; be the set of g € Homeo(Xzx) 
for which there is a partition Xy, = B, Li--- UB, such that g|g, is a homothety and 
g(Wix) = Weiyx for every wix € B; where w; is the vertex defining B;. 

By a theorem of Higman (previously obtained by Thompson in the case d = k = 
2), the group Vz, is finitely presented and has a simple subgroup of index at most 
two. One may check without difficulty that the group AAut(7z,) is generated by its 
two subgroups Vy, and Aut(Tz,). Since Va, is finitely generated and Aut(Tz,) is 
compact, this implies in particular that AAut(7,;) is a compactly generated group. 


Remark 4 It readily follows from the definitions that the group Vz, is dense 
in AAut(Ty,). Moreover Va, M Aut(Tz,) is exactly the group of finitary auto- 
morphisms of Tix, which is an infinite locally finite group. Since Aut(Ty,) is 
compact open in AAut(T,,;), this subgroup must be commensurated in Vax. See 
also Theorem 4(3) and the questions following it. 


3.2 Some Results About AAut(Ty,x) 


This paragraph further illustrates interesting properties satisfied by the groups 
AAut(Ty.4). 


(1) The group AAut(7T,;) is (abstractly) simple [22], and therefore belongs to 
the class of non-discrete, totally disconnected, compactly generated locally 
compact simple groups. The study of this class of groups recently received 
much attention, and we refer the reader to [12—14]. Note that the list of known 
examples of groups within this class is still quite restricted (see the introduction 
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of [14]). Note also that a stronger simplicity result for AAut(7z,) has recently 
been obtained in [43]. 

The group AAut(7,;,) coincides with the group of abstract commensurators of 
the profinite group Aut(Z;) [11]. Here, given a profinite group G, the group of 
commensurators of G is 


(2 


wm 


Comm(G) = {f: U > V|U,V < Gi/~, 


where ~ identifies isomorphisms which agree on some open subgroup of G. 

(3) The structure of subgroups of AAut(Tz;,) remains largely mysterious. On the 
one hand, the flexibility of the action of AAut(Tz,) on Xq, readily implies 
that AAut(7z,) has “many” subgroups. On the other hand, it is very much 
unclear whether there are “large” discrete subgroups in AAut(7y,). A striking 
illustration of a restriction on discrete subgroups is given by the following result 
from [3]. 


Theorem 2 (Bader—Caprace—Gelander—Mozes) The group AAut(Ta) does 
not admit lattices. 

For background and motivation for the problem of studying the existence of 
lattices in locally compact simple groups, we refer the reader to the introduction 
of [3]. Interestingly, the proof of Theorem 2 relies on finite group theoretic 
arguments, such as the study of subgroups of finite symmetric groups with a 
given upper bound on the index. 

Other locally compact simple groups without lattices appear in Sect. 4 

(Theorem 5). See also Remark 8. 
The group AAut(7y,) is compactly presented [25], and actually satisfies 
a stronger finiteness property, see Sauer-Thumann [39]. We mention that, 
although an upper bound has been obtained in [25], the Dehn function of the 
group AAut(77,) is not known. 


(4 


w~m 


3.3, Commensurated Subgroups of Groups 
of Almost-Automorphisms of Trees 


The goal of this section is to report on recent work concerning the study of 
commensurated subgroups of groups of almost automorphisms of trees, carried out 
in collaboration with Ph. Wesolek. For the proofs of the results mentioned in this 
section and for complements, we refer to the article [28]. 


Definition 6 Let G be a group. Two subgroups H,K < G are commensurable if 
Hf K has finite index in both H and K. The subgroup H is commensurated if 
gHg | is commensurable with H for all g € G. 
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Example 1 


(1) Any normal subgroup is commensurated. 

(2) Finite and finite index subgroups are commensurated. 

(3) SL(m, Z) < SL(m, Q) is commensurated. 

(4) Fundamental example: any compact open subgroup U < G of a totally 
disconnected locally compact group G is commensurated. 


Shalom-Willis classified the commensurated subgroups of S-arithmetic sub- 
groups in certain simple algebraic groups [41]. For instance, in SL(n, Z) (n > 3) 
every commensurated subgroup is finite or of finite index. 


Theorem 3 ((28]) Let H < AAut(Ty) be commensurated. Then either H is finite, 
H is compact open or H = AAut(Tax). 


Remark 5 In Theorem 3, the conclusion cannot be strengthened to H itself being 
compact open in the second case, see [28, Ex. 4.4] for examples of non-closed 
commensurated subgroups. 

One of the interests in studying commensurated subgroups is the fact that it 
provides information about possible embeddings into locally compact groups. 


Corollary 1 Any continuous embedding of AAut(Ty,) into a totally disconnected 
locally compact group has closed image. 


Remark 6 There are natural generalizations of AAut(Tz,) considered by Caprace— 
de Medts [11] for which Corollary | is not true, see [28, p. 25]. 

We now turn our attention to the family of Thompson’s groups. For a pleasant 
introduction to these groups, we refer the reader to the notes [9]. 

Let d = k = 2. The group V2, (see Definition 5) is known as Thompson’s 
group V. Thompson’s group T is the subgroup of Homeo(S') consisting of those 
homeomorphisms which are piecewise linear, have slopes in 2%, all breakpoints at 
dyadics and only finitely many breakpoints in total. Finally, we let F denote the 
stabilizer of 0 € S! in T. There are natural embeddings F < T < V < AAut(7) 2). 


Theorem 4 ([28]) 


(1) Every commensurated subgroup of F is normal. 
(2) Every commensurated subgroup of T is either finite or equal to T. 
(3) Every commensurated subgroup of V is locally finite or equal to V. 


We have seen in Remark 4 that there is an infinite and locally finite commen- 
surated subgroup in Thompson’s group V. The above theorem raises the question 
whether there exist other (non-commensurable) commensurated subgroups in V. 
Thanks to the process of Schlichting completion, a related question is the following: 
Are there locally compact groups other than AAut(7>,2) into which Thompson’s 
group V embeds densely? 


Corollary 2. Every embedding of Thompson’s groups F or T into a locally compact 
group has discrete image. 
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Remark 7 If we denote respectively by Homeo* (0, 1]) and Homeot (S') the 
groups of orientation-preserving homeomorphisms of the interval and the circle, 
endowed with their natural Polish topology, it is an exercise to check that Tompson’s 
groups F and T are dense respectively in Homeo* (0, 1]) and Homeo* (S’). 
Therefore F and T do appear as dense subgroups in some Polish groups, but cannot 
appear as dense subgroups in some locally compact groups by Corollary 2. 


4 Groups Acting on Trees with Prescribed Local Actions 


In this section we study examples of locally compact groups acting on trees, 
satisfying properties rather similar to groups of almost-automorphisms of trees from 
Sect. 3. We may think of them as analogues of groups of almost-automorphisms of 
trees, but more rigid and much smaller in a sense to be made precise. The reference 
for this section is [26]. 


4.1 Definitions 


Let d > 3 and Ty, denote the d-regular tree. Fix a set 2 of cardinality d. Fix a map 
c: E(Tg) > @ such that c, : E(v) > Q is a bijection for every vertex v € V(Ty), 
where E(v) is the set of edges around v. Given g € Aut(T,) and v € V(Ty) we 
obtain a permutation o(g, v) = Cg, ogoc,! € Sym(). 


Definition 7 (Burger—Mozes [8]) Let F < Sym(S2). Define 
U(F) = {g € Aut(Tz) | Vu € V(Ta): o(g,v) € Fh. 


We collect the following properties of U( F), the proof of which are left to the 
reader. 


(1) U(F) is aclosed subgroup of Aut(Tz), which is discrete if and only if the action 
Fa Q is free. 

(2) U({1}) is vertex-transitive, and therefore a cocompact lattice in U( F). 

(3) U(F) satisfies Tits’ property (Definition 3). 
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(4) U(F)t (the subgroup generated by fixators of edges in U( F)) has index two in 
U(F) if and only if the permutation group F is transitive and generated by its 
point stabilizers. In this case, U( F)* is transitive on geometric edges. 


From now on, we assume F < Sym({2) to be transitive. 


Definition 8 (Bader—Caprace—Gelander—Mozes) For F < Sym({2), set 
G(F) := {g € Aut(T,) | o(g, v) € F for all but finitely many v € V(T,)}. 


Note that G( F) is a subgroup of Aut(7,). In contrast to U( F), the group G( F) 
is not closed in Aut(7z). One may actually check that G( F) is a dense subgroup of 
Aut(T). 

It can be shown that there is a unique group topology on G(F) such that the 
inclusion of U( F) into G( F) is continuous and open (see for instance [26, p. 7]). 

With respect to this topology, the action of G( F) on the tree is continuous but 
not proper. More precisely, we have the following: 


Proposition 5 Let b € V(T,). Then the stabilizer G( F)» is an increasing union of 
compact open subgroups. 


Proof Letm > 1. 


Set Kn(b) = {g € G(F), | Vu ¢ Bib,m) : a(g,v) € F}. Then K,,(b) is a 
subgroup of G( F). Moreover it is a compact open subgroup as it contains the fixator 
of B(b,m) in U(F) as a finite index subgroup. Since G(F), = U,,>, Km(b), the 
statement follows. 7 oO 


Definition 9 Let F < F’ < Sym(). Set G(F, F’) := G(F) N U(F’). 
Note that U(F) < G(F, F’) < U(F’) whence G(F, F’) is open in G( F). For 
proofs of the following results, we refer the reader to [26]. 


(1) The group G(F, F’) satisfies a weak Tits’ property. 


(a) There exist natural sufficient conditions on the permutation groups F' and 
F’ so that G( F, F’) is virtually simple. 


(2) The group G(F, F’) is compactly generated but not compactly presented. 
(3) The group G(F, F’) has asymptotic dimension one. This may be compared with 
the fact that AAut(7y,.) has infinite asymptotic dimension. 
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4.2 Lattices 


We now turn to the study of lattices in the family of groups G( F, F’). Recall that 
if G is a locally compact group, a lattice J” in G is a discrete subgroup of finite 
covolume, i.e. such that G/I carries a G-invariant finite measure. 
We will state two different results, showing that the existence of lattices in the 
groups G( F, F’) strongly depends on the properties of permutation groups F and F’. 
To this end, consider four permutation groups F < F’ and H < H’ such that 
F < Hand F’ < H’. These conditions ensure the inclusion G( F, F’) < G(H, H’). 


Proposition 6 Retain the above notation. Assume that H 0 F’ = F and H' = HF’. 
Then G(F, F") is a closed cocompact subgroup of G(H, H’). 

If in addition the action F ~ & is free, then G( F, F’) is a cocompact lattice in 
G(H, H’). 

For a proof of Proposition 6, see [26, Corollary 7.4]. 


Example 2 An example as in Proposition 6 is d = 7, F = C7, F’ = Alt;, H = D7 
and H’ = Sym,, where C7 and D; denote respectively the cyclic and dihedral group 
acting transitively on seven elements. 

In another direction, we now provide sufficient conditions on F, F’ which prevent 
the existence of lattices in the group G( F, F’). 


Definition 10 Let G be a group. A subgroup H < Gis said to be essential in G if 
H intersects non-trivially every non-trivial subgroup of G. 

The following criterion, the proof of which may be found in [26], provides 
sufficient conditions which prevent the existence of a lattice in a locally compact 
group. 

Proposition 7 Let G be a locally compact group with Haar measure 4. Suppose 
there are sequences of compact open subgroups (Um) men and (Km)men such that 


(1) (Un)men ts a neighbourhood basis of | € G. 

(2) Uy» is an essential subgroup of Ky, for every m € N. 
(3) (Kn) > 00. 

Then G does not admit lattices. 


Using this criterion we show that certain G( F, F’) do not contain lattices. For 
F < Sym(S2) anda € §2, we denote by F, the stabilizer of a in F. 


Theorem 5 ((26]) Let F < F’ < Sym(S2) anda € Q. Assume that 


(1) Fa < F", is essential, and 
(2) Fi) <[Po 2 Fe. 


Then G( F, F’) does not admit a lattice. 
We point out that there are examples of groups G( F, F”) satisfying Theorem 5 
and which are moreover (virtually) simple. 
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Example 3 Let q & 1 (mod 4) be a prime power. Let Q = P! (IF,) be the projective 
line over the finite field F,, F = PSL(2,q) and F’ = PGL(2,q). Set a := 00 € 
Pp! (F,). Then FY, = F, x and F, = F, x aa where we only take the squares in 
the multiplicative group. To see that F, is essential in F’, consider the short exact 


sequence 


1o Fr? > Fe >) > 1. 


The assumption g 1 (mod 4) implies that —1 is a square in a and hence this 
short exact sequence does not split. Therefore, Fr? is essential in i, and hence so 
is F, < F’. For the second condition, compute | F’| = q(q—1) < 24 = [F.,, Fal"! 
asd=q+t+l. 


Proof (Theorem 5) We construct (Um)men and (Kin) men as in Proposition 7. For 


m > | and a fixed vertex vg € V(T,) we set 


Un = {g € U( F) | &|B(v9.m) = id} 
and 


g=id on B(vo, m) 
Kn = 4g € G(F,F’)|o(g,v) € F’ forv € S(vo,m) 
o(g,v) €F  ford(v,v9) >m+1 


Note that by definition of the topology, (U,,) is a basis of neighbourhoods of the 
identity. It is easy to see that K,, is a subgroup of G( F, F’), which admits a semi- 
direct product decomposition K, = Um+i ™ TT s¢vo.m) F’. Moreover since Fy is 
essential in F’, and since being essential ascends to finite direct products, it follows 


a 


that Un = Un+i * J] S(vp.m) F,, is essential in K,,. Furthermore, 
(Km) = (Um 1)| Fi, @0")! = o(On-1)| ig le 
where, with the normalization j4(U;) := 1, we have 
BU ney = BON eel = (01 Une 
Furthermore, we have 
[U1 : Uta] = [Fol = [FE 


Combined with the assumption | F’,| < [F’, : Fa]¢~! this implies, (Kn) > oo. O 


Remark 8 Although the proofs of the absence of lattices in the groups AAut(Ty,) 
(Theorem 2) and in some of the groups G( F, F’) (Theorem 5) are very different, 
they share the same phenomenon that the absence of lattices is actually detected in 
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some open locally elliptic subgroup of the ambient group. It would be interesting 
to know whether there exist compactly generated simple locally compact groups G 
not having lattices but such that all open locally elliptic subgroups O < G do have 
lattices. 


5 Micro-Supported Actions and Uniformly Recurrent 
Subgroups 


In the previous sections we studied the structure of subgroups of particular families 
of groups acting on a tree by automorphisms or almost automorphisms, such as 
the groups AAut(T,;,) and Thompson’s groups (Sect.3), or the groups G(F, F’) 
(Sect. 4). Yet another way to study the subgroups of a given group G is to view them 
as a whole by considering the Chabauty space of G, and to study the G-action on it. 
Here we will focus on the study of this action from the point of view of topological 
dynamics, through the notion of uniformly recurrent subgroups (URS). 

The goal of this section is to give an account of joint work with N. Matte Bon 
[27]. The situation there is the study of URS’s of a countable group G acting by 
homeomorphisms on a Hausdorff space X (with no further assumption). When 
all rigid stabilizers of this action are non-trivial (see Sect.5.3 for the relevant 
terminology), many properties of rigid stabilizers are shown to be inherited by 
uniformly recurrent subgroups. This allows us to prove a C*-simplicity criterion 
based on the non-amenability of rigid stabilizers. When the dynamics of the action 
of G on X is sufficiently rich, we obtain sufficient conditions ensuring that uniformly 
recurrent subgroups of G can be completely classified. This situation applies to 
several classes of groups which naturally come equipped with a micro-supported 
action; among which examples of groups encountered previously in our lectures 
such as Thompson’s groups and the (countable) groups G( F, F’) of Sect. 4; as well 
as branch groups, groups of piecewise projective homeomorphisms of the real line 
[30] and topological full groups. 


5.1 Uniformly Recurrent Subgroups 


In this section G will always be a countable group. Let Sub(G) be the Chabauty 
space of all subgroups of G, viewed as a subset of {0, 1}°. When {0, 1}° is equipped 
with the product topology, the set Sub(G) is a closed subset of {0, 1}%, and hence is 
a compact space. Note that the conjugation action of G on Sub(G) is an action by 
homeomorphisms. 

The study of G-invariant (ergodic) probability measures on the space Sub(G), 
called (ergodic) Invariant Random Subgroups (IRS) after [1], has recently received 
particular attention. In the next two lectures we deal with their topological counter- 
parts: 
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Definition 11 (Glasner—Weiss [18]) A Uniformly Recurrent Subgroup (URS) of G 
is a minimal closed G-invariant subset of Sub(G). 

Here minimal means that there is no proper non-empty G-invariant closed subset. 
This is obviously equivalent to the fact that every G-orbit is dense. We will denote 
by URS(G) the set of URS’s of G. 


Example 4 


(1) If N € Sub(G) is a normal subgroup of G, then {NV} is a URS of G. The URS 
associated to the trivial subgroup will be called the trivial URS. 

(2) More generally if H € Sub(G) has a finite conjugacy class, then {H® | g € G} 
is a URS of G. 


From the dynamical point of view, these examples of URS’s present very few 
interest, and we will look after significantly different URS’s. 


Remark 9 


(1) If #e€ URS(G) is countable, we claim that must consist of a finite conjugacy 
class, ie. His of the form of Example 4. Indeed, being a countable compact 
space, #must have an isolated point by the Baire category theorem. Now the 
set of isolated points is an open G-invariant subset of .% so it must be the entire 
A by minimality. Hence #is both compact and discrete, whereby is finite. 
By minimality G must act transitively on .# hence the claim. 

In particular if G has only countably many subgroups, then every URS 
is finite. This is for instance the case when every subgroup of G is finitely 
generated. 

(2) Even “small” groups like the lamplighter group Zz? Z may have many URS’s 
[18]. 


Proposition 8 (Glasner—Weiss) Let G be a countable group, and G ~W Xa 
minimal action of G by homeomorphisms on a compact space X. Then the closure 
of the image of the map 


Stab : X — Sub(G), xb G, 


contains a unique URS. This URS is called the stabilizer URS of G ~ X, and is 
denoted Sg(X). 

For a proof of Proposition 8, see [18, Proposition 1.2]. 

We insist on the fact that the map Stab : X — Sub(G), x b G, need not be 
continuous. This is for instance the case in the following example, which shows that 
a non-free action may plainly have a trivial stabilizer URS. 


Example 5 Consider the action of the free group F2 on the boundary 074 of its 
standard Cayley graph. Then Sp, (074) is trivial. Equivalently, for every g € Fo, 
there is a sequence (g,) of conjugates of g such that ((g,)) converges to the trivial 
subgroup in Sub(F2). 
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The following example describes explicitly a URS of Thompson’s group V 
(defined in Sect. 3). 


Example 6 Consider Thompson’s group V acting on the boundary of the rooted 
binary tree Ty, and set #7= {Veo | & € 0722}, where 


Veo = {g € V | g fixes a neighbourhood of &}. 


Then .#is a URS of V. Actually #1s the stabilizer URS Sy(07>,2) associated to the 
action Vy 07>. 


5.2 C*-Simplicity 


One of the motivations for investigating URS’s comes from the recently discovered 
connection with simplicity of reduced C*-algebras, as we shall now explain. We 
shall mention that this may not be seen as the only motivation, and we believe that 
the notion of URS’s is interesting in itself. 

Let £7(G) be the Hilbert space of square summable complex valued functions on 
G. Then G acts on ¢7(G), giving rise to the left-regular representation Ag : G > 
U(€(G)). Recall that the reduced C*-algebra C*,(G) of G is by definition the 
closure in the operator norm of linear combinations of operators A,, g € G. 


Definition 12 A group G is C*-simple if C%,(G) is simple, i.e. Cx, ;(G) has no non- 
trivial 2-sided ideal. 

For a pleasant introduction to the problem of C*-simplicity and its historical 
development, we refer the reader to de la Harpe’s survey [17]. 

Recall that every countable group admits an amenable normal subgroup Rad(G) 
containing all amenable normal subgroups, called the amenable radical of G. 


Proposition 9 (Paschke-Salinas [35]) Let G be a countable group. IfRad(G) # 1, 
then G is not C*-simple. 

The study of the C*-simplicity of countable groups started with the result of 
Powers that the non-abelian free group Fz is C*-simple [37]. The methods employed 
by Powers have been largely generalized and many classes of groups have been 
shown to be C*-simple. In the following result we mention a few of these results, 
and refer to [17] for more references. 


Theorem 6 After modding out by the amenable radical, the following groups are 
C*-simple: 


I. Linear groups [5, 7, 38]. 

2. Acylindrically hyperbolic groups [15]. This generalizes the case of free products 
[35], Gromov-hyperbolic groups [16], relatively hyperbolic groups [2], mapping 
class groups and Out( F,,) [6]. 

3. free Burnside groups of sufficiently large odd exponents [34]. 

4. Tarski monsters [7, 21]. 
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In the sequel a URS .# € URS(G) is said to be amenable if every H € #is 
amenable. 


Theorem 7 (Kalantar-Kennedy [21], Breuillard—Kalantar-Kennedy—Ozawa 
[7], Kennedy [23]) For a countable group G, the following are equivalent: 


(1) G is C*-simple. 
(2) Gacts freely on its Furstenberg boundary. 
(3) G admits no non-trivial amenable URS. 


5.3 From Rigid Stabilizers to Uniformly Recurrent Subgroups 


Let G be a countable group, and let X be a Hausdorff space on which G acts 
faithfully by homeomorphisms. 


Definition 13 Let U C X be a non-empty open subset of X. The rigid stabilizer of 
U is the set of elements of G supported inside U: 


Gy = {g €G| g=id onX\U}. 


Definition 14 The action G q X is micro-supported if the rigid stabilizer Gy is 
non-trivial for any non-empty open subset U C X. 

Examples of countable groups admitting a micro-supported action are Thomp- 
son’s groups (and many of their generalizations), branch groups (Sect.5.5), or 
groups of piecewise projective homeomorphisms of the real line (Sect. 5.6). We refer 
to [27] for more examples. 

For H € Sub(G) we denote by @(H) C Sub(G) the conjugacy class of H. If 
H &€ Sub(G) belongs to a non-trivial URS of G, then the closure of G(H) does not 
contain the trivial subgroup in the Chabauty space Sub(G). In order to study URS’s, 
it is then natural to study the subgroups of G whose conjugacy class closure does 
not contain the trivial subgroup. 


Theorem 8 ([27]) Let G be a countable group of homeomorphisms of a Hausdorff 
space X. Given H € Sub(G), at least one of the following happens: 


(1) The closure of @(H) in Sub(G) contains the trivial subgroup. 
(2) There exists U © X open and non-empty such that H admits a subgroup A < H 
which surjects onto a finite index subgroup of Gy. 


Note that the first condition in Theorem 8 is intrinsic to G, in the sense that it 
does not depend on the space X, while the second condition is defined in terms of 
the action of G on X. 

We deduce the following result, which says that many properties of rigid 
stabilizers associated to one action G yy X are inherited by all uniformly recurrent 
subgroups of G. 
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Corollary 3 /f for every non-empty open subset U C X the rigid stabilizer Gy 
is non-amenable (resp. non-elementary amenable, contain F>,...) then the same is 
true for every non-trivial URS of G. 

Theorem 8 will follow from the following technical statement. In the sequel we 
fix G and X as in Theorem 8. 


Proposition 10 Fix z € X and H € Sub(G). Then at least one of the following 
happens: 


(1) {1} is contained in the closure of GH). 

(2) There is a neighbourhood W © X of z in X such that for every K € G(H), there 
exist an open subset U C X, a finite index subgroup IX <;;, Gy and a subgroup 
A CK such that: 


(a) A=idonW. 
(b) A leaves U invariant and for every y € IT’ there isa € A so thata = y 
when restricted to U. 


Aly = id W 


A<K 


The above Proposition (for arbitrary z and W, and taking K = H) implies 
Theorem 8 because I is then a quotient of A < H. The rest of this paragraph is 
devoted to the proof of Proposition 10. 


Lemma 3 Let H € Sub(G). Then the following are equivalent: 


(1) G(H) does not contain the trivial subgroup in its closure. 
(2) There exist a finite set P € G\{1} all of whose conjugates intersect H. 


Proof The sets {H < G| HNP = 9} forma basis of the trivial subgroup in Sub(G), 


when P ranges over finite subsets of non-trivial elements. Oo 
Lemma 4 Suppose X has no isolated points and let g1,..., 8. € Homeo(X) be 
non-trivial. Then there are (non-empty) open U;,..., Un CX such that U,,..., Un, 


gi(U1),...,8n(Un) are pairwise disjoint. 
For a proof of Lemma 4, see [27, Lemma 3.1]. 


Lemma 5 (B.H. Neumann) Assume that a group A can be written A = \Ji_, Aivi 
as a finite union of cosets of subgroups Aj, i € {1,...,n}. Then at least one of the 
A; has index at most nin A. 

For a proof of Lemma 5, see [33, Lemma 4.1]. 

As a consequence of Lemma 5, if A = UJ_, Y; is a finite union of arbitrary 
subsets Y; C A, then putting A; = (yd7', y,6 € Y;), we obtain that at least one of 


the A; has index at most nin A. 
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We now go into the proof of Proposition 10. For the sake of simplicity we will 
only give the proof for K = H. As noted above, this is enough to obtain Theorem 8. 


Proof (Proposition 10) Assume (1) does not hold. We prove (2). By Lemma 3 
there is P = {gj,...,8n} © G\{1} so that gPg™! intersects H for all 
g € G. Then Lemma 4 yields Uj,...,U, © X open and non-empty so that 
U,,...,Un, g1(U1), ..-, 8n(Un) are disjoint. Let L be the subgroup generated by the 
subgroups Gy, fori € {1,...,}. Then L = Gy, x --- x Gy,. By definition of P 
we may write L = (J;_, Y;, where Y; = {g € L | ggig~' € H}. By Lemma 5 there 
is] > 1 such that A; = (yd~!, y,5 € Y;) has finite index in L. Now consider for 
y,6 € Y; the element ays = (ygiy~')(5g5~') € H. Set A = (ays | y,5 € Y;). Let 
a : L — Gy, be the canonical projection. Then ” = (A)) has finite index in Gy,. 


Lemma 6 For all y,5 € Y; the element ays leaves U; invariant and coincides with 
-1 
yd * on U}. 


Proof The statement follows from the definition of U,,..., U, and the fact that 6, y 
are supported in (_)_, U;. We leave the details to the reader. o 
This lemma yields the conclusion because A will map onto I’. oO 


Although we did not use it here, the existence of a neighbourhood W in 
Proposition 10 which is uniform for all conjugates of H is important for other 
applications. As we shall now briefly explain, we are able to say more on URS’s 
of G if the action of G on X enjoys additional properties. 


Definition 15 The action G q X is extremely proximal if for every closed subset 
C ¢ X, there is x € X so that for every neighbourhood U of x, there is g € G such 
that g(C) C U. 


Example 7 


(1) Assume that G has an action on a locally finite tree T which is minimal and of 
general type. Then the action of Gy OT is extremely proximal. 

(2) The action of Thompson’s group F on S! is extremely proximal. 

(3) The action of Thompson’s group V on 07>» is extremely proximal. 


The conclusion of the following result is much stronger than the one of 
Theorem 8 for the reason that we obtain some information about subgroups of non- 
trivial URS’s, whereas Theorem 8 only deals with their subquotients. 


Theorem 9 ([27]) Suppose G ~ X is extremely proximal. Let FH € URS(G) be 
non-trivial, and let H € #2 Then there is a non-empty open subset U C X anda 
finite index subgroup I" of Gy such that [I’, | < H. 

If we strengthen again the assumption on the dynamics of the action of G on X, 
we obtain sufficient conditions ensuring that the stabilizer URS of the action of G 
on X (see Proposition 8) is actually the only URS of G, apart from the points {1} 
and {G}. This statement applies for example to Thompson’s groups T and V, and 
to the groups G( F, F’) under appropriate assumptions on the permutation groups F 
and F’. See [27] for the proof. 
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Theorem 10 ((27]) Let X be a compact space, and G xy, X aminimal and extremely 
proximal action. Suppose that for every U © X and I" <;;, Gy, there is an open 
subset V C X with Gy © [I’, l'], and that point stabilizers G, (x € X) are maximal 
subgroups of G. Then the only URS’s of G are {1}, {G} and Sg(X). 

We shall now explain the applications of these results to several classes of groups. 
We refer the reader to [27] for more applications. 


5.4. Thompson’s Groups 


Recall that Thompson’s group F is the group of piecewise ax + b homeomorphisms 
of the interval [0,1], with finitely many pieces which are intervals with dyadic 
rationals endpoints, and where a € 2% and b € Z[1/2]. Thompson’s group T 
admits a similar description as group of homeomorphisms of the circle S! [9], and 
Thompson’s group V has been defined (as group of homeomorphisms of the Cantor 
set) in Sect. 3. 


Theorem 11 (Classification of URS’s of Thompson’s Groups [27]) 


(1) The URS’s of F are the normal subgroups of F. (Apart from the trivial subgroup, 
these are precisely the subgroups of F containing the commutator subgroup.) 

(2) The URS’s of T are {1}, {T} and Sr(S'). 

(3) The URS’s of V are {1}, {V} and Sy(0T22). 


Since the stabilizer URS associated to the action V ~ OT» is non-amenable 
(see Example 6), by Theorem 7 we deduce the following result. 


Corollary 4 Thompson’s group V is C*-simple. 

It is a notorious open question to determine whether Thompson’s group F is 
amenable. In 2014, Haagerup and Olesen [19] proved that in case Thompson’s group 
T is C*-simple, then Thompson’s group F must be non-amenable. Theorem 11 
shows that the problems of C*-simplicity of T and non-amenability of F are actually 
equivalent, and that it is also equivalent to the C*-simplicity of F. We refer to 
[27] for details (see also the references given there for some partial converse of the 
Haagerup—Olesen result previously obtained by Bleak—Juschenko and Breuillard— 
Kalantar-Kennedy—Ozawa). 


5.5 Branch Groups 


In this paragraph T will be a rooted tree, and Aut(T) will be the automorphism group 
of T. For a subgroup G < Aut(T) and a vertex v € V(T), we define 


Ristc(v) = {g € G | g is supported inside the subtree below v}. 


Furthermore, for m > 1, we set Ristg(m) = (Ristg(v) | v is at level m). 
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Definition 16 A group G is a branch group if G acts transitively on each level of T 
and Ristg(m) has finite index in G for all m > 1. 

Many well-studied examples of branch groups are amenable, e.g. the Grigorchuk 
group and the Gupta-Sidki group. But non-amenable branch groups also exist: 


Theorem 12 (Sidki-Wilson [42]) There are finitely generated branch groups 
containing the free group F 2. 

The following result shows that the class of branch groups satisfies the following 
strong dichotomy. 


Theorem 13 ({27]) A countable branch group is either amenable or C*-simple. 


5.6 Piecewise Projective Homeomorphisms of 


The group PSL(2, R) acts by Mobius transformations on the projective line P'(R). 
Let A C R be a subring of R, and define H(A) to be the group of homeomorphisms 
of R which are piecewise PSL(2, A), with finitely many pieces, the endpoints of the 
pieces being endpoints of hyperbolic elements of PSL(2, A). 

The recent interest in these groups comes from the work of Monod [30], who 
showed that they provide new examples answering the so-called von Neumann-Day 
problem: 


Theorem 14 (Monod) /f A is a dense subring of R (e.g. A = Z[V2]) then H(A) is 
non-amenable and does not contain free subgroups. 

Lodha and Moore have then found a finitely presented subgroup Go < H(R) 
which remains non-amenable [29]. 


Theorem 15 ([27]) Retain the assumption of Theorem 14. Then the group H(A) is 
C*-simple. Moreover the Lodha-Moore group Go is C*-simple. 

We shall mention that, although the conclusion of Theorem 15 on the group H(A) 
is formally stronger than the one of Theorem 14, the non-amenability of the group 
H(A) is used in an essential way in the proof of Theorem 15. 

It was a question of de la Harpe [17] whether there exist countable C*-simple 
groups without free subgroups. This question has been answered in the positive by 
Olshanskii and Osin [34]. The examples given there are finitely generated, but not 
finitely presented. Theorem 15 provides the first examples of finitely presented C*- 
simple groups without free subgroups. 
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Normal Subgroup Structure of Totally M®) 
Disconnected Locally Compact Groups eed 


Colin D. Reid 


Abstract The present article is a summary of joint work of the author and Phillip 
Wesolek on the normal subgroup structure of totally disconnected locally compact 
second-countable (t.d.l.c.s.c.) groups. The general strategy is as follows: We obtain 
normal series for a t.d.l.c.s.c. group in which each factor is ‘small’ or a non-abelian 
chief factor; we show that up to a certain equivalence relation (called association), 
a given non-abelian chief factor can be inserted into any finite normal series; and 
we obtain restrictions on the structure of chief factors, such that the restrictions are 
invariant under association. Some limitations of this strategy and ideas for future 
work are also discussed. 


1 Introduction 


A common theme throughout group theory is the reduction of problems concerning 
a group G to those concerning the normal subgroup N and the quotient G/N, 
where both N and G/N have some better-understood structure; more generally, 
one can consider a decomposition of G via normal series. This approach has been 
especially successful for the following classes of groups: finite groups, profinite 
groups, algebraic groups, connected Lie groups and connected locally compact 
groups. To summarise the situation for these classes, let us recall the notion of chief 
factors and chief series. 


Definition 1 Let G be a Hausdorff topological group. A chief factor K/L of G 
is a pair of closed normal subgroups L < K such that there are no closed normal 
subgroups of G lying strictly between K and L. A descending chief series for G is a 
(finite or transfinite) series of closed normal subgroups (Gy)v<, such that G = Go, 
{1} = Gg, Gi = (ye, Ga for each limit ordinal and each factor Gy /Go-+1 is chief. 
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First, on the existence of chief series (or a good approximation thereof): 


e Every finite group G has a finite chief series. 

e Every profinite group has a descending chief series with finite chief factors. 

e Every algebraic group has a finite normal series in which the factors are Zariski- 
closed and either abelian or a semisimple chief factor. 

e Every connected Lie group has a finite normal series in which the factors are in 
the following list: 

connected centreless semisimple Lie groups; finite groups of prime order; R”, 
Z" or (R/Z)" for some n. 

We can also choose the series so that all factors are chief factors, except 
possibly for some occurrences of Z” or (R/Z)". 

e Every connected locally compact group G has a descending series in which 
the factors come from connected Lie groups. G has a unique largest compact 
normal subgroup K, and all but finitely many factors of the series occur below K. 
(This can be generalised to the class of pro-Lie groups; see for example [7]. The 
fact that connected locally compact groups are pro-Lie is a consequence of the 
Gleason—Yamabe theorem.) 


Second, on the structure of the factors occurring in such a series: 


¢ A finite chief factor is a direct product of copies of a simple group. 

¢ A chief factor that is a semisimple algebraic group is a direct product of finitely 
many copies of a simple algebraic group. 

¢ A chief factor that is a semisimple Lie group is a direct product of finitely many 
copies of an abstractly simple connected Lie group. 

e Finite simple groups, simple connected Lie groups and simple algebraic groups 
have been classified. 


So given a group G in the above well-behaved classes, there exists a decompo- 
sition of G into ‘known’ groups. Moreover, it turns out that the non-abelian chief 
factors we see up to isomorphism are an invariant of G (not dependent on how we 
constructed the series). 

Given the success of this approach to studying connected locally compact groups, 
one would hope to obtain analogous results for totally disconnected, locally compact 
(t.d.l.c.) groups. The ambition is expressed in the title of a paper of Pierre-Emmanuel 
Caprace and Nicolas Monod: “Decomposing locally compact groups into simple 
pieces’ [4]; similar approaches can also be seen in previous work of Marc Burger 
and Shahar Mozes [3] and of Vladimir Trofimov (see for instance [15]). We will not 
attempt to summarise these articles here; instead, we will note some key insights in 
[4] that are relevant to the project at hand. 


1. Itis advantageous to work with compactly generated t.d.l.c. groups, i.e. groups 
G such that G = (X) for some compact subset X. The advantage will be 
explained in Sect. 2 below. In this context, and more generally, it is no great 
loss to restrict attention to the second-countable (t.d.l.c.s.c.) case, that is, t.d.l.c. 
groups that have a countable base for the topology. 
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2. The class of t.d.l.c.s.c. groups includes all countable discrete groups. We cannot 
expect to develop a general theory of chief series for all such groups, and in any 
case, such a theory would lie beyond the tools of topological group theory. So 
instead, it is useful to have methods to ignore or exclude discrete factors. 

3. Although compact groups are relatively well-behaved, in a given t.d.l.c.s.c. 
group there are likely to be many compact normal factors, and the tools for 
analysing them are of a different nature than those for studying the ‘large-scale’ 
structure of t.d.l.c. groups. Thus, as with the discrete factors, it is useful to find 
ways to ignore or exclude compact factors. 

4. Given closed normal subgroups K and L of a locally compact group G, their 
product KL is not necessarily closed. In particular, KL/L need not be isomorphic 
to K/(K NL). 

5. To accommodate the previous point, the authors introduce a generalisation of 
the direct product, called a quasi-product (see Sect. 4.1 below). They show that 
compactly generated chief factors (as long as they are not compact, discrete or 
abelian) are quasi-products of finitely many copies of a topologically simple 
group. 

6. A topologically simple group S can have dense normal subgroups; this fact 
turns out to be closely related to the existence of quasi-products of topologically 
simple groups that are not direct products. 


Points (2) and (3) above immediately suggest a modification to the definition of 
chief series. We will restrict attention here to finite series; this will turn out to be 
sufficient for the analysis of compactly generated t.d.l.c.s.c. groups. 


Definition 2 Let G be at.d.l.c. group. An essentially chief series is a series 
{lI} = Go <Gi <---<G,=G 


of closed normal subgroups of G, such that for 1 < i < n, the factor G;+,/G; is 
either compact, discrete, or a chief factor of G. 
With point (5), there are two important caveats: 


(a) A chief factor of a compactly generated t.d.l.c.s.c. group need not be itself 
compactly generated. 

(b) Non-compactly generated chief factors can be quasi-products of finitely or 
infinitely many topologically simple groups, but they are not necessarily of this 
form. 


These caveats are an important contrast with the situation of connected locally 
compact groups and account for much of the difficulty in developing a complete 
theory of normal subgroup structure for t.d.l.c. groups. In particular, we see that an 
essentially chief series does not by itself lead to a decomposition into simple factors, 
even if one is prepared to ignore all compact, discrete and abelian factors. 

Based on the observations and results of Caprace—Monod, Burger—Mozes and 
Trofimov, the author and Phillip Wesolek have started a project to analyse the normal 
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subgroup structure of t.d.Lc.s.c. groups by means of chief factors. Our proposed 
programme is as follows: 


1. Obtain an essentially chief series for compactly generated t.d.l.c.s.c. groups. 

2. Find a way to handle non-abelian chief factors that is independent of the choice 
of normal series, in other words, obtain ‘uniqueness’ or ‘invariance’ results. 

3. Analyse (recursively) the chief factor structure of chief factors of t.d.l.c.s.c. 
groups. Try to ‘reduce’ to simple groups and low-complexity characteristically 
simple groups. Here ‘low-complexity’ means elementary with decomposition 
rank &(G) < a, where @ is some specified countable ordinal; it will turn out 
that a natural threshold to take here is aw = w + 1. (See Sect. 5 below for a brief 
discussion of decomposition rank.) 

4. Develop a structure theory for the low-complexity characteristically simple 
t.d.l.c. groups and how these are built out of compactly generated and discrete 
groups. The most important case here appears to be the class of elementary 
t.d.l.c.s.c. groups of decomposition rank 2. 

5. Find general properties of classes of topologically simple t.d.l.c. groups. Some 
general results have been obtained for compactly generated topologically 
simple groups: see [5]. In generalising from the compactly generated case, it 
is likely that some kind of non-degeneracy assumption must be made at the 
level of compactly generated subgroups to obtain useful structural results. 


The goal of the rest of this article is to give an overview of progress made in 
this project to date. In this summary, some arguments will be sketched out for 
illustration, but for the full details it will be necessary to consult the articles [11, 12] 
and [13]. We focus for the most part on points (1)—(3) above; in the last section, 
some ideas for further work will be presented. 


2 Compactly Generated Groups 


2.1 The Cayley—Abels Graph 


A finitely generated group G has a Cayley graph: this is a connected, locally finite 
graph I" on which G acts vertex-transitively with trivial vertex stabilisers. Moreover, 
I is unique up to quasi-isometry. 

Herbert Abels [1] showed that something similar is true for compactly generated 
t.d.Lc. groups G. Our strategy for obtaining an essentially chief series for G will be 
to use induction on the degree of the corresponding graph; to obtain the right notion 
of degree for this induction, we must be careful with the definition of graph we use 
(especially for the quotient graph; see Definition 4 below). 


Definition 3 A graph I is a pair of sets VI" (vertices) and EI” (edges) together 
with functions 0 : ET! — VI andr: EI! — ET such that r? = idgr. (Given 
e € EI’, we do not require r(e) 4 e.) An automorphism a is a pair of bijections 
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ay anda, on VI and ET such thatooagp = ay oo androdg = ago r. (When 
clear from the context, we will omit the subscripts V and E.) Define t(e) := o(r(e)). 

Given v € VI’, the degree deg(v) of v is defined to be |o~!(v)|; I” is locally 
finite if every vertex has finite degree. The degree of the graph I” is deg(I") := 
supevr deg(v). 

I is simple if t(e) #4 o(e) for all e € EI and the map e +> (o(e), t(e)) is 
injective on EJ”. In this case, we can simply regard EI” as a symmetric binary 
relation on VI’, identifying each edge with the pair (o0(e), f(e)). 

Let G be a compactly generated t.d.l.c. group. A Cayley—Abels graph for G is a 
graph I” equipped with an action of G by automorphisms such that: 


(i) I” is connected and locally finite; 
(ii) G acts transitively on VI"; 
(iii) For each x € VI’ UET,, the stabiliser G, is a compact open subgroup of G. 


Theorem 1 (Abels [1]) Let G be a compactly generated t.d.l.c. group. 


(i) For every compact open subgroup U of G, there is a simple Cayley—Abels graph 
with vertex set G/U; 
(ii) Any two Cayley—Abels graphs are quasi-isometric. 


Recall that by Van Dantzig’s theorem, every t.d.l.c. group has a base of 
identity neighbourhoods consisting of compact open subgroups, so Theorem | (i) 
in particular ensures the existence of a Cayley—Abels graph for G. 

The following lemma is a more detailed version of Theorem 1 (i); we give a proof 
here as an illustration of the advantages of working with compact open subgroups. 
(The proof of Theorem 1 (ii) is entirely analogous to that for Cayley graphs of finitely 
generated groups.) 


Lemma 1 Let G be a compactly generated t.d.l.c. group, let U be a compact 
open subgroup of G and let A be a compact symmetric subset of G such that 
G = (U,A). 


(i) There exists a finite symmetric subset B of G such that 
BU = UB = UBU = UAU. 


(ii) For any subset B satisfying part (i), then G = (B)U and the coset space G/U 
carries the structure of a simple locally finite connected graph, invariant under 
the natural G-action, where gU is adjacent to hU if and only if (gU)“'hU © 
UBU \ U. 


Proof 


(i) The product of compact sets is compact, by continuity of multiplication. Thus 
UAU is a compact set. On the other hand, U is an open subgroup of G; thus G 
is covered by left cosets of U and finitely many suffice to cover UAU. That is, 
we have UAU C lel By bU such that B, is a finite subset of G. Moreover, we 
see that UAU is itself a union of left cosets of U; since the cosets partition G, 
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we can in fact ensure VAU = Uses, bU. Now take B = B, U Bs it is easily 
verified that B satisfies the required equations. 

(ii) Since BU = UAU, we have A € (U,B); since G = (U,A), it follows that 
G = (U,B). Since BU = UB and B is symmetric, we have (U,B) = (B)U. 
Now define a simple graph I" with vertex set G/U and edges specified by the 
given adjacency relation. Note that gU is adjacent to AU if and only if g-'h € 
UBU \ U; in particular, we see that no vertex is adjacent to itself. Since UBU\ U 
is a symmetric set, we have g~'h € UBU \ U if and only if h~'g € UBU \ U, 
so the adjacency relation is symmetric. 

We let G act on G/U by left translation. To show that G acts on the graph, it 
is enough to see that it preserves adjacency: given distinct vertices gU and hU, 
we note that (xgU)~!xhU = Ug7!x!xhU = Ug™'hU, so (gU, hU) is an edge 
if and only if (wgU, xhU) is. The action of G is clearly also vertex-transitive. 
The graph is connected because xbU is either equal or adjacent to xU for all 
b € B, and we have G = (B)U. To show that I” is locally finite, it suffices to 
see that o~'(U) is finite: specifically, we see that o-'(U) = {(bU, U) | b € B}, 
and hence |o~!(U)| < |BI. 

oO 
Define the degree deg(G) of a compactly generated t.d.l.c. group G to be the 
smallest degree of a Cayley—Abels graph of G. We can imagine the degree as 
analogous to ‘dimension’ or ‘number of generators’, depending on context. 
The key difference between Cayley—Abels graphs and Cayley graphs is that 
vertex stabilisers are not necessarily trivial. In particular, it is useful to consider 
the action of a vertex stabiliser on the edges incident with that vertex. 


Definition 4 Let G be a group acting on a graph I’. Define the local action of G at 
v to be the permutation group induced by the action of G, on o~!(v). 

The quotient graph "/G is the graph with vertex set V = {Gu | v € VI}, edge 
set E = {Ge | e € EI}, such that o(Ge) = G(o(e)) and r(Ge) = G(r(e)). 

If the action of G is vertex-transitive, we can refer to ‘the’ local action on I" 
without reference to a specific vertex, since the action of G, on o~!(v) will be 
permutation-isomorphic to the action of G, on o!(w). 

Cayley—Abels graphs are well-behaved on passing to quotients. Moreover, we 
have good control of the degree. 


Proposition 1 (See [12, Proposition 2.16]) Let G be a compactly generated t.d.l.c. 
group, let I’ be a Cayley—Abels graph for G and let K be the kernel of the action of 
GonT. Let H be a closed normal subgroup of G. 


(i) I'/H is a Cayley—Abels graph for G/H. 
(ii) We have deg(I"/H) < deg(I’), with equality if and only if the local action of 
A is trivial. In particular, deg(G/H) < deg(G). 
(iii) Suppose that the local action of H on I’ is trivial. Then HM K is a compact 
normal subgroup of G and H/(H 1 K) is a discrete normal factor of G. 
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Proof (sketch) For (i), one can show that the vertex Hv of I"/H has stabiliser 
G,,H/H, which is a compact open subgroup of G, and that the graph is locally finite 
(see proof of part (ii)). The other conditions are clear. 

For (ii), given v € VI’, we have a surjection ¢ from 0 !(v) to o '(Hv), since 
o'(Hv) = Ho™'(v). Thus deg(Hv) < deg(v), with equality if and only if @ is 
injective. We see that ¢ is injective if and only if different edges incident with v lie 
in different H-orbits, which occurs if and only if H has trivial local action. 

For (iii), we observe that for all v € VI’, then H, fixes every edge incident 
with v, and hence every vertex adjacent to v. Since I” is connected, it follows by 
induction on the distance from v that H, fixes every w € VI" and hence also every 
edge of I’. Thus HM G, = AH, = HK. Clearly HN K is normal; it is compact 
since K is compact; the equality HM K = HN G, shows that H M K is open in H. 
Thus H/(H 2 K) is discrete. Oo 


Remark I It remains an outstanding problem to classify non-discrete t.d.l.c. groups 
G with deg(G) = 3, that is, non-discrete groups that act vertex-transitively with 
compact open stabilisers on a graph of degree 3. One can show (see for instance 
[6, Theorem 8.A.20]) that all such groups arise as G = G/ D, where G is a group 
acting on a regular tree T of degree 3 with the same local action, D is a discrete 
normal subgroup with trivial local action, and I" arises as the quotient graph T/D. 
Moreover, it can be seen that there is a group G < H < Aut(T), such that H has the 
same orbits on directed edges as G does and H is in the following list: 


U(C2), U(Sym(3))s, U(Sym(3)), 


where C) is a point stabiliser in Sym(3), U(F) denotes the Burger-Mozes universal 
group with local action F (see [3]), and U(F); is the stabiliser of an end in U(F). 
(Note that U(Sym(3))s has local action C,.) So the structure of t.d.l.c. groups of 
degree 3 in principle reduces to understanding the subgroup structure of these three 
specific groups. At present, the least well-understood of these is U(C2). 


2.2. Existence of Essentially Chief Series 


We now reach our first goal, to show the existence of essentially chief series for 
compactly generated t.d.l.c.s.c. groups. In fact, given what is already known in the 
connected case, the result holds for all compactly generated locally compact groups. 


Theorem 2 (See [12, Theorem 1.3]) For every compactly generated locally com- 
pact group G, there is a finite series 


{I} = Gy <G <GQ<::-<G,=G 


of closed normal subgroups of G, such that each Gj /G; is compact, discrete or a 
chief factor of G. 
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Cayley—Abels graphs are used via the following lemma. 


Lemma 2 (See [12, Lemma 3.1]) Let G be a compactly generated t.d.l.c. group 
and I" be a Cayley—Abels graph for G. Let € be a chain of closed normal subgroups 
of G. 


(i) Let A = yegH. Then deg(I’/A) = min{deg(I’/H) | H € G. 
(ii) Let D = (\ye¢H. Then deg(I’/D) = max{deg(I"/H) | H € G. 


Proof For (i), it is enough to show that there exists H € @ such that A has trivial 
local action on I°/H. This amounts to showing that there is some H € @ such that 
H, and A, have the same orbits on 07! (v), in other words A, = A,,; Hy, where Ay; 
is the subgroup of A fixing every edge in o!(v). The existence of a suitable H « @ 
follows from the finiteness of the quotient A/A, 1. 

For (ii), given Proposition 1, we can assume D = {1} without loss of generality. 
It is then enough to show that there exists H € @ that has trivial local action on I’, 
in other words, such that HM G, < G,,,. We see that G,,.; is an open subgroup of 
the compact group G,; since @ is a chain of subgroups with trivial intersection, it 
follows by a compactness argument that indeed HNG, < G,, forsomeHE@ O 


Proof (Sketch Proof of Theorem 2) We will only consider the case when G is totally 
disconnected. Proceed by induction on deg(G); let I” be a Cayley—Abels graph of 
smallest degree. 

By Lemma 2(i) plus Zorn’s lemma, there is a closed normal subgroup A that 
is maximal amongst closed normal subgroups such that deg(I"/A) = deg(J”). By 
Proposition 1, there is a compact normal subgroup K of G such that K < A and A/K 
is discrete, and I”/A is a Cayley—Abels graph for G/A. 

By the maximality of A, we see that any closed normal subgroup of G that 
properly contains A will produce a quotient graph of ["/A of smaller degree. By 
Lemma 2(ii), every chain of non-trivial closed normal subgroups of G/A has non- 
trivial intersection. By Zorn’s lemma, there is a minimal closed normal subgroup 
D/A of G/A; in other words, D/A is a chief factor of G. We then have deg(I"/D) < 
deg(I"/A), so deg(G/D) < deg(G). By induction, G/D has an essentially chief 
series. We form an essentially chief series for G by combining the series for G/D 
with the G-invariant series | < K < A < D we have obtained for D. oO 

Lemma 2 and Proposition | also easily lead to chain conditions on closed normal 
subgroups, which are independently useful for understanding normal subgroup 
structure in t.d.l.c. groups. 


Theorem 3 (See [12, Theorem 3.2]) Let G be a compactly generated locally 
compact group and let (G;)ie1 be a chain of closed normal subgroups of G. 


(i) For K = UG: there exists i such that K/G; has a compact open G-invariant 
subgroup. 

(ii) For L = ()\;G;, there exists i such that G;/L has a compact open G-invariant 
subgroup. 
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3 Equivalence Classes of Chief Factors 


We have just seen that a compactly generated t.d.L.c.s.c. group G has an essentially 
chief series. However, the proof is non-constructive, and in general there could be 
many different essentially chief series without any natural choice of series. To obtain 
canonical structural properties of G, we wish to establish properties of essentially 
chief series that do not depend on the choices involved. In particular, we would like 
to say that the same factors always appear up to equivalence. In the process, we will 
obtain tools that are valid in a much more general setting; in particular, compact 
generation will not play a large role in this section. 

In fact, many of the results in this section are naturally proved in the context 
of Polish groups, that is, topological groups G such that as a topological space, G 
is completely metrizable and has a countable dense set. A locally compact group 
is Polish if and only if it is second-countable; here we see the main technical 
motivation for our focus on t.d.l.c.s.c. groups as opposed to more general t.d.l.c. 
groups. 

Let K and L be closed normal subgroups of a t.d.l.c.s.c. (more generally, Polish) 
group G. Consider the following normal series for G: 

{1} < (KOL) <K <KL<G; 


{1} < (KNOL) <L<KL<G. 


We want to think of these two series as having the same factors up to reordering. 
Specifically, K/(K ML) corresponds to KL/L and L/(K ML) to KL/K. 

In a discrete group, in fact K/(K M L) is isomorphic to KL/L and L/(K OL) is 
isomorphic to KL/K, by the second isomorphism theorem. This is not true in the 
locally compact context. 


Example 1 Let G = Z(5] x Zo, let K = {(x,0) | x € Z[5]} and let L = {(—y, y) | 
y € Z}. Then KO Lis trivial and KL = G. We see that K = Z[4] and L = Z, but 
KL/L = Q and KL/K = Zp. 

We must therefore relax the notion of isomorphism to obtain a suitable equiva- 
lence relation on the chief factors. 

On the other hand, there is a similarity between K/(K 1 L) and KL/L that is not 
captured by group isomorphism, namely that the map 


gp: K/(KOL) > KL/L; kK QL) kL 


is a G-equivariant map with respect to the natural actions. In particular, we can 
exploit the fact that the image KL/L is a normal subgroup of G/L. 
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Definition 5 A normal compression of topological groups is a continuous homo- 
morphism w : A — B, such that w is injective and w(A) is a dense normal 
subgroup of B. For example, there are natural normal compressions Z — Z») and 
@ Sym(n) > [] Sym(n). 


An internal compression in a topological group G is a map 
Q: K,/L, > Ky/L2; kL, ke kLo, 


where K,/L; and K/L, are normal factors of G such that K, = Kil, and Ly = 
Ki NL. 

Given the ambient group G, we can also just say that K>/L, is an internal 
compression of K,/L;, as the map g is uniquely determined; given a normal 
compression y : A — B, we will also simply say that B is a normal compression of 
A when the choice of y is clear from the context or not important. 

The equations K, = Kj Ly and L; = K, NL, are exactly what is needed to ensure 
gy is well-defined and injective with dense image; in other words, every internal 
compression is a normal compression. Conversely, in the class of t.d.l.c.s.c. groups 
(more generally, Polish groups), it turns out that every normal compression can be 
realised as an internal compression. 

Let yw : A — B be a normal compression. Then there is a natural action 0 of B 
on A, which is specified by the equation 


w(O(b)(a)) = by(ab'; ae Ab EB. 


Write A x, B for the semidirect product formed by this action. It is easily seen that 
A ™y B is a group; what is less clear is that the action of B on A is jointly continuous, 
so that the product topology on A xy B is a group topology. The joint continuity 
in this case follows from classical results on the continuity of maps between Polish 
spaces; see for example [8, (9.16)]. 


Proposition 2 ({11, Proposition 3.5]) Let w : A — B be a normal compression 
where A and B are t.d.l.c.s.c. groups (Polish groups). Then A ¥y B with the product 
topology is a t.d.l.c.s.c. group (respectively, a Polish group). 

Here is an easy application. 


Corollary 1 Let wy : A — B be anormal compression where A and B are Polish 
groups. Let K be a closed normal subgroup of A. Then w(K) is normal in B. 


Proof We can identify K with the closed subgroup K x {1} of the semidirect product 
G = Axy, B. By Proposition 2, G is a Hausdorff topological group; in particular, the 
normaliser of any closed subgroup is closed. Thus Ng(K) is closed in G. Moreover, 
Nc(K) contains both A and y(B), so Nc(K) is dense in G and hence Nc(K) = G. In 
particular, K is preserved by the action of B on A, so that y(K) isnormalinB. O 
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We can use the semidirect product to factorise the normal compression map. 
We also see that the normal compression is realised as an internal compression of 
normal factors of the semidirect product. 


Theorem 4 ([{11, Theorem 3.6]) Let w : A — B be anormal compression where 
A and B are Polish groups. Lett : A — A ™y B be given by a +> (a,1) and 
ma :A xy B— B be given by (a,b) > w(a)b. 


(i) W=m0oL; 
(ii) tis a closed embedding; 
(iii) is a quotient homomorphism and A —> kerm; a +> (a7!,yW(a)) is an 
isomorphism of topological groups. 


Corollary 2 Let wy : A — B be anormal compression where A and B are Polish 
groups. Then w is realised as an internal compression 

y : A/{1} > (A xy, B)/kerz. 

In the context of t.d.l.c.s.c. groups, instead of factorising the normal compression 
through A x B, we can factorise through (A x U)/A, where U is a compact open 
subgroup of B and A = {(w!,w(w)) | w € W}, where W is a compact open 
subgroup of A such that y(W) is normal in U. This allows us to be obtain tighter 
control over the relationship between A and B. 


Theorem 5 ({13, Theorem 4.4]; see also [5, Proposition 5.17]) Let ~ : A — B 
be anormal compression where A and B are t.d.l.c.s.c. groups. Let U be a compact 
open subgroup of B. Then there is a t.d.l.c. group C and continuous homomorphisms 
a:A— Cand B : C > B with the following properties: 


(i) ¥ = Boa; oo 
(ii) a is a closed embedding and C = a(A)U with U & U; 
(iii) B is a quotient homomorphism, ker B is discrete, and every element of ker B 
lies in a finite conjugacy class of C. 
As an example application, the following can be deduced from Theorem 5 
together with standard properties of amenable groups. 


Corollary 3 (See also [13, Proposition 5.6]) Let y~ : A — B be a normal 
compression where A and B are t.d.l.c.s.c. groups. Then A is amenable if and only if 
B is amenable. 


3.2. The Association Relation and Chief Blocks 


We now define a relation that will provide the promised equivalence relation on 
chief factors. 
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Definition 6 Say K,/L) is associated to K>/L, (write Kj/L; ~ K/L) if the 
following conditions are satisfied: 

(i) Kil) = Kol); 

(ii) K; al LyLy = Li fori = 1, 2: 


Note that if K,/L, and K>/L» are associated, then K/L is an internal compression 
of both of them, where K = K,K> andL = Llp. 
The centraliser Cg(K/L) of a normal factor K/L is 


Cg(K/L) := {g € G| Vk EK: [g,k] € L}. 


In particular, Cg(K/L) is a closed normal subgroup of G such that L < Cg(K/L). 

Using the fact that centralisers of (not necessarily closed) subsets of Hausdorff 
groups are closed, it is easy to see that the association relation preserves centralisers. 
For non-abelian chief factors, the converse holds. 


Proposition 3 ({11, Proposition 6.8]) Let K,/L, and Ky/L2 be normal factors of 
the topological group G. 


(i) IfK,/L, ~ K2/Lp, then Cg(Ki/L1) = Cg(K2/L2). 
(ii) If Cg(Ki/L1) = Co(K2/L2) and if K,/L, and K2/L2 are non-abelian chief 
factors of G, then they are associated. 


Corollary 4 Association defines an equivalence relation on the non-abelian chief 
factors of a topological group. 

Given a non-abelian chief factor K/L, define the (chief) block a := [K/L] to 
be the class of non-abelian chief factors associated to K/L. Define also Cg(a) = 
Co(K/L). 

At this point, the benefit of the additional abstraction of chief blocks is not clear. 
However, we will see in the rest of the article that chief blocks, and more generally 
sets of chief blocks, can usefully be manipulated in a way that would be awkward 
to do directly at the level of chief factors. 

Association exactly characterises the uniqueness of occurrences of chief factors 
in normal series: 


Theorem 6 ([11, Proposition 7.8]) Let G be a Polish group, let 
{I} =G<G, <::-<G,=G 


be a finite normal series for G, and let a be a chief block of G. Then there is exactly 
one i € {1,...,n} for which there exist Gi, < B < A < G; with A/B € a. 
Specifically, G; is the lowest term in the series such that G; € Cc(a). 

We write $< for the set of chief blocks of G. Note that 8g comes equipped with 
a partial order: we say a < 6 if Cg(a) < Cg(b). Equivalently, we have a < b if in 
every finite normal series (G;) that includes representatives G;/G;—, and G;/G;—; of 
a and b respectively, then G; > Gj. 
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3.3 Robust Blocks 


Given a compactly generated t.d.l.c.s.c. group, it would be tempting to infer that 
every possible chief block is represented as a factor in every essentially chief series. 
However, this is not true: there can be infinitely many compact and discrete chief 
factors up to association, yet only finitely many of them will be represented in any 
given essentially chief series. We need to exclude compact and discrete factors in a 
way that is invariant under association. 

Compactness and discreteness themselves are not invariant under association, 
even amongst non-abelian chief factors. However, there is a related property that is 
invariant. 


Definition 7 The quasi-centre QZ(G) of a topological group G is the set of all 
elements x € G such that Cg(x) is open in G. A t.d.l.c.s.c. group G is quasi-discrete 
if its quasi-centre is dense. 

Discrete factors of a t.d.l.c.s.c. group are certainly quasi-discrete. Profinite chief 
factors are direct products of finite simple groups, so they are also quasi-discrete 
(see for instance [14, Lemma 8.2.3]). 

In at.d.l.c.s.c. group (more generally, in any Polish group), a closed subgroup has 
countable index if and only if it is open; in particular, an element is quasi-central if 
and only if its conjugacy class is countable. It also follows from second-countability 
that every dense subgroup contains a countable dense subgroup. Consequently, a 
t.d.l.c.s.c. group is quasi-discrete if and only if it has a countable dense normal 
subgroup. Given a normal compression y : A —> B, if A has a countable dense 
normal subgroup D, then y(D) is a countable dense subnormal subgroup of B, 
which does not allow us to conclude directly that B is quasi-discrete. However, 
quasi-discreteness is sufficiently well-behaved under normal compressions that the 
following holds. 


Theorem 7 (See [13, Theorem 7.15]) Let a be a chief block of a t.d.l.c.s.c. group 
G. Then either all representatives of a are quasi-discrete, or none of them are. 

It now makes sense to define a class of chief blocks that excludes quasi-discrete 
chief factors. 


Definition 8 A chief factor K/L of a t.d.l.c.s.c. group is robust if it is not quasi- 
discrete; equivalently, QZ(K/L) = {1}. We say a chief block a is robust if all 
(equivalently, some) of its representatives are robust. 

Because robust chief factors cannot be associated to compact or discrete chief 
factors, we obtain the following corollary of Theorems 6 and 7. 


Corollary 5 Let G be a compactly generated t.d.l.c.s.c. group and let 
{1} = Ao S Ai <--> S An = Gand {1} = By) 5 By <---<B,=G 


be essentially chief series for G. Then the association relation induces a bijection 
between {A;/Aj-1 robust | 1 < i < m} and {B,/Bj-; robust | 1 < j < n}. 
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Consequently, the set 8 of robust blocks of G is finite, and each robust block is 
represented exactly once in the factors of any given essentially chief series. 


3.4 Canonical Representatives of Chief Blocks 


We now obtain canonical representatives for the chief blocks. To discuss the 
relationship between normal subgroups and chief blocks, it will be useful to define 
what it means for a normal subgroup or factor to cover a block: 


Definition 9 Let G be a t.d.l.c.s.c. group, let a be a chief block and let K > L be 
a closed normal subgroup of G. Say K/L covers a if there exists L < B< A < K 
such that A/B € a. We say K covers a if K/{1} does. 

Note that by Theorem 6, given any chief block a and normal factor K/L, there 
are three mutually exclusive possibilities: 


¢ Lcovers a, which occurs if and only if L £4 Cg(a); 
¢ G/K covers a, which occurs if and only if K < C¢(a); 
¢ K/Lcovers a, which occurs if and only if L < Cg(a) and K € Cg(a). 


In particular, Cg(a) is the unique largest normal subgroup of G that does 
not cover a. Thus we obtain a canonical representative for a, the uppermost 
representative: 


Proposition 4 ({11, Proposition 7.4]) Let a be a chief block of a Polish group G. 
Then G/Cg(a) has a unique smallest closed normal subgroup G* /Cg(a). Given any 
A/B € a, then G*/Cg(a) is an internal compression of A/B. 

For the existence of an analogous lowermost representative, there would need to 
be a smallest closed normal subgroup K of G such that K covers a, in other words, 
K £€ Cc(a). An easy commutator argument shows that the set .“ of closed normal 
subgroups K such that K < Cg(a) is closed under finite intersections. However, in 
general we cannot expect .#to be closed under arbitrary intersections. Consider for 
instance the situation when G is a finitely generated non-abelian discrete free group 
and G/N is an infinite simple group. Then a = [G/N] is covered by every finite 
index normal subgroup and G is residually finite, so “has trivial intersection; yet 
the trivial group clearly does not cover a. 

We say a is minimally covered if there is in fact a least element G, of .% in other 
words, .% is closed under arbitrary intersections. The normal factor G,/Cg, (a) is 
then the lowermost representative of a. 


Proposition 5 ({11, Proposition 7.13]) Let a be a minimally covered block of a 
Polish group G. Then Gg has a unique largest closed G-invariant subgroup Cg, (a). 
Given any A/B € a, then A/B is an internal compression of Ga/Cg, (a). 

One can picture a minimally covered block a as a kind of bottleneck in the lattice 
of closed normal subgroups of G. More precisely, “is partitioned into a principal 
filter and a principal ideal: every closed normal subgroup K of G satisfies exactly 
one of the inclusions K > G, or K < Cg(a). 
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In contrast to the situation for discrete groups, we find that as soon as we restrict 
to robust blocks of compactly generated groups, we do in fact obtain a lowermost 
representative. This is not so surprising when one considers that the minimally 
covered property is essentially a chain condition on closed normal subgroups, and 
that just such a chain condition is provided by Theorem 3. 


Proposition 6 ([12, Proposition 4.10]) Let a be a robust block of a compactly 
generated t.d.l.c.s.c. group G. Then a is minimally covered. 

To summarise the situation for compactly generated t.d.l.c.s.c. groups: to any 
t.d.l.c.s.c. group G we have associated two canonical finite sets of chief factors, 
namely the uppermost representatives and the lowermost representatives of the 
robust blocks. Moreover, given an arbitrary chief factor K/L of G, then either K/L 
is quasi-discrete, or else K/L interpolates between the lowermost and uppermost 
representatives of the corresponding block a = [K/L], in the sense that we have 
internal compressions 


Ga/Co, (a) > K/L > G*/Cg(a). 


The minimally covered property will also be important later, when studying 
blocks of characteristically simple groups (in particular, those groups that arise as 
chief factors of some larger group). 

Normal compressions respect several of the properties of non-abelian chief 
factors discussed so far. 


Theorem 8 (See [11, §8]) Letw:A— B be a normal compression of t.d.l.c.s.c. 
groups. Then there is a canonical bijection y : 8,4 — Sg such that, for a,b € 
Ba: 


(i) a <b if and only if Ya) < V(b); 
(ii) ais robust if and only if (a) is robust; 
(iii) a is minimally covered if and only if (a) is minimally covered. 


Corollary 6 Let K,/L, and K/L, be associated non-abelian chief factors of a 
t.d.l.c.s.c. group G. Then Bx, jp, and Bx, /r, are canonically isomorphic as partially 


ordered sets, in a way that preserves the robust blocks and the minimally covered 
blocks. 


4 The Structure of Chief Factors 


We now turn our attention from the existence and uniqueness of chief factors, to 
the structure of a chief factor H = K/L as a topological group in its own right. 
Alternatively, we are interested in the structure of t.d.l.c.s.c. groups H that are 
(topologically) characteristically simple, meaning that a non-trivial subgroup N of 
H that is preserved by every automorphism of H as a topological group is necessarily 
dense in H. 
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Recall that our ambition in this article is “decomposing groups into simple 
pieces”. Accordingly, we will not attempt to decompose further a t.d.l.c.s.c. group 
H that is topologically simple, that is, such that every normal subgroup is dense. 
If H is a chief factor of a t.d.L.c.s.c. group G that is not topologically simple, then 
H has a non-trivial lattice of closed normal subgroups and we can investigate the 
action of G on this lattice. (Analogously, if H is a characteristically simple group, 
we can investigate the action of Aut(H) on the lattice of closed normal subgroups.) 
Of course, we can take advantage of the fact that canonical structures arising from 
the collection of normal subgroups, such as the partially ordered set By of chief 
blocks of H, or the subset sBmnin of minimally covered blocks, must also be preserved 
by automorphisms of H. However, here we run into the difficulty that the strong 
existence results we have so far for (minimally covered) chief factors only apply to 
compactly generated t.d.l.c.s.c. groups, and there is no reason for H to be compactly 
generated, even if Gis. 

In this section, we will focus attention on the situation where H has at least 
one minimally covered block. In Sect. 6 we will see that in fact, we can ensure the 
existence of minimally covered blocks of H quite generally, even without compact 
generation, as long as H has sufficient ‘topological group complexity’. 


4.1 Quasi-Products 


Apart from being topologically simple, the tamest normal subgroup structure we can 
hope for in H is that H resembles a direct product of topologically simple groups, in 
that it has a (finite or countable) collection {S; | i € 1} of closed normal subgroups, 
each a copy of a topologically simple group S, such that H contains the direct sum of 
the S; as a dense subgroup. However, even in this situation, the copies of S; may be 
combined in a more complicated way than a direct product. (For one thing, the direct 
product of infinitely many non-compact groups is not even locally compact.) We 
now introduce a definition of quasi-product, generalising the definition of Caprace— 
Monod in order to account for possibly infinite sets of quasi-factors. 


Definition 10 Let G be a topological group and let .“be a set of non-trivial closed 
normal subgroups of G. Given I C .Y, define G; := (N € I). 

(G, ) is a quasi-product (or that G is a quasi-product of .”) if Gv = G and 
the map 


G 
d:Gwh I] aoe (gG An) ney 
NES N 


is injective. We then say .“is a set of quasi-factors of G. 

We have already seen a general situation in which quasi-products occur. The 
following is an easy consequence of the way normal compressions factor through 
the semidirect product: 
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Corollary 7 Let yw : A > B be anormal compression of Polish groups and let G = 
Ay B. Then G is a quasi-product of two copies of A, namely A, = {(a, 1) | a € A} 
and Ay = {(a~!, W(a)) | a € A}. We have G = A, x A abstractly if and only if w 
is surjective. 

Quasi-products are straightforward to identify in the case of centreless groups. 


Lemma 3 (See [11, Proposition 4.4]) Let G be a topological group and let /be a 
set of closed normal subgroups of G. Suppose the centre Z(G) is trivial. Then G is a 
quasi-product if and only if Gy = G and any two distinct elements of Y commute. 

We can now state the Caprace—Monod structure theorem for compactly generated 
characteristically simple t.d.l.c. groups. 


Theorem 9 ([4, Corollary D]) Let G be a topologically characteristically simple 
locally compact group. Suppose that G is compactly generated and neither compact, 
nor discrete, nor abelian. Then G is a quasi-product of finitely many copies of a 
compactly generated topologically simple group S. 


Remark 2 It is unknown if the conclusion of this theorem can be improved to say 
that G is a direct product of copies of S. It would be enough to show that there 
is no normal compression yw : S — T into a t.d.Lc.s.c. group where Z(T) = {1} 
and w(S) # T. Note that given any such normal compression, T would itself be 
compactly generated and topologically simple, but clearly not abstractly simple. So 
the question of whether such characteristically simple groups are necessarily direct 
products of simple groups is closely related to the open question of whether every 
compactly generated topologically simple t.d.l.c.s.c. group is abstractly simple. 

Away from the case of compactly generated characteristically simple groups, 
there are many more possibilities for quasi-products; examples are given in [4, 
Appendix II]. If we allow infinitely many quasi-factors, there is a general con- 
struction. Notice that if (G;)jen is a sequence of non-compact t.d.Lc.s.c. groups, 
then [[,<;y G; cannot be locally compact. However, given a choice of compact open 
subgroups of G;, there is a natural way to obtain a locally compact quasi-product of 
(Gi)ien. 


Definition 11 Let (G;)jen be a sequence of t.d.l.c.s.c. groups, and for each i let U; 
be a compact open subgroup of G;. The local direct product P := Qin (Gi. Ui) 
is the set of functions from N to UG; (with pointwise multiplication) such that 
J@ € G; for alli andf() € U; for all but finitely many i. There is a natural inclusion 
L: []jey Ui — P; we give P the unique group topology that makes ¢ continuous and 
open. 

It is easily seen that the local direct product is a t.d.l.c.s.c. group, and that it 
is a quasi-product with the obvious factors. In general, the isomorphism type of 
Dien (Gi. U;) is sensitive to the choice of U; as well as G;. So there will be many 
different local direct products of copies of a given group. Nevertheless, all local 
direct products of copies of a given t.d.l.c.s.c. group occur as chief factors: 


Proposition 7 Let (S;)ien be a sequence of copies of a fixed topologically simple 
t.d.l.c.s.c. group S, and for each i let U; be a compact open subgroup of S; 
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(no consistency is required in the choice of U;). Then Qjen(Si. Ui) occurs as a 
chief factor of a t.d.l.c.s.c. group. 


Proof (sketch) Let F be the group of permutations of N of finite support, equipped 
with the discrete topology. It is easily verified that F admits an action on P = 
@ien(Si, Ui) given by setting (f.2)(i) = g(f—'(i)) forf € F,g € PandieN. 
(Here we exploit the fact that P is not sensitive to the choice of any finite subset 
of the compact open subgroups Uj.) Moreover, the semidirect product G := Px F 
with this action of F is a t.d.l.c.s.c. group with the product topology. We see that the 
intersection (),<1 Cg(S;) is trivial, where S; is regarded as a subgroup of P in the 
natural way. Thus given a non-trivial closed normal subgroup K of G, then [K, Si] # 
{1} for some i, which implies that K > S; for that i and hence K > P. Thus P is 
the smallest non-trivial closed normal subgroup of G; in particular, P/{1} is a chief 
factor of G. oO 

To some extent, the local direct product can also be used as a model of an 
arbitrary t.d.l.c.s.c. quasi-product. 


Theorem 10 ({11, Proposition 4.8] and [13, Corollary 6.20]) Let (G,.%) be a 
quasi-product such that G is a t.d.l.c.s.c. group and let U be a compact open 
subgroup of G. Then .f is countable. Moreover, there is a canonical normal 
compression 


v: @W.NOU)>G 


Nes’ 


such that restricts to the identity on eachN € SF 


4.2 Extension of Chief Blocks 


If H has a closed normal subgroup S that is non-abelian and topologically simple, 
then in particular H has a chief factor, namely S/{1}. Clearly S/{1} is the lowermost 
representative of its block, so the corresponding block is minimally covered. 

If H is a chief factor of some larger group G, say H = K/L, we can think of it 
as the chief factor of G ‘generated’ by a chief block of K (namely, the block of K 
corresponding to S). This situation can be generalised to talk about how chief blocks 
of a closed subgroup K of G form chief blocks of G. 


Definition 12 Let G be a Polish group, let H be a closed subgroup of G and let 
a € Sy. Say that b € Bg is the extension of a to G, and write b = a®, if for every 
normal factor K/L of G, then K/L covers 6 if and only if (KN H)/(LM A) covers a. 

Extensions of blocks are unique, when they exist. Extensions are also transitive: 
given H < R < G, anda € By, we have a° = (a*)© whenever either side of this 
equation makes sense. It is not clear in general which blocks extend from which 
subgroups. However, extensions of minimally covered blocks are better-behaved. 
Write pan for the set of minimally covered blocks of G. 
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The following extendability criterion will be useful later. 


Lemma 4 Let G be a Polish group, let K be a closed subgroup of G and let a € 
BE". Then a extends to G if and only if there is b = a® € BE" such that Gy NK 
covers a. and Cg(b6) N K does not cover a. 


Proof Suppose a extends to G, with b = a®. Let .%be the set of closed normal 
subgroups of G that cover b. Then LK covers a for all L € .% since a is minimally 
covered, (\;¢4L. K covers a; hence (),<.L covers 6. Thus 6 is minimally 
covered. Certainly Gp N K covers a and Cg(6) M K does not cover a. 

Conversely, suppose there exists b € De such that Gy MK covers a and Cg(b)N 
K does not cover a. Let L be a closed normal subgroup of K. If L covers 6, then 
L> G»,soLN K > Gy K, and hence LN K covers a. If L does not cover 6, then 
L < Cg(6), so LN K < Cg(6) NK, and hence LN K does not cover a. Thus 6 is the 
extension of a to G. oO 

If H is normal in G, the extendability criterion is always satisfied. 


Proposition 8 ({11, Proposition 9.8]) Let G be a Polish group, let K be a closed 
normal subgroup and let a € Doves Then a extends to a minimally covered block 
b := a® of G. The lowermost representative Gp /CcG, (6) of 6 is formed from the 
following subgroups of K: 


Gy = (gKag! | g € G); Ca, (6) = Ge A} gCx(a)g™. 


geG 


Corollary 8 Given a Polish group G and a closed normal subgroup K, there is a 
well-defined map 0 : BY!" > Bm" given by ar a®. 

Since K is normal in G, we have an action of G on S$f"" by conjugation. We can 
describe the structure of 6 using the partial order on S¥"" together with conjugation 


action of G. 


Theorem 11 ({13, Theorem 9.13]) Let G be a Polish group, let K be a closed 
normal subgroup and let a,b € on Then a& < 6° if and only if there exists 
g € Gsuch that g.a < b. 


4.3 Three Types of Chief Factor 


Let G be a Polish group with K a closed normal subgroup of G, let 6 : ssmin _, a 
be the extension map and fix c € 8¢"". There are three possibilities for d"(c): 


1. 6~'(c) is empty; 

2. 9—!(c) is a non-empty antichain (in other words a ¢ 6 for all a,b € O7!(c)): 
then Va,6 € O-!(c) dg: g.a=b. 

3. @—!(c) is non-empty and not an antichain: then Va, 6 € 07! (c) dg: g.a < 6. 
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Now let K/L be a non-abelian chief factor of the Polish group G. We may as 
well pass to G/L, in other words we may assume L = {1} and K is a minimal 
closed normal subgroup of G. Then c = [K/{1}] € Di yan 

We still have a map 6 : BY > %'". But now, since K is itself a chief factor, 
we have a° = ¢ for every a € Ds oar So O(c) = Dae and hence a has one of 
the forms (1), (2), (3) described above. 


Definition 13 Let H (= K/L) be a topologically characteristically simple Polish 
group (for instance, a chief factor of some Polish group). We say H is of: 


1. weak type if By" = 0; 
2. semisimple type if $7" is a non-empty antichain; 
3. stacking type if pun has a non-trivial partial order. 


Note that the types are completely determined by the internal structure of H: we 
no longer need to refer to the ambient group. 

We recall moreover that if K,/L; and K/L, are associated non-abelian chief 
factors, then Baa = osaaee as partially ordered sets. So all representatives of a 
chief factor are of the same type, and it makes sense to talk about the type of a chief 
block. 

To justify the terminology, we note that ‘semisimple type’ chief factors do indeed 
break up into topologically simple pieces: 


Proposition 9 Let H be a Polish chief factor of semisimple type. Then H is a quasi- 
product of copies of a topologically simple group. 


Proof Without loss of generality we may suppose H is a minimal non-trivial closed 
normal subgroup of some ambient group G. Let a € sya and let K = H,. Note 


that [K, K] also covers a, so we must have K = [K, K]. 

Let g € Gand suppose that K covers g.a. Then the lowermost representative L 
of g.a is a subgroup of K. It follows that every subgroup that covers a, also covers 
g.a; this is only possible if g.a < a. Since spun is an antichain, we must have 
a = g.a. In particular, we see that MW = Cx(a) does not cover g.a for any g € G, 
so M <(),cg Cu(g.a). On the other hand (),<g Cu(g.a) is a proper G-invariant 
subgroup of H; by minimality we conclude that M is trivial. Thus K/{1} € a, in 
other words K is a minimal non-trivial closed normal subgroup of H. 

The minimality of K ensures that, whenever g € G is such that gKg"! # K, 
then KN gKg"! = {1}. Since both K and gKg™! are normal in H, it follows that 
in fact [K, gkg~'] = {1}. Moreover, since H is a minimal non-trivial closed normal 
subgroup of G, we must have H = (.Y) where Y = {gKg™! | g € G}. Since H is 
non-abelian and characteristically simple, Z(H) = {1}. Since distinct elements of 
-/ commute, we conclude by Lemma 3 that (H, .”) is a quasi-product. In particular 
His a quasi-product of copies of K and there is an internal compression from K to 
H/C, where C = (.7\ K). We see that H/C is a representative of a, so H/C has 
no proper non-trivial closed normal (equivalently, H-invariant) subgroups and hence 
is topologically simple. By Corollary 1, every non-trivial closed normal subgroup 
of K has dense image in H/C. It can then be seen [11, Proposition 3.8] that every 
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non-trivial closed normal subgroup of K contains the derived group of K; since K is 
topologically perfect, we conclude that K is topologically simple. oO 

At this level of generality, weak type does not give us much to work with. As far 
as we know, a characteristically simple Polish group could be very complicated, but 
nevertheless not have any minimally covered blocks. The situation is different in the 
class of t.d.l.c.s.c. groups, as we will see in Sect. 6: here we have a precise notion 
of complexity, and we can control the structure of high-complexity chief factors via 
essentially chief series of compactly generated open subgroups. 

The most interesting of the three types (and in some sense the generic type, at 
least in t.d.l.c.s.c. groups) is stacking type. If K is a minimal closed normal subgroup 
of G of stacking type, then K has a characteristic collection 


N= {Ky |a€ BBN 


of closed normal subgroups, such that for all A, B € -/(including the case A = B), 
there exists g € G such that A < gBg™!. To put this another way, we have 
a characteristic collection @ of chief factors of K (specifically, the lowermost 
representatives of elements of 87"), such that for every pair Aj/B,A2/B2 € @, 
then a G-conjugate of A, /B, appears as a normal factor of the outer automorphism 
group of Az/B> induced by K. 


4.4 Examples of Chief Factors of Stacking Type 


To see that stacking type chief factors occur naturally in the class of t.d.l.c. 
groups, we consider a construction of groups that act on trees, fixing an end. This 
construction and generalisations will be discussed in detail in a forthcoming article. 

Let T_, be a tree (not necessarily locally finite) in which every vertex has 
degree at least 3, with a distinguished end 6. We define Aut(7_,) to be the group 
of graph automorphisms that fix 6, equipped with the usual permutation topology 
(equivalently, the compact-open topology). Then there is a function f from VT_, to 
Z with the following properties: 


(a) For every edge e of the tree, we have | f(o(e)) —f(t(e))| = 1; 
(b) We have f(t(e)) > f(o(e)) if and only if e lies on a directed ray towards 6. 


Thus f(v) increases as we approach 6. The function f is unique up to an additive 
constant; its set {f—'(i) | i € Z} of fibres is therefore uniquely determined. The 
fibres are the horospheres centred at 5, and the sets {v € V7_, | f(v) = i} fori € Z 
are the horoballs centred at 6. 

We also have an associated partial order on VT_,: say v < w if there is a path 
from v to w in the direction of 6, in other words, a path vov; ... Un, with v = vo and 
W = Uy, such that f(v;-1) < f(v;) for 1 <i<n. 
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Now let G be a topological group acting faithfully and continuously on T_,, such 
that G fixes 6. For each vertex v € V7_,, define the rigid stabiliser ristg(v) of v to 
be the subgroup of G that fixes every vertex w such that w ¢ v (including v itself). 
Let G; = (ristg(v) | v € f~! (i). Note that given w € VT_, such that f(w) < i, then 
there exists v € f—!(i) such that w < v and hence ristg(w) < ristg(v). In particular, 
we have G; < Gj+; for all i € Z. Since G preserves the set of horospheres, for 
every g € G, there exists j such that f(gv) = f(v) +j for all v € V7_,, and hence 
gGig | = Gis; for all i € Z. Thus E = Ujez G; is a closed normal subgroup of 
G. Under some fairly mild assumptions, F is actually a minimal non-trivial normal 
subgroup of G; in particular, E is a chief factor of G. 


Proposition 10 Let G and E be as described above. Suppose that: 


(a) For allv € f—'(0), the group ristg(v) is topologically perfect and does not fix 
any end of T_, other than 6; 
(b) There exists h € Gand v € VT_, such that f (hv) # f(v). 


Then E is a minimal non-trivial normal subgroup of G. 


Proof Condition (a) ensures that FE is non-trivial. Let K be a non-trivial closed 
subgroup of FE, such that K is normal in G. We must show that K = E. 

Condition (b) in fact ensures that 4 has hyperbolic action on 7, with 6 as one of 
the ends of the axis of h. Without loss of generality f(hv) = f(v)+j forall v € V7_,, 
where j > 0. Consequently Go is not normal in G, and indeed E = (),..) h”Gjh-” 
for any given i € Z. Note also that f(gv) = f(v) for all g € E. 7 

Let v € VT_, be such that v is not fixed by K. There is then n € Z such that 
f(h""'v) < 0 but f(h"v) > 0. Let w € VI_, be such that h’~'!v < w < h"v and 
f(w) = 0. Then h”v is not fixed by K, say kh"v 4 h"v. We see that kw # w but 
Sf (kw) = f(w), and hence ristg(w) and ristg(kw) have disjoint support. In particular, 
y and kzk~! commute for all y,z € ristg(w). Given y,z € ristg(w), we therefore 
have 


[yz] = Ly, 2(kz*k')] = Ly, [z, Al] € K. 


Since ristg(w) is topologically perfect, we conclude that ristg(w) < K. Since 
h'-!v < w, we see that ristg(h""!v) < ristg(w) < K; by conjugating by powers of 
h, it follows that ristg(h"v) < K for all m € Z. 

Since ristg(w) does not fix any end of T_,, we see that K does not preserve the 
axis of h. In particular, we could have chosen v to lie on the axis of h. Let us assume 
we have done so. 

Now let w’ € VT_, be arbitrary. Then for 7 sufficiently large (depending on w’) 
we have w’ < h"v, and hence ristg(w’) < ristg(h"v) < K. So ristg(w’) < K for 
every vertex w’, and hence K = E. oO 

It is clear that E is not of semisimple type, so to obtain a chief factor of stacking 
type, it suffices to impose conditions to ensure the existence of a minimally covered 
block of E. We leave the details to the interested reader. 
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Example 2 Let T_, be a regular locally finite tree of degree d > 6 with a 
distinguished end 6. Let G be the subgroup of Aut(T), such that the local action 
at every vertex is the alternating group Alt(d) of degree d. Then for each v € VT, 
the rigid stabiliser ristg(v) is an iterated wreath product of copies of Alt(d— 1). The 
subgroup E described in Proposition 10, which in this case is actually the set of all 
elliptic elements of G, is then a chief factor of G of stacking type. 

Considering the above example, one might still imagine that stacking type chief 
factors, by virtue of being characteristically simple, are “built out of topologically 
simple groups’ in an easily-understood way. The following much more general 
construction, which is inspired by the construction of Adrien Le Boudec in [9], 
should strike a cautionary note for any attempt to reduce the classification of chief 
factors to the topologically simple case. 


Example 3 Let T_, be a tree with a distinguished end 6, such that every vertex has 
a countably infinite set of neighbours. We set a colouring function o : ET_, > N, 
such that 0 o r = o, there is a ray towards 6 in which every edge has the colour 1, 
and at every vertex v, o restricts to a bijection c, between the set f~'(v) of in-edges 
and N. Given h € Aut(7_,), the local action of / at v is a permutation of N given 
by o(h, v) =, ohocy. 

Let P be a transitive t.d.l.c.s.c. subgroup of Sym(N) in the permutation topology, 
and let U be a compact open subgroup of P. Define E(P, U) to consist of all elements 
h of Aut(T_,) such that o(h,v) € G for all v € VT_, and o(h,v) € U for 
all but finitely many vertices. We see that E(P, U) is a subgroup of Aut(7_,). At 
the moment it is not locally compact, but we can rectify this by choosing a new 
topology. 

Let v € VT and consider the stabiliser E(U,U), of v in E(U,U). It is 
straightforward to see that E(U,U), is a closed profinite subgroup of Aut(7_,). 
Moreover, there is a unique group topology on E(P, U) so that the inclusion of 
E(U, U), is continuous and open; this topology does not depend on the choice of v. 
We now equip G = E(P, U) with this topology, and see that G is a t.d.l.c.s.c. group. 

Regardless of the choice of P and U, the group G acts transitively on the vertices 
of v, and for each horosphere f! (i), the fixator f~!(i) is a closed subgroup of G; of 
G that is quasi-product of the rigid stabilisers of vertices in f—! (i). In particular, we 
see that for all i € Z, we have G;/G;-; & Dien (P, U). In turn, every element of G 
with elliptic action on T_, can be approximated in the topology of G by elements 
of Ujez Gi. Thus E = Ujez Gi is a closed subgroup of G consisting of all elliptic 
elements of G. We see that E(U, U), < E, so E is open, and in factG = Ex Zasa 
topological group. 

Suppose now that P is topologically perfect. It then follows that ristg(v) is 
topologically perfect, and hence E is a chief factor of G by Proposition 10. 

Given a t.d.l.c.s.c. group P, then P occurs as a transitive subgroup of Sym(N) 
provided that P does not have arbitrarily small compact normal subgroups. There 
are also many examples of topologically perfect t.d.l.c.s.c. groups; a general 
construction is to take the normal closure of Alt(5) in G 2 Alt(5), where G is 
some given t.d.l.c.s.c. group. So the conditions on P for Example 3 to produce a 
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chief factor are quite weak, and by no means ensure that P has a well-understood 
(sub-)normal subgroup lattice. At the same time, a local direct product of copies 
of P appears as a normal factor of the chief factor E. So we have effectively 
buried the subnormal subgroup structure of P inside a chief factor E of another 
t.d.l.c.s.c. group. One can also take the resulting group E, set P2 = E, and repeat 
the construction, iterating to produce increasingly complex chief factors. 


5 Interlude: Elementary Groups 


To introduce the right notion of topological group complexity for the next section, 
we briefly recall the class of elementary t.d.l.c.s.c. groups and their decomposition 
rank, as introduced by Wesolek. For a detailed account, see [16]; a more streamlined 
version is also given by Wesolek in these proceedings. 

We will write G = lim O; as a shorthand to mean that G is a t.d.l.c.s.c. group, 
formed as an increasing union of compactly generated open subgroups O;. 


Definition 14 The class € of elementary t.d.l.c.s.c. groups is the smallest class of 
t.d.l.c.s.c. groups such that 


(i) &contains all countable discrete groups and second-countable profinite groups; 
(ii) Given a t.d.l.c.s.c. group G and K < G such that K,G/K € & thenGe &; 
(iii) Given G = lim O; such that O; € &, then G € & 


Notice that if G is in the class .Y of compactly generated, non-discrete, 
topologically simple t.d.l.c.s.c. groups, then G is not elementary. More generally, an 
elementary group cannot involve a group from .“%, meaning that if G is elementary, 
then we cannot have closed subgroups K < H < G such that H/K € % It 
is presently unknown if the converse holds. A candidate for a counterexample is 
the Burger—Mozes universal group U(C2) acting on the 3-regular tree mentioned 
in Remark 1; one can show that U(C2) is non-elementary, but it is not clear if it 
involves any groups in .7% 

Elementary groups admit a canonical rank function, taking values in the count- 
able successor ordinals, called the decomposition rank &(G) of G. It will suffice 
for our purposes to recall some properties of how this rank behaves. 

Write @, for the set of countable ordinals; for convenience, if G is not elementary 
we will define §(G) = w,. We also define the discrete residual Res(G) of a t.d.L.c. 
group G to be the intersection of all open normal subgroups of G. 


Theorem 12 (See [16, §4.3]) There is a unique mapping — : € — a with the 
following properties: 


i) EY=h 
(ii) IfG A landG= lim O;, then &(G) = sup{&(Res(O;))} + 1. 


Theorem 13 Let G be at.d.l.c.s.c. group. 
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(i) If y : H => Gis a continuous injective homomorphism, then &(H) < &(G). 
({16, Corollary 4.10]) 
(ii) If K is aclosed normal subgroup of G, then §(G/K) < &(G) < &(K)+&(G/K). 
({10, Lemma 6.4]) 
(iii) If K is a closed normal cocompact subgroup of G, then §(K) = &(G). 
({13, Lemma 3.8]) 


Of particular interest is the class {G € &| &(G) = 2}. These are the non-trivial 
t.d.l.c.s.c. groups G such that, for every compactly generated open subgroup O of G, 
then O is residually discrete. In fact, in this situation O is a SIN group, that is, O has a 
basis of identity neighbourhoods consisting of compact open normal subgroups; this 
was shown in [4, Corollary 4.1]. Clearly both profinite groups and discrete groups 
have rank 2; we also note that this class includes the quasi-discrete groups. 


Lemma 5 /f G is a non-trivial t.d.l.c.s.c. group such that QZ(G) is dense, then 
&(G) = 2. 


Proof Let O be a compactly generated open subgroup of G and let U be a compact 
open subgroup of O. Since QZ(O) = QZ(G) M O is dense in O and O is compactly 
generated, we can choose a finite subset A of QZ(O) such that O = (A, U). The 
group V = ( ),<4 Cu(a) is then an open subgroup of U. Since U is a profinite group, 
there is a base of identity neighbourhoods consisting of open normal subgroups W of 
U. Given W < V such that W is U-invariant, we see that W is centralised by (A) and 
hence W is normal in O. Thus O has a base of identity neighbourhoods consisting 
of open normal subgroups. In particular, Res(O) = {1} and hence &(Res(O)) = 1. 
Since O was an arbitrary compactly generated open subgroup of G, it follows that 
&(G) = 2 as claimed. Oo 

It follows from Theorems 5 and 13 that normal compressions preserve the rank. 


Proposition 11 ([13, Proposition 5.4]) Let y : A — B be anormal compression 
where A and B are t.d.l.c.s.c. groups. Then &(A) = &(B). 


Proof By Theorem 13, we have (A) < &(B). On the other hand, by Theorem 5 
we have a closed embedding a : A — C and a quotient map B : C — B, such 
that w(A) is a cocompact normal subgroup of C. It then follows by Theorem 13 that 
£(B) < &(C) = &(A), so in fact €(A) = E(B). o 

In particular, given a chief block a, the rank of any representative of a is the same 
as the rank of its uppermost representative. So given a block a € 8G, one can define 
E(a) := &(K/L) for some/any representative K/L of a. 


Corollary 9 Let G be a compactly generated t.d.l.c.s.c. group. 


(i) Let a be a chief block of G such that E(a) > 2. Then a is robust, and hence 
minimally covered. 

(ii) Suppose that &(G) is infinite. Then there exist n € N and robust blocks 
a,..., a, of G satisfying 


E(G) < E(a1) + E(ao) +--+» + E(x) +2. 
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Proof Part (i) follows from Lemma 5; part (ii) follows from Theorem 13 together 
with the existence of essentially chief series, noting that every factor of such a series 
that is not a robust chief factor has rank 2, and also that n + a = a whenever n € N 
and @ is an infinite ordinal. oO 


6 Building Chief Factors from Compactly Generated 
Subgroups 


6.1 Regional Properties 


Unlike connected locally compact groups, t.d.l.c.s.c. groups are not necessarily 
compactly generated. However, we can always write a t.d.lc.s.c. group G as 
G = limO;, where the groups O; are open and compactly generated. In some 
situations we can hope to extract features of G from properties that hold for a 
sufficiently large compactly generated open subgroup. Such properties will then 
appear in any increasing exhaustion of G by compactly generated open subgroups 
O;, independently of the choice of sequence (O;), and we can potentially use 
the structure of compactly generated groups to describe that of non-compactly 
generated groups. In this section, our aim is to use this approach to obtain chief 
factors of G. 


Definition 15 A property # of t.d.lc.s.c. groups holds locally in G if every 
sufficiently small compact open subgroup of G has the property. The property is 
a local property if, whenever G has the property, then every open subgroup of G 
also has it. For example, compactness is a local property. 

A property # of t.d.l.c.s.c. groups holds regionally in G if every sufficiently 
large compactly generated open subgroup has the property; that is, there is a 
compact subset X such that, whenever X C O < Gand O is a compactly generated 
open subgroup of G, then O has Y. The property is a regional property if the 
following happens: given G and H are compactly generated t.d.l.c.s.c. groups such 
that G is open in H, if G has the property, then so does H. 

Some remarks on possibly controversial terminology are in order. 


Remark 3 In topology, it is usual to use ‘local’ to refer to (small) open sets. In 
classical group theory, ‘local’ more often refers to finitely generated subgroups. 
Both notions are important in the theory of t.d.l.c. groups (with “compactly gener- 
ated’ instead of ‘finitely generated’). To avoid overloading the word ‘local’, we have 
chosen ‘regional(ly)’ to have the meaning ‘pertaining to compactly generated (open) 
subgroups’. For example, the property that every compactly generated subgroup is 
compact, which is unfortunately rendered as ‘locally elliptic’ in the literature, would 
instead be ‘regionally compact’ or ‘regionally elliptic’. 


Remark 4 Many authors define local properties to be such that G has the property 
if and only if some open subgroup or subspace has it. However, it is useful here 
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to distinguish between properties that are inherited ‘downwards’ (if G has it, 
then so does an open subgroup) from those that are inherited ‘upwards’ (regional 
properties). 

The distinction between local and regional properties is neatly illustrated by 
elementary decomposition rank: given a countable ordinal a, then ‘&(G) < a’ 
is a local property whereas ‘E(G) > a’ is a regional property. We also see by 
Theorem 12 that for any ordinal a, we have £(G) < w+1 if and only if &(H) < a+1 
for all compactly generated open subgroups H of G. 

The following is a surprisingly powerful example of a regional property. 


Definition 16 Say a compactly generated t.d.l.c.s.c. group G has property @F if 
there exists a Cayley—Abels graph I" for G such that the action of G on J" is faithful. 


Lemma 6 & is a regional property. 


Proof We see that G has &F if and only if there is a compact open subgroup U 
of G such that Meg gUg! = {1}. Suppose that this is the case and that G occurs 
as an open subgroup of the compactly generated t.d.l.c.s.c. group H. Then U is a 
compact open subgroup of H, and we have (),<;,hUh™ < Nec 8U8 | = {1}. 
Thus H has BF. Oo 

We define a t.d.l.c.s.c. group G to be regionally faithful if some (and hence 
any sufficiently large) compactly generated open subgroup has &.. Note that this 
allows, for example, G to be any discrete group, so the class of all regionally faithful 
groups is not so well-behaved. However, as long as the quasi-centre is not too large, 
we can use the regionally faithful property to obtain minimal non-trivial closed 
normal subgroups. 


Definition 17 Say a t.d.lc.s.c. group G has property .@ if QZ(G) is discrete 
(equivalently: G has a unique largest discrete normal subgroup) and every chain 
of non-trivial closed normal subgroups of G/QZ(G) has non-trivial intersection. 


Lemma 7 .7@ is a regional property, and regionally groups have “. In a 
group G with , every non-trivial closed normal subgroup of G/QZ(G) contains a 
minimal one. 


Proof Let G be a t.d.Lc.s.c. group, such that some compactly generated open 
subgroup O of G has .@. We must show that G has 7% 

We note first that QZ(G) N O = QZ(O); since O is open, this ensures that 
QZ(G) is discrete. Moreover, the group G/QZ(G) has a compactly generated open 
subgroup isomorphic to O/QZ(O). So we may assume QZ(G) = QZ(O) = {1}. 

Let @ be a chain of non-trivial closed normal subgroups of G. For each K € @, 
we see that K is non-discrete, since any discrete normal subgroup of G would be 
contained in QZ(G). In particular, KN O # {1}. Thus {K NO | K € @isa 
chain of non-trivial closed normal subgroups of O; since O has .@, the intersection 
OxegK N O is non-trivial, and hence L = ( )pevK is non-trivial. Thus G has 4. 

The last conclusion follows by Zorn’s lemma. Oo 
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Proposition 12 Let G be a t.d.l.c.s.c. group. Suppose that QZ(G) = {1} and G is 
regionally faithful. Then G has -@; in particular, G has a minimal non-trivial closed 
normal subgroup. 


Proof Let O be a compactly generated open subgroup of G; choose O sufficiently 
large that O acts faithfully on some Cayley—Abels graph I’. Then QZ(O) = {1}, 
so O has no non-trivial discrete normal subgroups. Let @ be a chain of non-trivial 
closed normal subgroups of G. Then for each K € @, we see that K is not discrete, 
and therefore has non-trivial local action on J”. By Lemma 2, the intersection L = 
(\xevK also has non-trivial local action on I’; in particular, L # {1}. Thus O has 
M, showing that G is a regionally .@ group. Hence G has .@ by Lemma 7. Oo 

Here we have a situation where we first obtain minimal normal subgroups 
regionally, and then conclude that we have minimal normal subgroups globally. 
More work is required to obtain an analogous result for chief factors that are 
not necessarily associated to minimal normal subgroups. The key ingredients are 
robustness (recall Sect. 3.3) and extension of chief blocks (recall Sect. 4.2), and the 
use of the decomposition rank (as described in Sect.5) to ensure the existence of 
robust blocks of compactly generated open subgroups. 


6.2 Regionally Robust Blocks 


As we saw in Sect.4.2, we can always extend minimally covered blocks from 
normal subgroups. Remarkably, many blocks extend from open subgroups, and 
moreover can be detected from compactly generated open subgroups. 


Definition 18 Let G be at.d.l.c.s.c. group and let a € Bq. Say a is a regional block 
if there exists H < Gand b € Sy such that H is compactly generated and open, 
and a = 6°. If 6 is robust, we say a is regionally robust. Write BG for the set of 
regionally robust blocks of G. 

Note that regional blocks manifest ‘regionally’, because if a € H extends to 
G, then it certainly extends to any H < O < G, including when O is compactly 
generated and open. If G itself is compactly generated, then every block is regional 
and ‘regionally robust’ just means ‘robust’. 

Here is the main theorem of this section. 


Theorem 14 (See [13, §8]) Let G be at.d.l.c.s.c. group. 


(i) Every regionally robust block of G is minimally covered and robust, and there 

are at most countably many regionally robust blocks of G. 

(ii) Let H < G, such that H is either open in G or closed and normal in G, and let 
a € 87). Then a extends to a regionally robust block of G. 

(iii) Let N be a closed normal subgroup of G. Then every regionally robust block 
G/N lifts to a regionally robust block of G. 

(iv) Let K/L be a chief factor of G such that BR IL # M. Then [K/L] is a regionally 
robust block of G. 
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As a corollary, we observe that in any t.d.l.c.s.c. group G, a sufficiently complex 
normal factor (in the sense of elementary decomposition rank) covers a regionally 
robust block, and that sufficiently complex chief factors cannot be of weak type. 


Corollary 10 Let G be a t.d.l.c.s.c. group. Let K/L be a normal factor of G such 
that (K/L) > w+ 1. 


(i) There exists L << B <A < K such that A/B is a chief factor of G and [A/B] is 
regionally robust. If K/L is non-elementary, then A/B can also be chosen to be 
non-elementary. 

(ii) Suppose K/L is a chief factor of G. Then K/L is of semisimple or stacking type. 


Proof Since (K/L) > w + 1, there must be a compactly generated open subgroup 
H of K/L such that &(H) is infinite. It follows by Corollary 9 that H has a robust 
block a. By Theorem 14, a extends to a regionally robust block of K/L and then to a 
regionally robust block of G/L; this block in turn lifts to a regionally robust block 6 
of G. We see that b is covered by K/L, in other words, there exists L < B<A<K 
such that A/B is a chief factor of G and [A/B] is regionally robust. 

If K/Lis non-elementary, we can choose H to be non-elementary; by Corollary 9, 
a can be chosen to be non-elementary; it then follows that (6) = w;, so A/B is non- 
elementary. 

Now suppose K/L is a chief factor of G. We have seen that K/L has a 
regionally robust block, that is, BY, is non-empty; since regionally robust blocks 
are minimally covered, it follows that K/L is not of weak type. Thus K/L must be 
of one of the remaining two types, that is, semisimple type or stacking type. Oo 

We will now sketch the core part of the proof of Theorem 14, which is to prove 
the following statement: 

(*) Let G be a t.d.l.c.s.c. group, let O be a compactly generated open subgroup 
of G and let a be a robust block of O. Then a extends to G. 


Lemma 8 Let H be a quasi-discrete t.d.l.c.s.c. group and let A/B be a non-trivial 
normal factor of H. Then QZ(A/B) > 1. 


Proof We see that H/B is quasi-discrete, so we may assume B = {1}. Suppose 
QZ(A) = {1}. We see that QZ(H) MA is quasi-central in A, so QZ(H) NA = {1}. 
Thus QZ(A) and A commute. But QZ(H) is dense in H, so A is central in H. In 
particular A is abelian, so QZ(A) = A, a contradiction. oO 


Proof (Sketch Proof of (*)) For brevity we will write H°? := HNO. 

Case 1: G is compactly generated. 

Let (G;)'_) be an essentially chief series for G. There must be some i such that 
Gra /G? covers a. By Lemma 8, Gof G? cannot be quasi-discrete, so Gi+1/G; 
cannot be quasi-discrete. Thus G;4,/G; is a robust, hence minimally covered, chief 
factor of G. Set 6 = [G41 /Gi]. 

Let N/C be the uppermost representative of b. Since N > Gj41, we see that N? 
covers a. On the other hand C centralises G;+/G;, so in particular C° centralises 
Goi / G?, and hence C? cannot cover a. 
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Let I/J be the lowermost representative of 6. Both J/J and N°/C? map 
injectively to N/C; moreover QZ(N/C) = {1} = QZ(I/J) since 6 is robust. In 
particular, //J is not discrete. 

The subgroup /°J/J is non-trivial, so J?C/C is non-trivial. Since QZ(N/C) = 
{1}, it follows that I?C/C does not commute with the open subgroup N°C/C of 
N/C. One can deduce that J? ¢ Co(a). Apply Lemma 4 to conclude b = a®. 

Case 2: G is not compactly generated. 

We can write Gas G = lim O; where O; = O. By Case 1, a; extends to some 
block a; := a% of O;. Set D := U5, Njsn Co; (ai). (In other words, D is the ‘limit 
inferior’ of the centralisers Co, (a;).) 

Observe that DN.O, = ();s,, Co, (ai) for all n. It follows that D is a closed normal 
subgroup of G, and that D? does not cover a. In fact, one sees that D is the unique 
largest closed normal subgroup of G such that D®? does not cover a. 

Letting N range over the closed normal subgroups of G, the property ‘N° covers 
a’ is closed under arbitrary intersections (since a is minimally covered). So there is 
a smallest closed normal subgroup M such that M? covers a. 

We deduce that MD/D is the unique smallest non-trivial closed normal subgroup 
of G/D. Set 6 := [MD/D] and observe that M is the least closed normal subgroup 
that covers b, whilst D = Cg(b). We conclude by Lemma 4 that 6 = a®. Oo 


7 Some Ideas and Open Questions 


In this last section, we discuss some possible further directions for research into the 
normal subgroup structure of t.d.l.c.s.c. groups, in particular focusing on the gaps 
left by the results presented in the previous sections. 


7.1 Elementary Groups of Small Rank 


We have seen that G is a t.d.l.c.s.c. group and K/L is a normal factor such that 
&(K/L) > w + 1, then K/L covers a (regionally robust) chief factor of G. As a 
complement to such a result, we would like to be able to say something about normal 
or characteristic subgroups of G when €(G) < w + I. 

For certain ranks €(G), we can always produce a proper characteristic subgroup 
of G. We will use the following fact: 


Lemma 9 ([13, Proposition 3.10]) Let G be a t.d.l.c.s.c. group and let (R;) be an 
increasing sequence of closed subgroups of G. Suppose Ng(Rj) is open for all i. 
Then____ 

&(U Ri) = sup &(Ri) + &, 

where € = | if sup £(R)) is a limit ordinal and ¢ = 0 otherwise. 
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Proposition 13 (See also [13, Proposition 3.18]) Let G be an elementary 
t.d.l.c.s.c. group, G = lim O;. Then exactly one of the following occurs: 


(i) &(G) =A +1 where d is a limit ordinal; 
(ii) R = \Res(OQ)) is a closed characteristic subgroup of G, which does not depend 
on the choice of (O;), such that €(G) = &(R) + 1 and &(G/R) = 2. 


Proof Note that given K < H < G, then Res(K) < Res(#). In particular, 
) Res(O;) is an increasing union of subgroups, so R is a closed subgroup of G. 
Moreover, given a compactly generated open subgroup O of G, then O; > O 
eventually, so Res(O;) > Res(O). Thus R is the closure of the union of all 
discrete residuals of compactly generated open subgroups of G; in particular, R is 
characteristic and does not depend on the choice of (O;,). 

We now have 


&(G) = supté(Res(O;))} + 1 and €(R) = sup{§(Res(Oj))} + ¢, 


the latter by Lemma 9, where ¢ = 0 unless sup &(Res(O;)) is a limit ordinal. If (i) 
holds, then sup{£(Res(O;))} = A is a limit ordinal, so €(R) > &(G) and (ii) does not 
hold. So from now on we may assume (1) fails, that is, (G) = a@+2 for some ordinal 
a, and aim to show that (ii) holds. In this case, we see that sup{&(Res(O;))} = a+ 1 
is not a limit ordinal, so €(R) = a + 1, in other words, &(G) = &(R) + 1. 
Certainly R < G, so &(G/R) > 1. To show &(G/R) = 2, it is enough to see 
that every compactly generated open subgroup of G/R is a SIN group. Let O/R 
be a compactly generated open subgroup of G/R. Then for i sufficiently large, 
O < OR, so O/R is isomorphic to a subgroup of a quotient of O;/Res(O;). By [4, 
Corollary 4.1], O;/Res(O;) is a SIN group; subgroups and quotients of SIN groups 
have SIN, so O/R is a SIN group. This completes the proof of (ii). Oo 
The following corollary follows easily. 


Corollary 11 Let G be a non-trivial elementary t.d.l.c.s.c. group. Let 
L= {a € w, | a =2 ora isa limit ordinal}. 


(i) There is anon-trivial closed characteristic subgroup R of G such that &(R) € & 
and &(G) < &(R) +o. 
(ii) Suppose that G is characteristically simple. Then §(G) € & 


For t.d.l.c.s.c. groups G with £(G) < w+1, we can split into three cases: §(G) = 
2, &€(G) = w + 1 and 2 < &(G) < @. (Recall that the rank is never a limit ordinal.) 


¢ If &(G) = 2, then G = lim O; where O; has arbitrarily small open normal 
subgroups. Many characteristically simple groups are of this form, and £(G) = 2 
is implied by several natural conditions on t.d.l.c.s.c. groups. 
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¢ If 2 < &(G) < @ then G has finite rank, and we obtain a finite characteristic 
series 


G=Ro>R,>:::->R,=1 


such that &(R;-,/R;) = 2. 

¢ If&(G) = w +1, then G = lim O; where each O; has finite rank (but §(O;) > w 
as i —> oo), and so O; admits a characteristic decomposition as in the previous 
point. Perhaps G can be studied by comparing these characteristic series across 
different O;. 


Problem 1 Develop a theory of normal/characteristic subgroups for t.d.l.c.s.c. 
groups with €(G) = 2. 

This class includes all profinite and discrete second countable groups, so what 
one hopes for are theorems that relate the more general situation to profinite/discrete 
groups in an interesting way. The discrete case is too wild to deal with directly, but 
at least in the profinite case, we know what the characteristically simple groups are. 


Problem 2 Find examples of characteristically simple t.d.l.c.s.c. groups with 
E(G) = w + 1, without using a ‘stacking’ construction. 

There are known examples of non-discrete topologically simple groups of rank 
2, but reaching rank w + 1 is more difficult. By a ‘stacking’ construction, we 
mean a construction similar to that of Sect. 4.4; similar constructions can be used 
to produce weak type chief factors of rank w + 1, but only because one obtains 
a characteristically simple group in which every chief factor is abelian. More 
interesting would be to find an example of a characteristically simple group of rank 
@ + 1 that has non-abelian chief factors, but such that none of those chief factors 
are minimally covered. 


7.2  Well-Foundedness of Stacking Chief Factors 


If we have a subnormal chain Kp <1 K; <1 --- < K, (n = 1) of closed subgroups 
of some ambient t.d.l.c.s.c. group, then any minimally covered block a € ag will 
extend to K,. Let a; = aX and let 6; : BY" — BRM" be the extension map. 

As the following proposition shows, we cannot produce essentially different 
semisimple type factors by extending chief blocks from subnormal subgroups; all 
we are doing is increasing the number of copies of the simple group and possibly 


normally compressing those copies. 


Proposition 14 (See [11, Proposition 9.21]) Jf a, is of semisimple type, then so is 
a, and g-! (a;) is an antichain for all i. 

Once we are beyond rank w + 1, we also cannot produce a weak type chief factor. 
In other words, beyond this stage, the only way to increase the complexity of the 
chief factor via extensions from subnormal subgroups is to produce chief factors of 
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stacking type, and moreover to ‘stack’ the blocks repeatedly (meaning that 67! (aj) 
has a non-trivial partial order). 

Given constructions like Sect. 4.4, we can certainly form n-fold stacking factors 
for every n. Perhaps this can be continued transfinitely. However, for any given 
stacking type chief factor, we might hope that we can reduce it to topologically 
simple groups and groups of rank at most w + 1. We thus have a well-foundedness 
question. 


Question 1 Suppose that G =: Gp is a topologically characteristically simple 
t.d.lc.s.c. group. If Go is abelian, elementary with rank at most w + 1, or of 
semisimple type, we stop. Otherwise, we find a chief factor G; := K/L of Go 
that is regionally robust. Continuing in this fashion produces a sequence Go, Gi,... 
of l.c.s.c groups. Is it the case that any such sequence halts in finitely many steps? 
What about in the case that the group G is also elementary? 

We do not know the answer even for elementary t.d.l.c.s.c. groups. In this case, 
to prove well-foundedness it would be enough (assuming &(G;) > w + 1 and G; is 
of stacking type) for every regionally robust chief factor G;, of G; to be such that 
E(Gi+1) < &(G;). All elementary examples we know of have this property. 


7.3 Contraction Groups 


On ‘large’ stacking type chief factors K/L, the ambient group G has non-trivial local 
dynamics, which in particular imply the existence of a non-trivial contraction group. 


Definition 19 For a € Aut(G), con(@) := {x € G| a" (x) > lasn > oo}. 
Given g € G, con(g) := {x € G| g’xg™" > lasn — oo}. 


Proposition 15 Let G be at.d.l.c.s.c. group and let K/L be a chief factor of stacking 
type, such that €(K/L) > w + 1. Then there exists g € Gand L < A <\K such that 
gAg-! <A and A/gAg™ is non-discrete. Moreover, for any such g and A, we have 
con(g)NA Z£L. 

We appeal to the following observation due to George Willis: 


Lemma 10 (Willis) Let H be at.d.l.c. group, let a € Aut(H) and let D be a closed 
subset of H such that a(D) © D and (),,)a(D) = {1}. Then DN con(@) is a 
neighbourhood of the identity in D. 


Proof Let U be a compact open subgroup of H, let U_ = (),.,)@~"(U) and let 
v= = Un>o a~"(U_). 

Let V be a compact open identity neighbourhood in H. We see that a” (D) 1M U is 
a decreasing sequence of closed sets with intersection {1}. By the compactness of U, 
we have a” (D)NU C V for m sufficiently large, showing that a”(D)NU C con(q@). 
On the other hand, given x € DM U__, then for n sufficiently large, a”(x) € UL < 
U, and hence wt” € V. Thus DM U__ © con(a). 
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Now let V = a7!(U), write Y; = a/(D) M U and let m be such that Y,, C V. 
Let y € Y,,. Then y € V = a !(U), so a(y) € U. But we also have a(y) € 
a”t!(D) C a (D), so in fact a(y) € Y. Thus @(Y,,) is a subset of Y,,; in particular, 
a"(¥in) C U for all n => 0. It follows that Y,, C U_, and hence a~"(Y,,) GC U__. 
Now a" (Yn) = DN a~(U) is an identity neighbourhood in D contained in U__, 
and hence in DM con(a). oO 


Remark 5 It can in fact be shown (Willis, private communication) that in the above 
lemma, DM con(q@) is compact and open in D and that DM con(a) = DN U__ for 
any tidy subgroup U. 


Proof (of Proposition 15) Since (K/L) > w + 1, there exists a € Bx,,. Let 
A/L = (K/L)q. Since K/L is of stacking type, there must exist g € G such that 
gAg |! < A, and moreover A/gAg™! covers a. So A/gAg™! cannot be discrete. 

Now suppose g € Gand L < A < K are such that gAg"! < A and A/gAg™! 
is non-discrete. Let M = (),¢7 g”"Ag”". Then M is normal in K and A/M is not 
discrete. Let D = A/M, let H = K/M and let aw be the automorphism of H induced 
by conjugation by g. Then @ acts on H in the manner of Lemma 10, so conx/y(g) 
contains an open (in particular, non-trivial) subgroup of A/M. 

By [2, Theorem 3.8], we have conx/y(g) = conx(g)M. So in fact cong(g)NA # 
M and in particular con(g) NA € L. Oo 

We observe from the proof that M(con(g) N A) is an open subgroup of A. Using 
the fact that A/L = (K/L)q, we obtain the following. 


Corollary 12 Let A, g and M be as in the proof Proposition 15. Then 

A = M(k(con(g) N A)k! | k € K). 

Note that we are not claiming that the group (k(con(g) 9 A)k"! | k € K) is 
closed, but nevertheless the abstract product M(k(con(g) N A)k~! | k € K) suffices 
to obtain every element of A. 

It is tempting to speculate that the entirety of a stacking type chief factor is 
accounted for by contraction groups, as follows: 


Question 2 In the situation of Proposition 15, do we in fact have 
K = Licon(h)N K | he G)? 


More generally, it would be useful to develop a dynamical approach to stacking 
type chief factors, analogous to the theory developed for compactly generated 
topologically simple groups with micro-supported action. Here is a sketch of how 
one might proceed: 

Given a stacking type chief factor K/L, let &be the set of upward-closed subsets 
of the partially ordered set ae notice that “is a complete bounded distributive 
lattice under the operations of intersection and union. By Priestley duality, there is 
an associated ordered topological space X, which is a profinite space in which BUL 
is embedded as a dense set of isolated points. 
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Problem 3 Recall for all a,b € Da there exists g € G such that g.a < 6b. 
Reinterpret this as a property of (ordered) topological dynamics of the action of 
G/K on X \ Dea and use these dynamics to obtain further restrictions on the 
structure of G or its contraction groups as topological groups. 

A t.d.lc. group G is anisotropic (or pointwise distal) if con(g) = {1} for 
all g € G. This is a property that is clearly inherited by closed subgroups; by 
[2, Theorem 3.8] it is also inherited by quotients. However, as it is a ‘pointwise’ 
property, it in no way prevents G from having complicated dynamics globally. 

The class of anisotropic t.d.l.c.s.c. groups is mysterious at present. For example, 
there are topologically simple anisotropic groups G, but it is unknown if a 
topologically simple anisotropic group G can be in -_% or more generally, whether 
G can be non-elementary. 

Nevertheless, the essential role of contraction groups in stacking type shows that 
if anisotropic groups can be non-elementary or achieve large decomposition ranks, 
then topologically simple groups are the major source of complexity. We have found 
a potentially non-trivial situation where we really can break a t.d.l.c.s.c. group into 
topologically simple pieces (plus low rank pieces). 


Proposition 16 Let G be an anisotropic t.d.l.c.s.c. group. 


(i) Every chief factor of G of rank greater than w + 1 is of semisimple type. 

(ii) Let K/L be a normal factor of G such that (K/L) > @* + 1 (or K/L non- 
elementary). 
Then there is L < B < A < K such that A/B is a chief factor of G, §(A/B) = 
w* + 1 (respectively, A/B is non-elementary) and A/B is a quasi-product of 
copies of a topologically simple group. 


Proof 


(i) Let K/L be a chief factor of G of rank greater than wm + 1. Then K/L is not 
of weak type by Theorem 14, and it is not of stacking type by Proposition 15. 
Thus K/L must be of semisimple type. 

(ii) Now let K/L be a normal factor of G such that (K/L) > w* + 1. Then there is 

a compactly generated open subgroup H of K/L of rank at least w? + 1; if K/L 

is non-elementary, we can choose H to be non-elementary. By Corollary 9, H 

has a chief factor R/S such that (R/S) > w* + 1 (respectively, R/S is non- 

elementary). The corresponding block of H then lifts via Theorem 14 to a block 

a of G, with (a) > &(R/S) => w* + 1. We see that K/L covers a, so there 

exists L < B < A < K such that A/B such that A/B € a. By part (i), A/B 

is of semisimple type, that is, A/B a quasi-product of copies of a topologically 
simple group. 

oO 
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Abstract This is a series of lecture notes taken by students during a five lecture 
series presented by Anne Thomas in 2016 at the MATRIX workshop: The Winter 
of Disconnectedness. 


1 Introduction 


These lectures are based on the survey paper [21] of Farb, Hruska and Thomas. 
We give additional background in these lectures and update some results, including 
some answers to questions posed in [21]. Both the survey [21] and these lectures 
were inspired by the paper [31], which explores the theory of tree lattices and relates 
results to the classical case. The primary goal of these lectures was to present the 
main examples of polyhedral complexes and then use them to generate interesting 
examples of locally compact groups. Results are stated about these groups with a 
focus on lattices and comparisons with the well developed theory of Lie groups. 
Some results will be identical to results from Lie groups with identical proofs, some 
will require different techniques to prove and some will directly contrast. Using this 
point of view, it is possible to pull insight from one case to another, thus it is possible 
to gain insight into Lie groups by studying groups acting on polyhedral complexes. 
When possible, at the start of each section we give references which provide the 
reader with a deeper background into the topic which is beneficial but not required. 
The interested reader may want to read further than what is presented here. In that 
case we recommend the survey [21] which presents a long, but motivated, list of 
research problems. 


Notes prepared by Ben Brawn, Tim Bywaters and Thomas Taylor. 


A. Thomas (2!) 

School of Mathematics and Statistics, The University of Sydney, Carslaw Building, Camperdown, 
NSW 2006, Australia 

e-mail: anne.thomas @ sydney.edu.au 


© Springer International Publishing AG, part of Springer Nature 2018 561 
D.R. Wood et al. (eds.), 2016 MATRIX Annals, MATRIX Book Series 1, 
https://doi.org/10.1007/978-3-319-72299-3_24 


562 A. Thomas 


For the remainder of this section we define a notion of curvature on metric 
spaces and consider the basics of isometries on these space. We then give a short 
introduction to lattices and provide elementary examples. We finish with a rough 
intuition for symmetric spaces. This intuition is not meant to be a definition, but 
instead places future results in context. 

In Sect. 2 we standardise the notation we will be using for graphs and specifically 
trees. We then provide some results on tree lattices. In Sect. 3 we define a general 
polyhedral complex and see how previous examples fit this mould. We then explore 
results related to buildings which are an important example. Finally in Sect.4 we 
present examples of polyhedral complexes which have received recent attention in 
the literature. 


1.1 Models of Metric Spaces 


In this section we introduce the concept of metric spaces. We then define three 
fundamental examples of metric spaces. These are the unique n-dimensional 
Riemannian manifolds with constant sectional curvature 1, 0 and —1. In later 
sections, we will compare arbitrary metric spaces with these to define a notion of 
curvature in a general geodesic metric space. We suggest [10] as a very complete 
reference for this section. 


Definition 1 Suppose (X,d) is a metric space. A geodesic segment is a function 
y : [a,b] CR — X such that for all s, t € [a, b] we have 


d(y(s), y(t)) = |s — ¢. (1) 


A geodesic ray is a function y : [a,oo) — X such that for all s,t € [a, oo) Eq. (1) 
holds. A geodesic line is a function y : (—o0o,00) — X such that for all s,t € 
(—oo, co) Eq. (1) holds. 


Remark I We will often refer to a geodesic segment, ray or line by just geodesic 
when the context is clear. We also identify a geodesic y with its image in X. 


Example I Here we provide the examples of the three unique n-dimensional 
Riemannian manifolds with constant curvature 1, 0 and —1 respectively. Instead of 
defining the metric explicitly, it is equivalent to describe the geodesics in the space, 
as they determine the metric. 
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e Let S”’ denote the unit sphere in R” with the induced Euclidean metric. Then 
all geodesics are arcs of great circles. If two points are not antipodal then there 
is a unique geodesic connecting them. Alternatively there are infinitely many 
geodesics between two antipodal points. 

¢ Let E” denote n-dimensional Euclidean space. We make the distinction between 

”” and IR”; E” is not equipped with a vector space structure, nor is there a fixed 
origin. This allows us to work in a coordinate free manner. The geodesics in 
Euclidean space are straight lines. 

e Let H” denote n-dimensional real hyperbolic space. There are two models of 
hyperbolic space that we will use when convenient. 


— Consider the half plane model 
UM={2EC: Sz) > OF 


for Hi’. Then geodesics take the form of vertical lines or segments of 
semicircles perpendicular to the Real axis. These are shown in Fig. 1. 
— An alternative model H? is the Poincaré disk Z. This is given by 


B= i{x€EC: |x| < 1}. 


Geodesics in the disk are either diameters or arcs of circles perpendicular to 
the boundary of the unit disk. These are shown in Fig. 2. There is an isometry 
U@—> Ywhich wraps the Real axis into a circle with endpoints meeting at the 
point at infinity. 


Fig. 1 Geodesics in the upper half plane model of hyperbolic space 
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Fig. 2 Geodesics in the 
Poincaré disk model of 
hyperbolic space 


1.2. Curvature Condition and Isometries 


Given the spaces with constant sectional curvature described above we describe 
a notion of curvature in a general geodesic space. We focus on spaces with non- 
positive curvature. As we will see later, these spaces appear naturally in many 
settings. Again, [10] is a good reference for this section. 


Definition 2 For a metric space (X, d) we define the following: 


e We say (X, d) is geodesic if any two points can be connected by a geodesic. Note 
that we do not require this geodesic to be unique. 
¢ A geodesic triangle A(x, x2,x3) between points x), x2,x3 € X is a union 


ib] 67 € (1,2, 3) 


where [x;, xj] is a geodesic from x; to xj. A comparison triangle A(x), X2, x3) for 
A(x), X2, x3) in ‘2 is a union of geodesics 


(Jb, 3] 8.7 € (1,2, 333 


where [x;, xj] is the unique geodesic between points x;, x; € «? which are chosen 
to satisfy d(x;, xj) = d(x;,x;). If p € [x;,x;] C AQ, x2,x3), then a comparison 
point for p is the unique p € [%;, x;] with d(p, x;) = d(p, x;). 
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xy 7 
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Fig. 3 On the left we have a triangle in a CAT(0) space and on the right a comparison triangle in 
Euclidean space 


¢ We say A(x), X2, x3) satisfies the CAT(0) inequality if for any p,q € A(x, x2, x3) 
we have 


d(p.q) < d(p.q). 


Note that satisfying the CAT(0) inequality is independent of choice of compari- 
son triangle (see Fig. 3). 

e We call X a CAT(0) space if every geodesic triangle in X satisfies the CAT(0) 
inequality. 


Remark 2 Similarly we can define CAT(—1) and CAT(1) by comparing with H? 
and S? respectively. Because the sphere has finite diameter and so geodesics have 
finite length, to show a space is CAT(1) it only makes sense to compare triangles 
with diameters less than 27 [10, Part II]. It can also be seen that CAT(—1) implies 
CAT(0) and CAT(0) implies CAT(1) [10, Theorem 1.12]. 


Example 2 It is easy to see that E” is CAT(0) for all n € N. More generally a 
normed vector space is CAT(0) if and only if it is an inner product space, for a proof 
see [10, Proposition 1.14]. This shows that any Banach space that is not a Hilbert 
space is not CAT(0). 


Proposition 1 Suppose X is a CAT(O) metric space. Then there exists a unique 
geodesic between any two distinct points. 


Proof The following argument is presented pictorially in Fig. 4. Suppose x; and x2 
are two points and y; and y, are two geodesics from x, to x7. Then for any p; € yy 
there exists a unique p> € 72 such that d(x;, p,) = d(x, p2). We will show p; = po. 

Consider the triangle A(x, p;, x2) which is given by y; Uy2. Taking a comparison 
triangle A(x;, p,X2) we must have 


A(X1, Pi) + d(X2, pi) = A(X, 2). 
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Fig. 4 Two geodesics between two distinct points form a geodesic triangle which we can compare 
with a comparison triangle in Euclidean space. We see that the two geodesics must be equal 


This can only happen if p; is on the unique geodesic from x; to x2. This shows 
A(%1, Pi, X2) is in fact a line. Taking a comparison point p2 for p2, we must have 
P2 = pi. Applying the CAT(0) inequality we have 


d(pi,p2) < (Pi, p2) = 9. 


This shows y; C y2. A Symmetric argument gives the reverse containment and so 
we must have equality. 

We now define a natural way to compare metric spaces. From this we will be able to 
generate automorphism groups of a metric space. We consider examples and state 
some elementary results. 


Definition 3. An isometry g : X; — X2 is a surjective map between metric space 
(X,, d,) and (Xo, d>) such that 


di (x, y) = do(v(x), p()). 


It is easy to see that the set of isometries X — X forms a group under composition. 
Denote the group of isometries of X by Isom(X). 

It is not hard to see that an isometry is in fact a homeomorphism and that the 
existence of an isometry between two spaces is an equivalence relation which we 
call isometric. 


Example 3 In all of the following examples Isom(X) is in fact a Lie group. More 
details can be found in [10, Theorem 2.4]. 


¢ For X = S" we have Isom(S”") = O(n) where 
O(n) = {A € GL(n, R) : AA‘ = Id} 


is the orthogonal group. 

¢ Since all isometries of Euclidean space are compositions of translations and 
rotations, we have Isom(E”) = O(n) « R". 

* For X = Y, denote the orientation preserving isometries of Y by Isomt (%. 
Then 


Isom* (ZY = PSL(2,R), 
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which is the projective special linear group. The action is by Mobius transforms. 


That is, if 
I(¢ ‘) | € PSL(2, R) 
cd 


(°1) eater 
cd ~~ ezgtd 


This action is transitive on the unit tangent bundle. 


and z e€ Y then 


Example 4 Examples of elements in Isom*t (Y. These are also examples of ele- 
ments which are in the distinct classes outlined in Theorem | below. We recommend 
[27] as a reference for hyperbolic space and its isometries. 


ogi eh Th, 
Ie? oz LAM107 9” 


Note that this isometry fixes the point i. 


peat 


This isometry shifts the whole upper half plan to the right. It fixes one point in 
the boundary which is the point at infinity. 


/2 
* 7rR2z7= ga z. This isometry is a dilation away from the origin. It 
V2 


fixes two points on the boundary; namely the point at infinity and 0. It acts as a 
translation along the imaginary axis. 


The next theorem shows that the properties exhibited in the previous example 
classify isometries of Y% We will soon see that this classification extends beyond 
hyperbolic space. 


Theorem 1 ([10]) Let g be an orientation preserving isometry of the upper half 
plane. Then exactly one of the following holds: 


° @ fixes at least one point in Y, in this case we call 9 elliptic; 

¢ @ isnot elliptic and fixes precisely one point on the boundary, in this case we call 
g parabolic, 

¢ @ is not elliptic and fixes precisely two points on the boundary, in this case we 
call g hyperbolic. 
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Furthermore ¢@ is either elliptic, parabolic or hyperbolic if its trace is less than 2, 
equal to 2 or greater than 2 respectively. 

To extend the previous result to more general spaces we need an appropriate 
definition of boundary. 


Definition 4 Let X be a complete CAT(0) space. Call two geodesic rays y; and y2 
equivalent if there exists a constant K > 0 such that d(y; (1), y2(t)) < K. We define 
the visual boundary 0X of X to be the collection of equivalence classes of rays. 


Example 5 Standard examples of visual boundaries. 


* Since there are no geodesic rays in S* we have 0S* = @; 

* Two rays in E” are equivalent if and only if they are parallel. It follows that 
the visual boundary JE? = S!. Note that there is a natural topology on the 
visual boundary of a CAT(0) space that makes this identification with the circle 
a homeomorphism. 

¢ In Wwe have two rays y; and y2 equivalent if and only if they are asymptotic. 
Therefore the visual boundary of Wis the real axis union a point at infinity. 


Theorem 2 ([10]) Suppose X is a complete CAT(0) space with g an isometry of 
X. Defining elliptic, hyperbolic and parabolic as in Theorem 1, we have one of the 
following: 

° @ is elliptic; 

¢ @ is parabolic; 

° @ is hyperbolic. 


The following result is a useful consequence of the CAT(0) condition which we will 
refer to later. 


Proposition 2 Suppose a group G acts by isometries on a CAT(0) space X. Then: 


1. if Ghas a bounded orbit, for example if G is finite, then G fixes a point in X. 
2. the fixed set of G in X, denoted X®, is convex. 


Proof (Proof of 2) Let g € G, x,y € X© and y be the geodesic between x and y. If 
y # g-y pointwise, then we contradict uniqueness of geodesics in CAT(0) spaces. 
Therefore y C X° and X® is convex. This argument can be seen as a diagram in 
Fig. 5. 


Fig. 5 If the fixed point set gy 


of a group element is not 
convex, then x does not have x= Bx ie y=gry 
unique geodesics 


Y 
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1.3 Lattices 


In this section we introduce the concept of a lattice. This will be important for later 
sections and is the focus of many results. Lattices can be thought of as discrete 
approximations to non-discrete groups and so many results mentioned will be 
exploring how close this approximation can be. Results on the generalities of lattices 
can be found in [34]. 


Definition 5 Let G be a locally compact group with Haar measure jz. A lattice in 
G is asubgroup J” < G so that 


e I isa discrete subgroup of G. 
¢ I has finite covolume, that is u(G/I") < oo. 


A lattice I is cocompact (or uniform) if G/I” is compact, and otherwise is non- 
cocompact (or nonuniform). 
Lattices were originally studied in the setting of Lie groups. As tools, they have 
provided a large number of rigidity results. It is in recent work, which we will 
discuss later, that the study of lattices in groups which are not necessarily Lie groups 
has been explored. This is still an active area of research with many open problems. 
For a survey which includes many open problems and questions see [21]. 

For the following examples a vague notion of fundamental domain is used. If 
a group G acts on a space X, then the fundamental domain of this action is a set 
whose interior contains precisely one point of each orbit, usually with some other 
nice topological conditions. 


Example 6 The following are examples of lattices. 


¢ Let [© = Z < R" = G with group structure given by addition. The Haar 
measure jz on G is the usual Lebesgue measure. Then I" is clearly discrete and 
G/T is the n-torus. Thus I” is a cocompact lattice in G. It can be shown that 
any lattice in R” is isomorphic to Z” and hence is cocompact. Figure 6 gives a 
diagram of the fundamental domain for this action in the case of n = 2. 


Fig. 6 The fundamental 
domain for Z? acting on R? 
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Fig. 7 The fundamental domain for / = SL(2, Z) acting on Y% The domain is a triangle with a 
corner at infinity 


¢ Let © = SL(,Z), G = SL(2,R). The following also applies to projective 
special linear groups. For the sake of avoiding cosets we restrict our attention to 
the special linear groups.It is clear that I” is a discrete subgroup of G. 


Theorem 3 I" is anon-cocompact lattice in G. 
Set K = SO(2, R) = Stabg(i). Then G/K can be identified with Y by the map 
g +> g(i) and action of I’ on Winduces a tessellation. Now I” is generated by 


“= Le and v = nt 
“XO ~ \-10)" 
The fundamental domain of I" is a triangle with one vertex at oo, see Fig. 7. It 


can be shown that I” is a nonuniform lattice as this triangle has finite area. It can 
also be shown W/I" = (G/K)/T is a modular surface. 


The group J” = SL(2, Z) in the previous example is a first example of an arithmetic 
group. Roughly speaking, an arithmetic group is commensurable to integer points. 
The next result gives a restriction on which groups can appear as lattices in Lie 
groups. 


Theorem 4 ([32]) Jf Gis a higher rank semisimple Lie group, for example SL(n, R) 
for n = 3, then every lattice in G is arithmetic. 


1.4 Symmetric Spaces 


Roughly, a symmetric space is a Riemannian Manifold with a “highly transitive” 
isometry group such that the stabiliser at each point contains an element with 
derivative —1. The spaces S”, E” and H” are all examples of symmetric spaces. 
Symmetric spaces are used to study Lie groups and their lattices. There is a current 
research focus to use trees, buildings, and other polyhedral complexes to study other 
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locally compact groups and their lattices, for example SL,(Q,), SLi(F,((4)) and 
Kac-Moody groups. These two methods of study can be seen as analogues. By 
comparing the two situations, we gain insights into classical Lie groups from the 
non-Lie group setting. In the other direction, insights from the Lie group setting can 
be applied to locally compact groups, even if the techniques used to prove results are 
vastly different. We give two references for more information concerning symmetric 
spaces. We give [26] as a standard reference and [19] as an almost self-contained 
treatment of the nonpositive curved case. 

The following result was proved by Weil [42, 43] for Lie Groups and has recently 
been generalised. The proof uses the Rips complex whereas the proof for Lie groups 
relied on the differential structure of a Lie group. 


Theorem 5 ([22, Theorem 1.1]) Jf G is a compactly generated locally compact 
group and I" is a cocompact lattice in G, then I" is topologically locally rigid. 


2 Graphs and Trees 


The automorphism group of a regular tree is a standard example of a locally compact 
group outside the realm of Lie groups. They are quite simple to define, yet there are 
many interesting results for which they are the focus. In this section we define these 
groups and consider some results concerning lattices. 


2.1 Graphs and Notation 


Graphs are versatile tools for generating interesting examples of groups and then 
studying them as well as being of interest on their own. For example, automorphism 
groups of trees and their subgroups will the be the subject of many results 
concerning lattices in locally compact groups. We will also consider right-angled 
buildings which are encoded by graphs. The following definition is to ensure 
notation is standard. There are many introductory texts on graphs. 


Definition 6 A graph X consists of a vertex set VX, an edge set EX with an 
involution e +> @ such that e ~ @, and maps i,t : EX — VX such that for all 
e € EX, i(é) = t(e) and t(@) = i(e). We call é the ghost edge of e and often omit it 
in diagrams (Fig. 8). For a given graph X we define the following: 


¢ A path is a sequence of edges e),..., &, so that t(e;) = i(e;+1) (see Fig. 9). 

¢ A reduced path is a path where e;+; 4 @. 

e We say X is connected if any two vertices are connected by a path. 

e We say X is a tree if X is a connected and any two vertices are connected by a 
unique path (Fig. 10). 
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Fig. 8 An edge with its ghost edge 


i(e1) e| e2 e3 e4 es t(es) 
o——_______e- + —__—_____—_o——_ —oe—_ —« 


Fig. 9 A path in a graph 


Fig. 10 A finite tree with ghost edges omitted 


* If X is a tree, then we call X regular with degree n if |7'(v)| = n for all v € VX. 
In general we call |i~!(v)| the degree of v. We denote by 7, the unique infinite 
regular tree of degree n. 

e We can view X as a metric space with the path metric. We identify edges with the 
unit interval and have length 1. The distance between two vertices is the length 
of a shortest path between them. 

¢ A graph automorphism ¢ is a pair of bijections gy : VX — VX and ¢g : EX > 
EX such that @y commutes with f and i and ¢g commutes with the involution 
e — e. If X is a tree, dy completely determines ¢g and so we identify @ with dy. 

¢ The set of ends of a tree is the set of geodesic rays originating from a fixed vertex 
v. It is an exercise to show that this definition is independent of choice of v and 
corresponds to the visual boundary. 


It is an exercise to show that a graph is CAT(0) if and only if it is a tree. This can 
be done by recalling that CAT(0) spaces have unique geodesics. We can classify 
tree automorphisms using Theorem 2. It is an exercise to show that trees have no 
parabolic isometries. 
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Fig. 11 A depiction of the action of an automorphism of a tree which fixes a vertex r and but 
swaps the vertices v; and v2 


v h(v) i? (v) 


AU . h(u) ah? (u) 


Fig. 12 A depiction of the action of a hyperbolic automorphism h of T; 


Elliptic automorphisms can be viewed as automorphisms of rooted trees. If 
fixes a vertex r, then we can view @ as an automorphism of the tree with root r. See 
Fig. 11 for a depiction of this action. If @ flips an edge, that is ¢(e) = @, then we 
can subdivide e into two edges. Now ¢ fixes a new vertex which was originally the 
midpoint of e. A group I’ acts without inversions on a tree T if for all e € ET and for 
all g € I’, ge # @. This can always be achieved by subdividing edges if necessary. 
This is the same as taking a barycentric subdivision of each edge as described in 
Fig. 25. 

The other type of automorphism of a tree is hyperbolic. If an automorphism h 
is hyperbolic, then h translates along a bi-infinite geodesic between the two distinct 
points in the boundary which are fixed by the automorphism. See Fig. 12 for more 
information. 


2.2. Tree Lattices 


If T is a locally finite tree, that is the degree of each vertex is finite, then 
Aut(T) is totally disconnected and locally compact. Assume that Aut(7) acts 
without inversions, then vertex stabilisers in Aut(T) are precisely maximal compact 
open subgroups. They can be realised as the projective limit of finite groups by 
considering the action of the stabiliser on balls of increasing radius centred at the 
fixed vertex. For a complete reference on lattices in trees we recommend [4]. 


Proposition 3 We have the following results concerning lattices in Aut(T). We use 
T/T" to the denote the quotient of T by the action of I. 
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¢ A subgroup I. < Aut(T) is discrete if and only if I’ acts on T with finite 
stabilisers. 
e If T is discrete, then: 


1. I’ is acocompact lattice if and only if the quotient T/T is finite. 
2. I" is anon-cocompact lattice if and only if T/T is infinite and 


1 
ior 


where this series is the sum over representative vertices v from every I°-orbit 
on T. This assumes that Aut(T) acts cocompactly on T. 


Theorems 6 and 7 highlight the different behaviours exhibited by lattices in Lie 
groups and lattices in Aut(7). Theorem 6 shows that for a given measure on SL2(R), 
we are limited by how closely we can approximate by lattices. 


Theorem 6 ((37, Theorem 5]) /f I” is any lattice in G = SL»(R) and x is the 
standard Haar measure on G, then u(G/I) = 3. More generally for any Haar 
measure |t on G, there exists ¢ > 0, dependent on p, such that for all lattices 
0 <G, w(G/T) =e. 

Theorem 7 is in direct contrast with Theorem 6 by not only saying that there exist 
lattices with arbitrarily small covolume in Aut(T), but they can also be chosen to 
be in different commensurability classes. We say that two subgroups H; and AH of 
a group G are commensurable if there exists g € G such that gH;g~! M Hp has 
finite index in gH,g~! and Hp. In particular conjugate lattices are commensurable. 
Being commensurable is an equivalence relation on subgroups of G and hence we 
can define commensurability classes. 


Theorem 7 ({20, Corollary 1.2]) Let G = Aut(T,,), m > 3, then for every 
r > 0, there exists uncountably lattices in G of covolume r, all in different 
commensurability classes. 

A key tool for studying tree lattices is Bass-Serre Theory. The fundamental theorem 
of Bass-Serre theory gives a correspondence between groups acting on trees without 
inversion and graphs of groups. See [36] for more information. 


Example 7 Using Bass-Serre theory, we can describe certain lattices in Aut(T3) 
using graphs of groups. 


¢ Let I” be the fundamental group of the edge of groups in Fig. 13. Then I” is 
equal to C3 * C3, where * denotes the free product, and I” is a cocompact lattice 
in Aut(73), acting with quotient a single edge. 


{Ut 


C3 O_O 


Fig. 13. An edge of groups which gives a lattice in Aut(T3) 
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{1} Co C4 Cs Ci6 


Fig. 14 A graph of groups which gives a non-cocompact lattice in Aut(73) 


¢ The subgroup of Aut(T3) determined by the graph of groups shown in Fig. 14 is 
a lattice which is not cocompact. Checking the condition of Proposition 3 part 2, 
we have 


~ eee Ou Sao es < 
ie ee ee ae a; 


3 Polyhedral Complexes 


Polyhedral complexes are a geometric construction which can be used to study 
classes of groups. There are many ways this can be done. In this section we 
will focus on buildings which are geometric objects that can be associated to 
certain groups. Results show that they essentially determine the group that they 
are associated to. We will see that infinite trees where each vertex degree at least 2, 
which are precisely the buildings of dimension 1, behave differently to buildings of 
higher dimension. Along the way we will define some geometric tools that can be 
used to study more general polyhedral complexes and state how these tools can be 
applied to the study of buildings. We finish the section by comparing results in the 
different classes of groups we have seen thus far. 


3.1 The Definition of a Building 


We define buildings from the view of polyhedral complexes. This is one of many 
ways one can define a building. Once we have reached the definition and given 
some elementary examples we will provide a short history of their development. 
The theory of buildings is very developed and is deeper than presented here. For 
more information we suggest [29]. 

For this section let X” denote either S", E”, or H”. For the following definition a 
polytope is a finite intersection of half spaces. We say a polytope is simple if each 
vertex is adjacent to precisely n — 1 edges. This is equivalent to the link of each 
vertex, as seen in Fig. 17 and Definition 10, being an n — | simplex. 
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Fig. 15 Triangles for the triples of integers (2,2,2), (3,3,3) and (4,4,4) in S’, E?, H? 
respectively Here we are using the Poincaré disk model of hyperbolic space 


Definition 7 A Coxeter polytope P in X” is a convex simple compact polytope 
contained in X” such that for any two codimension | faces Fj, F; of P, either F; and 
F; are disjoint or they meet at dihedral angle -, where mj > 2 is an integer. 

yy 


Example 8 Suppose p, q,r are integers at least 2. If a + a + = is greater than z, 


equal to zr, or less than zr, then there exists a triangle in S*, E? or H? respectively 
with interior angles = 2 2. For explicit examples see Fig. 15. 


Theorem 8 ([17]) Let P be a Coxeter polytope. For each codimension | face F; let 
5; be the reflection of X" in the hyperplane supporting F;. Then the reflection group 
W := (s;) < Isom(X”") is a Coxeter group. Moreover, W is a discrete subgroup of 


Isom(X") and the action of W tessellates X" by copies of P. 
Definition 8 A spherical, Euclidean or hyperbolic polyhedral complex X is a CW- 


complex where each n-cell is metrised as a convex, compact polytope in S”, E” or 
HM” respectively, such that the metrics agree on intersections of closed cells. 


Example 9 The following are examples of polyhedral complexes: 


e The geometric realisation of a graph with the path metric has each 1-cell metrised 
as [0,1] c El. 
¢ Tessellations of X” by regular polygons. 


Consider a path, that is a continuous image of the closed interval, between two points 
in a polyhedral complex. This path must intersect with finitely many polytopes. Call 
the path a string if the intersection with each polytope is a geodesic in that polytope. 
We can define a length for each string by summing up these the lengths of the 
geodesics which union to the whole string. The taut string metric can be defined by 
taking the infimum of lengths of strings between any two points. 


Theorem 9 ([8, Theorem 1.1]) /f a polyhedral complex X has finitely many 
isometry types of cells, then X is a geodesic metric space when equipped with the 
taut string metric. 
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Fig. 16 An apartment in a rank | Euclidean building 


Definition 9 Let P C X” be a Coxeter polytope and W = W/(p) be the group 
generated by reflections in its codimension | faces. A building of type W, A, is 
a polyhedral complex which is a union of subcomplexes, called apartments, each 
isometric to the tessellation of X” induced by the action of W. Each copy of Pin A 
is called a chamber. We require that the following axioms hold: 


e Any two of the chambers are contained in a common apartment. 
¢ Given any two apartments Aj, Az, there is an isometry Ay — A» which fixes 
A, M Az pointwise. 


A building is spherical, Euclidean or hyperbolic as X” is S", E” or H” respectively. 
It is common for a Euclidean building to be referred to as an affine building. The 
rank, or dimension, of the building is defined to be n. 


Example 10 We have the following examples of buildings: 


* Take X = E, P = [0,1] and W = (50,51) = (so, 51|s3 = st = 1) & Doo. Then 
building of type W is a tree without leaves, such as T;. Apartments are copies 
of the line tessellated by unit intervals, and chambers are edges in the tree. An 
apartment with the action of W is given in Fig. 16. 

° Take X* = E?, P = [0,1] x [0, 1] and 


W = (51, 52,53, 54) = (51,53) X (52,54) & Doo X Doo. 


A building of type W is a product of trees, and the chambers are Euclidean 
squares. For a given vertex in the product we can define a graph which captures 
the local structure at that vertex. We call this graph the link of v. It has a vertex 
for each | dimensional face incident to v. Two vertices are connected by an edge 
if the are part of the same 2 dimensional face. For example, take v € T3 x T3 
which is shown in Fig. 17. Then v is incident to precisely six edges. Forming 
vertices for each of these edges and connecting them by an edge if they form part 
of a square, we see that the link of v is precisely the complete bipartite graph with 
six vertices K33, see Fig. 22. Conversely, any simply connected square complex 
such that the link of each vertex is a complete bipartite graph is a product of trees, 
see [11]. 

* For p = 5 and gq => 2 define the building J,,, to be the unique simply connected 
hyperbolic polygonal complex (2-dimensional polyhedral complex) in which all 
faces (2-cells) are regular right angled hyperbolic p-gons, and the link of every 
vertex is Ky. [pq is a building of type W where W = (reflections in faces of P) 


578 A. Thomas 


o 


and P is the regular right-angled hyperbolic p-gon. One apartment is a tessellation 
of H*. This example is referred to as Bourdon’s building and was first studied in 
[6]. It is the first example of a hyperbolic building. It is locally a product space, 
but not globally a product. 


Fig. 17 A vertex with v the 
product 73 x T3 with all 
chambers incident to v 


3.2. Original Motivation for Buildings and Bass-Serre Theory 


Buildings were originally developed to study reductive algebraic groups over non- 
archimedean local fields. Examples include SL, (Q,) and SL, (F,((#))). Given such 
a group G(F), the affine building for G(F) is analogous to the symmetric space 
for a Lie group. The building has a set of chambers G(F)/J, where J is an Iwahori 
subgroup of G(F). The subgroup J is a compact open subgroup of G(F) and is 
analogous to a Borel subgroup of an algebraic group. If G = SL, (Q,), then 


Zs lip iv 228 Zp 
pL Zy 
l= : EG 
Zy Zp 
Php cvvies pZy ZF 


Apartments of the affine building associated to G(F’) are tessellations of Euclidean 
space induced by the action of the associated affine Weyl group W. In the case when 
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SO 


Fig. 18 The action of $3 « Z? on R? 


G = SL,(Q,) and W = $3 x Z?, Wis generated by three reflections in Euclidean 
space. Their action is demonstrated pictorially Fig. 18. 

Vertices of the building for G(F’) are cosets in G(F) of maximal compact 
subgroups of G(F). The group G(F) acts chamber transitively on its building with 
compact stabilisers. 

It is not the case that every building is associated to a group in the way we 
have described. When the building is associated to a group, Tits showed that in 
this setting, the group is essentially determined by the building. 


Theorem 10 ([41]) [f A is an irreducible (not a product) spherical building of 
dimension at least 2, or an irreducible Euclidean building of dimension at least 
3, then A is the building for some G(F). Moreover, Aut(A) = G(F) ™ Aut(F). 

There are many differences between affine buildings of rank 1 and buildings of 
higher rank. This is especially prominent when studying the groups for which the 
building is associated to. Part of the motivation for Bass-Serre theory was the study 
of this special case. This can be done since the affine building for a rank 1 group is 
by definition a tree. 


Example 11 The following are properties of rank | groups that can be shown using 
Bass-Serre theory. More details can be found in [36]. 


¢ Thara’s Theorem. We can decompose SL2(Q,) into the amalgamated free product 
SL2(Q,) = SL2(Zp) *] SL2(Zy). 
If A = T, is the building associated to SL2(Q,), then the result can be seen by 
noting that A/SL2(Q,) is the edge of groups Fig. 19. 


e¢ Set 


r =SL,(F,[f) < G = SLa(F,(("'))). 
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Fig. 19 An edge of groups which represents the action of SL2(Q,) on T, 


ij dB re i I 


SL2(q) ° . . > ° woes 
qj ro) RB qT Ts 


Fig. 20 The graph of groups for a non-cocompact lattice in SL2(F,((¢~!))), where lM, is given by 
Eq. (2) 
The graph of groups for I” has edge and vertex groups given by 


o=fG2) 


and is shown in Fig. 20. It can show that I” is a non-cocompact lattice in G. 


a<F*,b¢ F,{f],deg(b) <n} , (2) 


3.3. Gromov’s Link Condition 


We briefly explored the link of a vertex when considering a product of trees. In 
that setting we gave a sufficient condition for a polyhedral complex to be a product 
of trees. The sufficient condition was that the link of each vertex was a complete 
bipartite graph. We now formalise this notion of link and state more results that 
show how global structure can be inferred from local structure. 


Definition 10 Let X be a polyhedral complex and v € VX. The link of v, denoted 
by Lk(v, X), is the spherical polyhedral complex obtained by intersecting X with a 
small sphere centred at v. 

Although the link is a local structure, Theorem 11, also known as Gromov’s link 
condition, shows how one can imply global structure from local structure. 


Theorem 11 ({10]) Let X be a simply connected polyhedral complex. 


1. If X is Euclidean, then X is CAT(O) if and only if Lk(v, X) is CAT(1) for each 
v € VX. 

2. If X is hyperbolic, then X is CAT(—1) if and only if Lk(v, X) is CAT(1) for each 
v € VX. 


There are two cases where it is easy to check whether vertex links are CAT (0): 


e« When X has dimension 2, Lk(v, X) is a graph with edge lengths given by angles 
in X. An example where X is the built from squares in R? is given in Fig. 21. 

In this setting Lk(v, X) is CAT(1) if and only if each embedded cycle has 

length at least 27. Similarly, if X is a product of trees or Bourdon’s building, then 
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Fig. 21 We have a link of a vertex v € Z? which is the 1-skeleton of a polyhedral complex which 
is a tessellation of R* by the unit squares. The link is the graph given by the circle. We can assign 
lengths of > to each edge 


Fig. 22. The link of a vertex in the product of two regular trees of degree 3 is a complete bipartite 
graph with six vertices. All the edges have length + and so the length of the shortest cycle is 27 


Lk(v, X) is the complete bipartite graph with edge lengths +. Using Theorem 11 
we can show that products of trees and Bourdon’s building are CAT(0). 

e X is a cube complex, that is, each n-cell is metrised as a unit cube in E”. 
Here, links are spherical simplicial complexes with all angles 4. Figure 21 


oe 
demonstrates this. 


A simplicial complex is flag if whenever it contains the 1-skeleton of a simplex, 
it contains that simplex. The following results can be shown using Theorem 11. 


Theorem 12 ([23]) An all-right spherical simplicial complex is CAT(1) ifand only 
if it is flag. 

Theorem 13 ([{16, 17, 33]) Euclidean buildings are CAT(0), hyperbolic buildings 
are CAT(—1). 


Theorem 14 ((9]) Let X be a CAT(0) polyhedral complex. Then Aut(X) contains 
no parabolic isometries. 
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3.4 Comparisons of Results 


Here we compare analogous results for groups acting on trees, higher-dimensional 
complexes and Lie groups. 


3.4.1 Quasi-Isometries 


Quasi-isometries play a fundamental role in geometric group theory. Often the 
notion of isometry is too exact, for example a group may have two different Cayley 
graphs, generated from different generating sets, which may not be isometric. 
However, the graphs will be quasi-isometric and so results shown about groups 
from their Cayley graphs will be quasi-isometric invariants. Properties such as 
hyperbolicity, growth rate and amenability are preserved by quasi-isometry. 


Definition 11 Suppose f : X; — X2 is a function between metric spaces (X1, di) 
and (X2, dz). We say f is a quasi-isometry if there exists constants A > 1 and B, C > 
0 such that: 


¢ Forallx,y € X 


1 
qu (x,y) — B < do(f(*),f)) S Adi (x, y) + B: 
¢ For each y € X> there exists x € X; such that 


dy(f (x), y) = G; 


It is an exercise to show that the existence of a quasi-isometry between two spaces 
is an equivalence relation and so it makes sense to talk about metric spaces as being 
quasi-isometric. 

Quasi-isometries can be seen as preserving the coarse metric structure as the 
following examples suggest. 


Example 12 Here we give examples of quasi-isometric spaces. The different 
examples we give are from different quasi-isometry classes. 


* The metric spaces R? and Z? are quasi-isometric, with (x,y) > (|x, |y]) a 
quasi-isometry; 

¢ If 7 and 7” are infinite regular trees with degree at least 3, then T and T” are 
quasi-isometric; 

e All compact metric spaces are quasi-isometric, in particular they are quasi- 
isometric to a single point. 


The previous example demonstrates that there are many quasi-isometric rank 1 
buildings which are not isometric, namely trees. The following result shows that 
this property is not shared with Euclidean buildings of higher rank. 
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Theorem 15 ((28]) Suppose A, and Az are two quasi-isometric Euclidean build- 
ings with dimension at least 2. Then A, and Ap are isometric. 

It was also shown in [28] that the above result holds for symmetric spaces of 
rank at least 2 and for nilpotent simply connected Lie groups. The two results are 
shown using a single proof. This is in contrast with the next result which requires a 
proof which differs greatly from the proof for symmetric spaces. The proof utilises 
conformal analysis on the visual boundary 


Theorem 16 ([7, 45]) If X and Y are any two hyperbolic buildings of dimension 2 
such that X and Y are quasi-isometric, then X and Y are isometric. For example, Ig 
is quasi-isometric to I, q' if and only if p = p' andq = q’. 


3.4.2 Lattices 


The structure of lattices contained within a group has been an active research area. 
In the case of Lie groups, these lattices are residually finite [46]. Residually finite 
groups have ample normal subgroups. This is a strong contrast to the following 
result. 


Theorem 17 ({11]) There exist simple uniform lattices in the automorphism group 
of a product of trees. 

The proof of the theorem uses some ideas and techniques from the study of lattices 
in Lie groups, for example the normal subgroup theorem, via Property (T), see [5]. 
It can also be shown that, unlike in other cases, a uniform tree lattice is virtually 
free. 

The original motivation for Kazhdan’s Property (T) was to show that lattices in 
higher rank Lie groups are all finitely generated. If we instead consider the case of 
lattices in other groups the situation is quite different. We have the following result 
for the rank 1 case. 


Theorem 18 ([4]) Non-uniform tree lattices (including lattices in groups whose 
building is a tree) are never finitely generated. 

If dim(X) > 2, the situation for lattices in Aut(X) is mixed. In some situations, 
for example an A> building or a triangular hyperbolic building (that is, chambers 
are hyperbolic triangles), then Aut(X) has Property (T), hence lattices in Aut(X) are 
finitely generated, see ((3, 15] and [47]). On the other hand, in [40] it is shown that 
if anon-uniform lattice /” < Aut(/,,,) has a strict fundamental domain (that is, there 
exists a subcomplex Y C J,,, containing exactly one point from each J"-orbit), then 
I’ is not finitely generated. 

The case of products of trees is still unknown. If I” is an irreducible non-uniform 
lattice on a product of trees is I” finitely generated? Any known examples of such a 
lattice is either an arithmetic group or a Kac-Moody group. All of these are finitely 
generated. 
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4 More Examples of Polyhedral Complexes 


In this section we consider specific examples of combinatorial objects which have 
yielded interesting group actions. Some of these examples will be specific types 
of buildings while another will be a polyhedral complex with a slightly weaker 
homogeneity condition than that of a building. 


4.1 Right-Angled Coxeter Groups, Their Davis Complexes 
and Associated Buildings 


The automorphism group of a right-angled building has recently been shown to have 
interesting properties which contrast with the results we have seen so far. 


4.1.1 Right-Angled Coxeter Groups and Davis Complexes 


Let I” be a finite simplicial graph with vertex set S. The associated right-angled 
Coxeter group Wr is 


Wr = (S|s° = 1s € S, st = ts if s and ¢ are adjacent in I). 


Example 13 Examples of right angled Coxeter groups associated with graphs: 


¢ Suppose I” consists of two disconnected vertices. Then 
Wr= (s, t| s* =fr= 1} = Deo. 


Note that this group is infinite. 
¢ If J is the complete graph on n vertices, then 


Wr= (Sienaaagls: = 1, sis; = 5)5; Vi,j) = (C)". 


In contrast with the case when I is given by two disconnected vertices, this 
group is finite. 


We can consider the Cayley graph Cay(Wr,5S). Recall that this is the graph with 
vertex set Wr and directed edges of the form (w, ws) for w € Wr ands € S. For 
each edge (s, t) in I” we get a square in Cay(Wr, S). For each triangle in I" we get a 
cube in Cay(Wr, S). For each K,, in I" we get a 1-skeleton of n-cube in Cay(Wr, S). 
These ideas are shown in Figs. 23 and 24. In general, for each K, in I” we get a 
1-skeleton of an n-cube in Cay(Wr, S). 
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se @ ft 


e e 
Ww ws 


Fig. 23 If we take an edge in I", we get a square in the Cayley graph of the right-angled Coxeter 
group associated to I” 


u 


S t 


Fig. 24 If we take a triangle in J”, we get a cube in the Cayley graph of the right-angled Coxeter 
group associated to I” 


Recall that a graph is CAT (0) if and only if it is a tree. Since trees have no cycles 
we see that the Cayley graph Cay(Wr, S) is CAT(O) if and only if I” has no edges. 
This is equivalent to Wr begin isomorphic to a free product of copies of C2. 

By identifying each n-cube with [0,1]” in IR”, we can fill in the cubes of 
Cay(Wr,S) and realise Cay(Wr,S) as a CAT(0) space. The fact that the resultant 
space is CAT(0) follows from considering the link of each vertex. It is not hard to 
see that these are all flag. Applying Theorem 11, one can prove Theorem 19. 


Theorem 19 ({17]) [f I" a finite simplicial graph with vertex set X, then 
Cay(Wr, S) is the 1-skeleton of a CAT(0) cubical complex. 

The resulting space is the Davis complex for Wr. For any Coxeter system (W, S) 
the Davis complex » is a piecewise Euclidean, CAT (0), finite dimensional, locally 
finite, contractible, polyhedral complex on which W acts cocompactly with finite 
stabilisers. In particular, W is a cocompact lattice in Aut(2’). For more information 
we suggest [17] as a reference. 

For a general Coxeter system (W,S), let I” be the graph with vertex set S, an 
edge labelled mj between each pair of vertices s;,5;, where (s;5;)"") = 1. We call 
I the Coxeter graph of (W, S) and say that I” is flexible if it has a non-trivial label 
preserving automorphism ¢ that fixes the star of some vertex. Theorem 20 shows 
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that flexible is equivalent to the automorphism group of the Davis complex being 
non-discrete. 


Theorem 20 ([(25]) Let I” be the Coxeter graph of a Coxeter system (W,S). Let © 
be the Davis complex of (W,S). Then Aut(2’) is non-discrete if and only if I” is 
flexible. 

Theorems 21 and 22 highlight differences between the Lie and non-Lie cases. They 
are in contrast with Theorems 6 and 18. The conditions on » are technical and left 
out. 


Theorem 21 ([39]) For certain &* with non-discrete G = Aut(’), there exists a 
sequence of uniform lattices (Iy,) with w(G/T,) —> b&(G/Ioo) for Too a non- 
uniform lattice. Moreover, Iq is not finitely generated. 


Theorem 22 ([44]) For certain } with non-discrete G = Aut(’), G admits 
uniform lattices of arbitrarily small covolume. 


4.1.2 Right-Angled Buildings 


Now that we have a notion of a right-angled Coxeter system, a natural question to 
ask is what this extra structure brings to the setting of buildings. In this section we 
state some results with this in mind. 


Theorem 23 ([2, 24]) Given any right angled Coxeter system (Wr,S) and a 
collection of cardinalities {qs : s € S} each of at least 2, there exists a unique 
building of type (Wr, S) such that each panel of type s has qs chambers incident. 


Remark 3 The apartments in the above building are copies of the barycentric 
subdivision of the Davis complex for Wr. An overview of a barycentric subdivision 
is given in Fig.25. The automorphism group of this building is locally compact if 
each q; is finite, it is non-discrete if Wr is infinite and there exists qg;,q, = 3 with 


st # ts. They are also a source of simple groups as shown in Theorem 24. 


Theorem 24 ((12]) The automorphism group of a right-angled building is virtually 
simple. 
Theorem 25 shows that a right-angled building is a CAT(0) space. 


Theorem 25 ([16, 17, 33]) A right-angled building A of type Wr is a CAT(0) 
space. The following are equivalent: 


¢« Acan be equipped with a piecewise metric so it is CAT(—1) and hence Gromov 
hyperbolic. 

¢ Wr is word hyperbolic; 

¢ I contains no non-empty squares; that is, if ” contains a 4-cycle, then it contains 
a diagonal. 


Corollary 1 Suppose Wr is word hyperbolic and A is a uniform lattice in a right 
angle building of type Wr. Then A is finitely-generated linear group. 
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Fig. 25 Here we have the 
barycentric subdivision of a 
square. The original square is 
shown in blue. For each face 
of the square there exists a 
unique point, called the 
barycentre, which is fixed by 
every isometry of the face. 
This can easily be seen as ‘the 
middle’ of each face. For 
each chain of faces 

F, C Fy C-:-, we take the 
convex hull of the barycentres 
of each face. We then split 
our square into the union of 
the hulls to obtain a simplicial 
complex 


Proof (Proof Idea) The proof uses Agol’s Theorem, see [1], which states that if a 
group acts properly, discontinuously and cocompactly on a Gromov hyperbolic cube 
complex, then it is linear. 
Compare Burger-Mozes groups acting on products of trees which are certainly 
linear, since finitely generated linear groups are residually finite. 

Recall that a tree is regular if each vertex has degree n. A tree is bi-regular of 
degrees n; and np if each vertex has degree n; or nz and if u and v are adjacent 
vertices with degree of v is m1, then the degree of u is nz. For m1, n2 => 2, Denote the 


unique infinite bi-regular tree of degrees n; and nz by Th, ny. 


Theorem 26 ([38]) Jf Aut(A) is non-discrete where A is a right-angled building, 
then for each r > O there exists uncountable many commensurability classes of 
lattices in Aut(A) with covolume r. 


Proof (Proof Idea) Promote groups acting on T,, 4, to complexes of groups acting on 
A. This takes uniform (respectively, non-uniform) lattices in Aut(7,, ,) to uniform 
(respectively, non-uniform) lattices in Aut(A) whilst preserving covolume. 


Remark 4 Caution should be used with this technique. Unlike the case of graphs 
of groups, not every complex of groups comes from a group action. This is 
demonstrated in Fig. 26. 

There is a sufficient condition for complexes of groups to be developable, that is 
local groups embed into fundamental groups. A complex of groups is developable 
if and only if the complex of groups has a universal cover on which its fundamental 
group acts inducing the complex of groups. 

For more information on complexes of groups we suggest [10]. 

Recently in [18] the concept of universal groups acting on trees with prescribed 
local action has been extended to groups acting on right-angled buildings. Then 
the authors find examples of simple totally disconnected locally compact groups. 
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Fig. 26 A complex of groups (a,b|aba~! = b?) 
which does not come from a 

group action. The 

fundamental group of this 

triangle is (a, b, claba~! = 

b’,cac! =a’, bch = (a) (b) 
c”). However, this group is 

trivial. So none of the groups 

at each vertex or edge embed 


into the fundamental group (c,a|cac~! = a2) (b,clbeb~! = c2) 


To define a universal group acting on a tree, one starts by labelling the edge set 
of the tree. For a building, the authors adopt a combinatorial point of view of A. 
It’s a graph with vertex set the chambers and an edge of colour s between any two 
chambers which meet in a panel of type s. Now an apartment is a copy of the Cayley 
graph for Wr with generators S. An s-panel is a complete subgraph on gq, vertices. 
The labelling they choose for each s-panel is a finite subgroup F, < Sym(q;). 


4.2 Kac-Moody Buildings 


Here we give a short mention of Kac-Moody groups and associated buildings. These 
groups can be thought of as infinite dimensional Lie groups. Alternatively, they also 
behave like arithmetic groups. Suppose A is a minimal Kac-Moody group over Fy. 
That is, A has a presentation with generating set which are the root subgroups 


Uy = (Fa, +) 


and commutator relations. Then A has a Weyl group W, which is a Coxeter group 
with presentation 


(S : s? => 1, (sjsj)"" — 1), 


where mj € {2,3, 4, 6} U {oo}. Note that by convention mj = oo means the s;s; has 
infinite order. 

Now A has twin Iwahori subgroups /* and J~. We can define two buildings AT 
and A™~ of type W such that A~ has chambers A/J~ and apartments isomorphic to 
copies of the Davis complex of W. Then A acts on At x A7. 


Theorem 27 ([14, 35]) With A as above we have; for q large enough: 


* A is a non-uniform lattice in Aut(At x A~). This generalises SL,(F,[t, t~')), 
which is an irreducible lattice in SLy(F,((0))) X SLa(Fy((t-'))). 
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* The stabiliser of v € At in A is a non-uniform lattice in Aut(A~). This 
generalises the Nagao Lattices SL,(F,[f]) in SL, (F,((t'))). 


Theorem 28 ([13]) [f the Weyl group W is 2-spherical, that is if mj is finite for all 
i and j, infinite, non-affine and q is sufficiently large depending on W, then A mod 
out by its finite centre is abstractly simple. 


Remark 5 Compare Theorem 28 with the example given by the universal Burger 
Mozes lattices. 


4.3 (k, L)-Complexes 


Here we define a complex which is a generalisation of many of the geometric 
structures we have seen previously. Preliminary results hint that this is a promising 
setting for results. A (k, L)-complex is defined by choosing a k-gon for which all 
2-dimensional faces will be isometric to and graph L which describes how the faces 
are glued together at each vertex. The resulting structure are still homogeneous in 
the sense that the link at each vertex is the same. 


Definition 12 A (k, L)-complex is a simply connected polyhedral complex where 
each 2-dimensional cell is a regular k-gon and the link of each vertex is the graph L. 


Example 14 The product of trees T,, x T, is a (4, Kmnn)-complex. 

It is interesting to ask for which pairs (k, L) do there exist (k, L)-complexes and, 
given existence, is any such complex unique. The following results are progress 
towards an answer. 


Theorem 29 ([2]) Provided (k, L) satisfy the Gromov link condition, there exists at 
least one (k, L)-complex. 


Theorem 30 ((2, 24]) There exist uncountably many (6, K4)-complexes which are 
not pairwise isomorphic. 


Definition 13 Fora vertex v ina graph L, define St(v) to be the subgraph containing 
v and all vertices linked to v by an edge. For an edge e in L, define St(e) to be the 
collection of edges which share an endpoint with e. 

A graph L is vertex (respectively edge) star transitive if for all u,v € VL 
(respectively EL), every isomorphism St(u) — St(v) extends to an automorphism 
of L. 


Theorem 31 ((30]) Jf (k, L) satisfies the Gromov link condition, k > 4 and L is 
vertex star transitive and edge star transitive, then there exists a unique (k, L)- 
complex. 


Example 15 There are examples of pairs (k,L), where L is vertex star transitive 
and edge star transitive but the associated (k, L)-complex is not a building. Possible 
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Fig. 27 A well known 
example of an odd graph, 
namely the Peterson graph 


choices for L include complete bipartite graphs and odd graphs. For a well known 
example of an odd graph see Fig. 27. 
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A Survey of Elementary Totally ®) 
Disconnected Locally Compact Groups eed 


Phillip Wesolek 


Abstract The class of elementary totally disconnected locally compact (t.d.l.c.) 
groups is the smallest class of t.d.l.c. second countable (s.c.) groups which contains 
the second countable profinite groups and the countable discrete groups and is 
closed under taking closed subgroups, Hausdorff quotients, group extensions, and 
countable directed unions of open subgroups. This class appears to be fundamental 
to the study of t.d.l.c. groups. In these notes, we give a complete account of the 
basic properties of the class of elementary groups. The approach taken here is more 
streamlined than previous works, and new examples are sketched. 


1 Introduction 


In the general study of totally disconnected locally compact (t.d.l.c.) groups, one 
often wishes to avoid discrete groups and compact t.d.l.c., equivalently profinite, 
groups. For example, considering finitely generated groups as lattices in themselves 
is unenlightening, and the scale function on a profinite group is trivial. However, 
non-discreteness and non-compactness are often not enough by themselves. For 
example, every finitely generated group is a lattice in a non-discrete t.d.l.c. group 
simply by taking a direct product with an infinite profinite group. We thus wish to 
study t.d.l.c. groups that are ‘sufficiently non-discrete.’ 

What we mean by ‘sufficiently non-discrete’ is that there is a suitably rich 
interaction between the topological structure and the large-scale structure of the 
group in question. With this in mind, let us consider examples. Certainly discrete 
groups have weak interaction between topological and large-scale structure, since 
they have trivial topological structure. The profinite groups have the opposite 
problem: they have local structure but trivial large-scale structure. On the other hand, 
compactly generated t.d.l.c. groups which are non-discrete and topologically simple 
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Fig. 1 Interaction between Weak interaction | Strong interaction 

large-scale structure and Profinite groups, discrete groups Aut(T;,) 

topological structure abelian groups The Neretin groups 
profinite-by-discrete groups, e.g. 42 » Z SL, (Qp) 


have a rich interaction between topological and large-scale structure; examples of 
these include the Neretin groups, Aut(T7,)* for 7; the n-regular tree, the simple 
algebraic groups, and many others. Thinking further, it is clear that abelian groups 
and compact-by-discrete groups have much weaker interaction between topological 
and large-scale structure than that of the aforementioned simple groups, so these 
groups should be collected with the profinite groups and discrete groups (Fig. 1). At 
this point, it seems natural to conclude that any ‘elementary’ combination of groups 
with weak interaction should again have weak interaction. We thus arrive to the 
central definition of these notes: 


Definition 1 The class of elementary groups is the smallest class & of t.d.l.c.s.c. 
groups such that 


(i) &contains all second countable profinite groups and countable discrete groups. 
(ii) &is closed under taking closed subgroups. 
(iii) &is closed under taking Hausdorff quotients. 
(iv) is closed under taking group extensions. 
(v) If Gis at.dlc.s.c. group and G = Jj<x O; where (O;)ien is an C-increasing 
sequence of open subgroups of G with O; € &for each i, then G € & We say 
that is closed under countable increasing unions. 


The operations (ii)—(v) are often called the elementary operations. 


Remark I We restrict to the second countable t.d.Lc. groups. This is a mild and 
natural assumption which makes our discussion much easier. Any notion of being 
‘elementary’ must be ‘regional’ in the sense that it reduces to compactly generated 
subgroups, and compactly generated groups are second countable modulo a compact 
normal subgroup. Generalizing our notion of elementary groups to the non-second 
countable setting thus adds little to the theory. 

In these notes, we explore the class of elementary groups. In particular, the class 
is shown to enjoy strong permanence properties and to admit a well-behaved, ordinal 
valued rank function. This rank function, aside from being an important tool to study 
elementary groups, gives a quantitative measure of the level of interaction between 
topological and large scale structure in a given elementary group. 


Remark 2 The primary reference for these notes is [15]; the reader may also wish to 
consult the nice survey of Cesa and Le Maitre [5]. The general approach developed 
in these notes is different from that of [15]. Our approach follows that of [16]; in loc. 
cit., the class of elementary amenable discrete groups is studied, but the parallels are 
obvious. 
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2 Preliminaries 


For G a t.dl.c. group, we shall use @G) to denote the set of compact open 
subgroups of G. For K a subgroup of a group G, we use ((K))g to denote the normal 
subgroup generated by K in G. When clear from context, we drop the subscript. If 
His an open subgroup of G, we write H <, G. If H is a closed subgroup of G 
such that G/H is compact in the quotient topology, we say that H is a cocompact 
subgroup and write H <,, G. It is a classical result that cocompact closed subgroups 
of compactly generated t.d.l.c. groups are themselves compactly generated. 


2.1 Ordinals 


Ordinal numbers are used frequently in these notes; Kunen [8] contains a nice 
introduction to ordinal numbers and ordinal arithmetic. Recalling that a well-order 
is a total order with no infinite descending chains, the easiest definition of an ordinal 
number is due to J. von Neumann: Each ordinal is the well-ordered set of all smaller 
ordinals with 0 := 9. For example, 2 = {0,1} and 3 = {0, 1, 2}. Ordinal numbers 
are in particular well-orders themselves. For example, 2 is the two element well- 
order, and the first transfinite ordinal is @ := N. The second transfinite ordinal, 
@ + 1, is the well-order given by a copy of N followed by one point. The first 
uncountable ordinal is denoted by w;. An important feature of @;, which is often 
used implicitly, is that there is no countable cofinal subset. That is to say, there is 
no countable sequence of countable ordinals (q;)jen such that supjey @; = @1. We 
stress that w; is much larger than any countable ordinal. Ordinals such as w® or 
w®” are still strictly smaller than @,. Indeed, one can never reach @ via arithmetic 
combinations of countable ordinals. 

Given ordinals a and B, the ordinal w + 6 is the well-order given by a copy 
of a followed by a copy of £. Observe that the well-orders 1 + w and w + 1 
are thus not equal, since the former is order isomorphic to w while the latter is 
not, hence addition is non-commutative. Multiplication and exponentiation can be 
defined similarly. We shall not use ordinal arithmetic in a complicated way. The 
reader is free to think of ordinal arithmetic as usual arithmetic keeping in mind that 
it is non-commutative. 

Ordinals of the form a + 1| for some ordinal @ are called successor ordinals. 
A limit ordinal is an ordinal which is not of the form a + 1 for some ordinal a. 
The ordinals w, w + w, and @; are examples of limit ordinals. We stress that our 
definition implies 0 is a limit ordinal. 

An important feature of ordinals is that they allow us to extend induction 
arguments transfinitely. Transfinite induction proceeds just as the familiar induction 
with one additional step: One must check the inductive claim holds for limit ordinals 
A given that the claim holds for all ordinals a < 1. In the induction arguments in 
these notes, the limit case of the argument will often be trivial. 
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2.2 Descriptive-Set-Theoretic Trees 


We will require the notion of a descriptive-set-theoretic tree. This notion of a tree 
differs from the usual graph-theoretic definition; it is similar to the notion of a rooted 
tree used in the study of branch groups. The definitions given here are restricted to 
the collection of finite sequences of natural numbers; see [7, 2.A] for a general 
account. 

Denote the collection of finite sequences of natural numbers by N<N. For 
sequences 5 := (59,...,5,) € N<N andr := (1,....1m) € N<%, we writes Cr 
if s is an initial segment of r. That is to say,n < mands; = r; forO <i <n. 
The empty sequence, denoted by @, is considered to be an element of N<N and is an 
initial segment of any t € N<N. We define the concatenation of s with r to be 


Ss ri= (so, see Sn T0.--- Tm): 


For t = (to,...,t%) € N*<, the length of ¢, denoted by |r|, is the number of 
coordinates; i.e. |f| := k + 1. If || = 1, we write ¢ as a natural number, as opposed 
to a sequence of length one. For 0 < i < |t| — 1, we define t(i) := t;. For an infinite 
sequence a € NN, we seta [yi= (a(0),...,a(n — 1)), sow fre N<% for any 
n= 0. 


Definition 2 A set T C N<N is a tree if it is closed under taking initial segments. 
We call the elements of T the nodes of T. If s € T and there is non € N such that 
s-n € T, we say s is a leaf or terminal node of 7. An infinite branch of T is a 
sequence a € NN such that a },€ 7 for all n. If T has no infinite branches, we say 
that T is well-founded. 

For T a well-founded tree, there is an ordinal valued rank, denoted by pv, on the 
nodes of T defined inductively as follows: If s € T is terminal, pr(s) := 0. For a 
non-terminal node s, 


pr(s) := sup{pr(r) + 1 |sCreT}. 


The reader is encouraged to verify that this function is defined on all nodes of a 
well-founded tree. The rank of a well-founded tree T is defined to be 


p(T) := supf{pr(s) + 1 | s € T}. 


When T is the empty tree, p(7) = 0, and for all other well-founded trees, it is easy 
to verify that p(T) = pr(@) + 1. We thus see that p(T) is always either a successor 
ordinal or zero. We extend p to ill-founded trees by declaring p(T) = a for T an 
ill-founded tree. 

There is an important, well-known relationship between the rank pr on the nodes 
of T and the rank p on well-founded trees; we give a proof for completeness. For T a 
tree and s € T, we put T, := {r € N<N | sr € T}. The set T, is the tree obtained by 
taking the elements in T that extend s and deleting the initial segment s from each. 
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Lemma 1 Suppose that T C N<N is a well-founded tree and s € T. Then 


(1) pr(s) + 1 = p(Ts) and 
(2) p(T) = suptp(7;) | ie T} + 1. 


Proof Fixing s € T, we first argue by induction on p7,(r) that p7,(r) = pr(s~r). 
For the base case, pr,(r) = 0, the node r is terminal in T7,. The node s~r is thus 
terminal in T, hence pr(s~r) = 0. 

Suppose that the inductive claim holds for all r € T, with pr,(r) < 6 and say 
that pr,(r) = B. We now deduce that 


sup{pr,(t) +1 |rOteT;} 

= sup{pr(s*t) +1 | s°rO ste T} 
sup{pr(t) + 1 | s°rOte T} 

= pr(s~r) 


pr,(r) 


where the second equality follows from the inductive hypothesis. Our induction is 
complete. 

Taking r = @, we deduce that p7,(@) = pr(s). Therefore, p(T;) = pr,(8) +1 = 
pr(s) + 1, which verifies (1). Claim (2) follows from (1). 


3 Elementary Groups and Well-Founded Trees 


Classes defined by axioms, such as &; are often studied via induction on the class 
formation axioms. In the case of &, this approach has the unfortunate side-effect 
of cumbersome and technical proofs. We thus begin by characterizing & in terms 
of well-founded descriptive-set-theoretic trees. This gives an elegant and natural 
approach to the class of elementary groups. 

To motivate our characterization, consider a game in which a friend builds a 
t.d.l.c.s.c. group and asks you to determine if it is or is not elementary. Since 
your friend built the group, there must be some way in which the group can be 
disassembled. You could thus, in principle, devise a general strategy to disassemble 
the group which halts exactly when the group is elementary. 

Our characterization will be exactly such a strategy. Our decomposition strategy 
will alternate between eliminating discrete quotients and passing to compactly 
generated open subgroups. These operations will “undo” the closure properties (iv) 
and (v). A priori, there are other elementary operations that must also be “undone.” 
It will turn out that it is indeed enough to only consider (iv) and (v). (This is 
unsurprising in view of [10].) 


598 P. Wesolek 
3.1 Decomposition Trees 


Eliminating discrete quotients is accomplished by taking the discrete residual. 


Definition 3 For a t.d.l.c. group H, the discrete residual of H is 
Res(H) := { |{O | O <1, H}. 


The discrete residual is a closed characteristic subgroup of H. The quotient 
H/Res(#) also has a special structure. A t.d.l.c. SIN group is a t.d.1.c. group which 
admits a basis at 1 of compact open normal subgroups; note that t.d.l.c. SIN groups 
are elementary. 


Proposition 1 ([3, Corollary 4.1]) For Ga compactly generated t.d.l.c. group, the 
quotient G/Res(G) is a SIN group. 

To reduce to compactly generated open subgroups, we define a second operation. 
Let G be a t.d.l.c.s.c. group and U € UG). Fix y a choice of a countable dense 
subset of every closed subgroup of G; we call y a choice function for G. Formally, 
y is a map that sends a closed subgroup H < G to a countable dense subset {h;}ien 
of H; the axiom of choice ensures such a y exists. If L is a closed subgroup of 
G, then the restriction of y to closed subgroups of L obviously induces a choice 
function for L. We will abuse notation and say that y is a choice function for L. 

For H < Gclosed and n € N, we now define 


RU (H) := (UNH, ho, ...,hn) 


where the /fio,..., A» are the first n + 1 elements of the countable dense set of H 
picked out by y. For each n € N, the subgroup Re (H) is a compactly generated 


open subgroup of H. Furthermore, REY (A) < ore (A) for all n, and 


U, 
H=()R”(H). 
ieN 


The subgroups RE” A) thus give a canonical increasing exhaustion of H by 
compactly generated open subgroups. 

We now define a tree T(y,,)(G) and associated closed subgroups G, of G for each 
Se Tv.y)(G). Put 


© Oe T(v,y)(G) and Gg := G. 
* Suppose we have defined s € T(y,,)(G) and G, < G. If G, € {1} andn € N, 
then put s~n € T(y,))(G) and set 


Gyrn = Res (RU”(G,)). 
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Definition 4 For G a t.d.lc.s.c. group, U € WG), and y a choice function for G, 
we call T(y,,)(G) the decomposition tree of G with respect to U and y. 

The decomposition tree is always non-empty, and the subgroup associated to any 
terminal node is the trivial group. We make one further observation; the proof is 
straightforward and therefore left to the reader. Recall that T, is the tree below the 
node s in the tree T; precisely, T, = {r € N<N | s*r € T}. For a decomposition tree 
Tv,y)(G), we shall write T:y,)(G)s, instead of the more precise (Tv,)(G))s, for the 
tree below s. 


Observation 1 For any s € Tiv,)(G), Tru. (G)s = Tye,nu.y)(Gs). Further, for 
r € T(G,nu,y)(Gs), the associated subgroup (G;), is the same as the subgroup Gy-~, 
associated to s~r € Tiy,y)(G). 


Remark 3 By classical results in descriptive set theory, the choice function y can 
indeed be constructed in a Borel manner using selector functions; see [7, (12.13)]. 
The advantage of using selector functions to produce y is that the assignment 
Gt Tvy,7)(G) is Borel, when considered as a function between suitable parameter 
spaces. This allows for further descriptive-set-theoretic analysis of the class of 
elementary groups. See [16] for an example of such an analysis in the space of 
marked groups. 

The decomposition tree plainly depends on the choices of compact open sub- 
group U and choice function y, so there is no hope the decomposition tree outright 
is an invariant of the group. However, a decomposition tree comes with an ordinal 
rank, and this rank is a group invariant. That is to say, the rank of a decomposition 
tree does not depend on the choices of compact open subgroup and choice function. 


Proposition 2 Suppose that G is a t.d.l.c.s.c. group, U € MG), and y is a choice 
function for G. Suppose additionally that H is a t.d.l.c.s.c. group, W € WH), and 6 
is a choice function for H. If w : H — G is a continuous, injective homomorphism, 
then 


P(T ws) (2) < p(Tu.)(G)). 


Proof We induct on p(T(v,,)(G)) simultaneously for all G, U € @G), and y a 
choice function for G. The base case is obvious since p(7(y,,)(G)) = 1 implies 
G = {1}. We may also ignore the case of p(T(v,))(G)) = @1, since the proposition 
obviously holds here. 

Suppose p(Z(y,,)(G)) = B + 1. For each i, the subgroup RW is compactly 


generated, so there is n(z) with w (RI"(H)) < Ra (G). We thus have that 


W(Hi) = W (Res (Ri (H))) < Res (R\G!(G)) = Guo. 
The map y thereby restricts to y : Hj; — G,,;). Lemma | and Observation | imply 


P (TG nuy)(Gnw)) = P (Tw) (@naw) < B- 
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Applying the inductive hypothesis, we deduce that 


P (Tunnws) (Hi) < p (Teqynuy)(Gaw)) - 


Therefore, 


p(Twws)(A)) = supjen p (Tuanw.s) (Hi) + 1 
< supjen P (TeEyynu.y)(Gniiy)) + 1 
< p(Tw.)(G)), 


so p(Tiws)(H)) < B + 1. This finishes the induction, and we conclude the 
proposition. 

Proposition 2 ensures that the rank of a decomposition tree is indeed a group- 
theoretic property. 


Corollary 1 For Gat.d.l.c.s.c. group, U,W € MG), and y and 6 choice functions 
for G, p(Twy(G) = p(Tw.s)(G)). In particular, T(y,y)(G) is well-founded for 
some U and y if and only if T(y,))(G) is well-founded for all U and y. 

In view of Corollary 1, we make a definition. 


Definition 5 For a t.d.l.c.s.c. group G, the decomposition rank of G is 


§(G) := p(Twu,y)(G)) 


for some (any) U € @G) and y a choice function for G. 

Decomposition trees are a strategy to disassemble t.d.l.c.s.c. groups. Requiring 
the resulting decomposition tree to be well-founded is the obvious halting condition 
for this decomposition strategy. With this in mind, we define the following class: 


Definition 6 The class YW is defined to be the class of t.d.l.c.s.c. groups G with 
E(G) < a. Equivalently, YW is the collection of t.d.l.c.s.c. groups with some 
(equivalently every) decomposition tree well-founded. 

Our goal is to show that indeed 4 = G, verifying that well-founded decomposi- 
tion trees exactly isolate the elementary groups; the notation “4” will be discarded 
after establishing “4% = &. We shall argue for & C W by verifying that GF 
satisfies the same closure properties; the next section will make these verifications. 
The converse inclusion will be an easy induction argument. 


3.2 The Class UF 


Our analysis of the class WZ is via induction on the decomposition rank, so we 
first establish a computation technique for the rank. This technique allows us to 
avoid discussing decomposition trees. To establish this technique, let us first recast 
Proposition 2; our restatement also gives a first closure property of HF. 
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Proposition 3 Suppose that G and H are t.d.l.c.s.c. groups. If w :H > Gisa 
continuous, injective homomorphism, then &(H) < &(G). In particular, if H < G, 
then &(H) < &(G), so Y@& is closed under taking closed subgroups. 


Proposition 4 Suppose G € Y is non-trivial. 


(1) IfG = Ujen O; with (O;)ien an C-increasing sequence of compactly generated 
open subgroups of G, then €(G) = supjex €(Res(O;)) + 1. 
(2) If Gis compactly generated, then &(G) = &(Res(G)) + 1. 


Proof For (1), fix U € @G) and a choice function y for G. For each i, there is n(i) 


such that O; < Ra (Gy since O; is compactly generated. Therefore, 


Res(O;) < Res (RVG) = Gyii), 


and Proposition 2 implies &(Res(O;)) < €(Gii). We conclude that 


sup §(Res(O;)) + 1 < sup &(Gj) + 1 = &(G). 
ieN jeN 


On the other hand, (O;)jen is an exhaustion of G by open subgroups, so for each 
j, there is n(j) with RYG) < O,;). Therefore, G; < Res(O,,j)), and applying 
Proposition 2 again, 


&(G) = sup &(G;) + 1 < sup €(Res(Oj)) + 1. 
jeN ieN 


Hence, &(G) = supjey &(Res(O;)) + 1, as required. 

Claim (2) now follows immediately from (1) by taking the sequence (O;) jen with 
O; = G for all i. 

We now begin in earnest to verify that Y satisfies the same closure properties 
as &. A t.d.Lc. group G is residually discrete if Res(G) = {1}. From the definition 
of a decomposition tree, we see that any decomposition tree for such a group has 
rank at most 2. We thus deduce the following proposition: 


Proposition 5 All residually discrete groups are elements of WF. In particular, all 
second countable profinite groups and countable discrete groups are elements of 
WE. 

We next consider countable unions; we prove a slightly more general result for 
later use. 


Proposition 6 Suppose G is a t.d.l.c.s.c. group and (Oj)jen is an C-increasing 
exhaustion of G by compactly generated open subgroups. If §(Res(O;)) < @ for all 
i, then G € &. In particular, WF is closed taking countable increasing unions. 


Proof Fix U € @G) and y a choice function for G. Via Observation 1, the tree 
Tuy) (G) is well-founded exactly when T(g,qu,y) (Gj) is well-founded for all j € N. 
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For each € N, there is i ¢ N such that RY)G) < Oj, since RG) is compactly 
generated. We deduce that G; < Res(O;). Proposition 3 now ensures that (Gj) < 
@ , and thus, TG,nu.y) (Gi) is well-founded. We conclude that G « WF. 

We now turn our attention to quotients and group extensions. Our arguments 
here require several preliminary results. The first observation is immediate from the 
relevant definitions. 


Observation 2 If G is a t.d.lc. SIN group and L <i G, then G/L is a t.d.l.c. SIN 


group. 
Let us also note an easy fact about the discrete residual. 


Lemma 2 /f G is a compactly generated t.d.l.c.s.c. group and L <1 G, then 
Res(G/L) = Res(G)L/L. 


Proof Let x : G — G/L be the usual projection map. For every open normal 
O <1 G/L, the subgroup z~!(O) is an open normal subgroup of O. Hence, Res(G) < 
a! (Res(G/L)), and we deduce that Res(G)L/L < Res(G/L). 

Conversely, the group (G/L)/(Res(G)L/L) is a quotient of the SIN group 

G/Res(G). Observation 2 ensures (G/L) /(Res(G)L/L) is a SIN group and therefore 
residually discrete. We conclude that Res(G/L) < Res(G)L/L, verifying the 
proposition. 
A non-trivial permanence property of t.d.l.c. SIN groups will be needed. The 
argument requires the following easy application of the Baire category theorem, 
which we leave as an exercise: Every element of a discrete normal subgroup of a 
t.d.l.c.s.c. group has an open centralizer. 


Lemma 3 /fG is a compactly generated t.d.l.c. group and N <\¢¢ G is a SIN group, 
then G is a SIN group. 


Proof Fix U € @G) and form the subgroup UN. Since N is a SIN group, we may 
find W € &@N) with W < U and W JN. The normal closure J := ((W)) of W in 
UN is generated by U-conjugates of W, and thus J < U. Since N is cocompact in 
G, UN has finite index in G, so Nc(J) has finite index in G. Letting g),..., gy list 
left coset representatives for Ng(J) in G, we see that 


() eis" =( \ aie; 
i=1 


geG 


Defining K := (\,<g gJg ', it follows that K ¢ ZN) and that K 4G. 

Passing to G/K, the image z(N) is normal and discrete in G/K where z : 
G — G/K is the usual projection. The subgroup N is compactly generated, since 
cocompact in a compactly generated group, hence the subgroup (JN) is finitely 
generated. Moreover, since each generator of 2(N) has an open centralizer, 2(N) 
has an open centralizer. Say that Q <, 2(U) centralizes 2(N). Clearly, Q <I Qx(N), 
and using that z(N) is cocompact in G/K, we additionally see that Qz(N) has finite 
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index in G/K. Just as in the previous paragraph, there is L <, Q with L SJ G/K. It 
now follows that z~!(L) is an open normal subgroup of G contained in U. 

We conclude that inside every compact open subgroup U of G, we may find a 
compact open normal subgroup of G. That is to say, G is a SIN group. 

Our final subsidiary result is important outside the immediate application, 
because it allows one to go from a closed normal subgroup to an open subgroup 
with the same rank. 


Proposition 7 ({11, Lemma 2.9]) [fG € W@ with N << G closed and non-trivial, 
then &(G) = &(N). 


Proof Fix (Oj)ien a countable C-increasing exhaustion of G by compactly gener- 
ated open subgroups of G and put N; := NM O;. Each N; is open in N, and since 
Ni <ce Oj, it is also compactly generated. Proposition 3 ensures N € Y, and in 
view of Proposition 4, we infer that 


&(N) = sup &(Res(N;)) + 1. 
ieN 


We now consider the group O;/Res(N;). The subgroup N;/Res(N;) is a SIN group 
via Proposition 1, and it is cocompact in O;/Res(N;). Lemma 3 thus implies that 
O;/Res(N;) is also a SIN group, hence O;/Res(N;) is residually discrete. It now 
follows that Res(O;) = Res(N;). Applying Proposition 4 again, we conclude that 


§(G) = sup §(Res(Oj)) + 1 = sup §(Res(Nj)) + 1 = §(N), 
ieN ieN 


verifying the lemma. 
We are now prepared to show 4% is closed under taking quotients; the proof is 
an instructive illustration of the utility of Proposition 7. 


Proposition 8 If G € Y and L <i Gis closed, then G/L € UF with E(G/L) < 
&(G). 


Proof Fix U € @G) and fix (O;)ien an C-increasing exhaustion of G by compactly 
generated open subgroups such that U < Oo. 

We induct on &(G) for the proposition. The case of &(G) = 1 is obvious, and 
it will be convenient to take £(G) = 2 as the base case. Proposition 4 ensures that 
Res(O;) = {1} for all i, and in view of Proposition 1, we deduce that each O; is a 
SIN group. Since the class of SIN groups is stable under taking Hausdorff quotients, 
O;/O; 0 Lis also a SIN group for all i € N. On the other hand, G/L is the union of 
the increasing sequence (O;L/L)jen, and since O;L/L ~ O;/O; 0 L, each term of 
the sequence is a SIN group. Proposition 5 now ensures each O;L/L is in VF, so we 
conclude that G/L € WY via Proposition 6. From Proposition 4, we deduce further 
that (G/L) < 2. 

Let us now suppose that €(G) = 6+1 with 6 > 1. In view of Proposition 4, each 
R; := Res(O;) has rank at most 6. Furthermore, it cannot be the case that R; = {1} 
for all i, since then G has rank two. Throwing out finitely many O; if needed, we 
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may assume each R; is non-trivial. Each R; is then a non-trivial cocompact normal 
subgroup of UR;, so Proposition 7 implies §(UR;) = &(R;). Applying the inductive 
hypothesis, we infer that 


UR;/UR; OL ~ UR;L/L 


has rank at most f for each i. As R;L/L is a closed subgroup of UR;L/L, we deduce 
further that €(R;L/L) < B, via Proposition 3. 

The quotient G/L is the increasing union of the compactly generated open 
subgroups W; := O;L/L. Lemma 2 shows that Res(W;) = R;L/L, so our work above 
implies §(Res(W;)) < 8. Applying Proposition 6, we deduce that G/L « YF, and 
via Proposition 4, (G/L) < B + 1, completing the induction. 

We next show YF is closed under forming group extensions; our proof is inspired 
by a similar argument in [10]. 


Proposition 9 ({12, Lemma 7.4]) Suppose 
{(J>oN>3G>O>{} 


is a short exact sequence of t.d.l.c.s.c. groups. If N and Q are members of WF, then 
G € YW with 


§(G) < §(N) + &(Q). 


In particular, YW is closed under group extensions. 


Proof We induct on &(Q) for the proposition. The base case, §(Q) = 1, is obvious, 
so we suppose &(Q) = 6B + 1. 

Let zm : G > Q be the projection given in the short exact sequence, fix (O;)ien 
an C-increasing exhaustion of G by compactly generated open subgroups, and put 
W; := (Oj). The sequence (W,)jen is an exhaustion of Q by compactly generated 
open subgroups. Fix i € N, form R := Res(O;), and put M := RN. The group 
M/N is a closed subgroup of Res(W;), hence £(M/N) < f via Proposition 3. The 
inductive hypothesis implies M € YW with &(M) < E(N) + B, and since R < M, 
a second application of Proposition 3 ensures that &(R) < &(N) + £. In view of 
Propositions 4 and 6, we conclude that G € # with &(G) < &(N) + 6 +1, 
verifying the inductive claim. 


3.3. The Return of Elementary Groups 


We now argue that WY is exactly the class of elementary groups. Our argument will 
have the added benefit of showing that some of the elementary operations used to 
define & are redundant. 
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Definition 7 The class &* is the smallest class of t.d.lc.s.c. groups such that the 
following hold: 


(i) &* contains all second countable profinite groups and countable discrete 
groups. 
(ii) &* is closed under taking group extensions of second countable profinite or 
countable discrete groups. That is, if G is a t.d.l.c.s.c. group and H <I G is 
a closed normal subgroup with H € &* and G/H profinite or discrete, then 
Ge &. 
(iii) If Gis a t.d.l.c.s.c. group and G = icx O; where (O;)ien is an C-increasing 
sequence of open subgroups of G with O; € &* for each i, then G € &*. 


Obviously &* is contained in & It turns out this containment is indeed an equality. 
Theorem 1 &= % = 6". 


Proof Since &* C @, it suffices to show the inclusions & C YF C é&*. For the 
first inclusion, since & is defined to be the smallest class such that certain closure 
properties hold, it is enough to show that YW satisfies the same properties. That 
WF contains the profinite groups and discrete groups is given by Proposition 5. 
The class Y% is closed under taking closed subgroups, Hausdorff quotients, and 
countable increasing unions via Propositions 3, 8, and 6, respectively. Proposition 9 
ensures Y is closed under forming group extensions. 

For the second inclusion, we argue by induction on &(G). If &(G) = 1, then 
G = {1} is plainly in &*. Suppose H € &* for all H € YZ with &(H) < 6 and 
consider G € W& with &(G) = B + 1. Fix (Oj)ien an C-increasing exhaustion 
of G by compactly generated open subgroups. In view of Proposition 4, each O; 
is such that &(Res(O;)) < f, so the inductive hypothesis implies Res(O;) € &*. 
The quotient O;/Res(O;) is a SIN group via Proposition 1. We may then fix W <J 
O;/Res(O;) a compact open normal subgroup. Letting 2 : O; > O;/Res(O;) be the 
usual projection, Res(O;) is a cocompact normal subgroup of z~!(W), and as &* is 
closed under extensions of profinite groups, we deduce that x~!(W) € &*. On the 
other hand, the quotient O;/~!(W) is discrete. As &* is closed under extensions 
of discrete groups, we can conclude that O; € &*. It now follows that G € &*, 
completing the induction. 

As an immediate consequence, we obtain a simpler characterization of elemen- 
tary groups. 


Corollary 2 The class of elementary groups is the smallest class & of t.d.l.c.s.c. 
groups such that the following hold: 


(i) & contains all second countable profinite groups and countable discrete 
groups. 

(ii) &€ closed under taking group extensions of second countable profinite or 
countable discrete groups; that is, if G is a t.d.l.c.s.c. group and H <l Gis 
a closed normal subgroup with H € & and G/H profinite or discrete, then 
Geé. 
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(iii) If Gis at.d.l.c.s.c. group and G = heen O; where (Oj)ien is an C-increasing 
sequence of open subgroups of G with O; € @ for each i, thenG € €. 


We note a second consequence, which is quite useful in the study of elementary 
groups. 


Corollary 3 [f G is a non-trivial compactly generated elementary group, then G 
has a non-trivial discrete quotient. 


Proof Via Theorem 1, G is a member of Y%, and Proposition 4 implies E(G) = 
&(Res(G)) + 1. We conclude that Res(G) < G, and thus, G has a non-trivial discrete 
quotient. 


4 Examples and Non-examples of Elementary Groups 


We conclude with a discussion of examples and non-examples. In particular, we 
will exhibit a family of examples with unboundedly large finite rank and compactly 
generated examples with transfinite rank. 


4.1 Non-examples 


Our motivation to form the class of elementary groups is to make precise the class 
of groups with weak interaction between topological and large-scale structure. The 
groups which surely have strong interaction between topological and large-scale 
structure are the compactly generated t.d.l.c.s.c. groups which are non-discrete and 
simple. Our notion of an elementary group excludes these simple groups. 


Proposition 10 If G is a compactly generated t.d.l.c.s.c. group that is non-discrete 
and topologically simple, then G is not elementary. 


Proof Since Gis topologically simple and non-discrete, it has no non-trivial discrete 
quotients. In view of Corollary 3, that G is compactly generated ensures that it is 
non-elementary. 

We note that there are many compactly generated t.d.l.c.s.c. groups that are 
topologically simple and non-discrete. For the n-regular tree T,, with n > 3, work 
of Tits [14] shows that there is an index two closed subgroup of Aut(7;,), denoted 
by Aut* (T,), that is topologically simple, compactly generated, and non-discrete. 
The projective special linear groups PSL,(Q,) where Q, is the p-adic numbers and 
n > 2 are further examples; cf. [1, 6]. There are in fact continuum many compactly 
generated t.d.l.c.s.c. groups that are topologically simple and non-discrete by work 
of Smith [13]. 
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4.2 Finite Rank Examples 


Our construction requires a couple of general notions. A group is called perfect if 
it is generated by commutators; a commutator is an element of the form [g, A] := 
ghg—'h! for group elements g and h. We also require the notion of a local direct 
product. 


Definition 8 Suppose that (G;)ien is a sequence of t.d.l.c. groups and suppose that 
there is a distinguished compact open subgroup U; < G; for each i € N. The local 
direct product of (G;) jen over (U;)jen is defined to be 


fino | | G; | f(@ € G;, and f(i) € U; for all but finitely many i € N 
ieN 


with the group topology such that [],<y U; continuously embeds as an open 
subgroup. We denote the local direct product by Qe (Gi, Ui). 

The following property of local direct products is an easy consequence of the 
definitions; we leave the proof to the reader. 


Proposition 11 Jf (Gj)ien is a sequence of elementary groups with U; a distin- 
guished compact open subgroup for each i, then x (G;, Uj) is an elementary group. 

We are now ready to construct our groups. Let As be the alternating group on five 
letters and let S be an infinite finitely generated perfect group. Form H := S)! » As 
where As 7 SE by shift and fix a transitive, free action of H on N. 


Lemma 4 The normal subgroup of H generated by As equals H. 


Proof Identify S with the copy of S in S®! supported on 0 and take a € As so that 
a(0) # 0. For g,h € S < SPI, the element aga! has support disjoint from both g 
and h, hence aga~! commutes with both g and h. An easy calculation now shows 
that [h, [g, a]] = [h, g]. Since [g, a] € ((As)), we deduce that [h, [g, a]] € ((As)). The 
group ((As)) thus contains all commutators of S, and since S is perfect, S < ((As)). 
It now follows that ((As)) = H. 

Starting from the group H, we inductively define compactly generated elemen- 
tary groups L, with a distinguished K, € @L,) such that ((K,)) = L,. For the base 
case, n = 1, define LZ; := H and kK, := As. The group L; is compactly generated, 
K, is acompact open subgroup of L;, and ((K,)) = Li, via Lemma 4. 

Suppose we have defined a compactly generated group L, with a compact open 
subgroup K, such that ((K,)) = L,. Let (Li,)ien and (K!)ien list countably many 
copies of L, and K, and form the local direct product Oat. K'). Taking the 
previously fixed action of H on N, we have that Hq @jen(Li,, K‘) by shift, so we 
may form 


trav = (DG kK) 4H. 
i¢N 
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The group L,+1 is a t.d.l.c. group under the product topology, and K,41 := KN xAs 
is a compact open subgroup. Letting X be a compact generating set for L° and F be 
a finite generating set for H in L,+1, one verifies that X x [],.) Ki U F is a compact 
generating set for L,+1. It is easy to further verify that ((Kn+1))z,4,; = Ln+1- This 
completes our inductive construction. 


Proposition 12 For eachn > 1, L, € @with E(L,) =>n+ 1. 


Proof In view of Proposition 11, an easy induction argument verifies that L, € & 
for all n > 1. For the lower bound on the rank, we argue by induction on n. For 
the base case, L; = H is non-trivial and discrete. Since the trivial group has rank 1, 
Proposition 4 implies that &(Z;) = 2. 

Suppose the inductive hypothesis holds up to n and consider L,+41. We first 
compute Res(L,+41). Consider O <1, L,41. Since KY is a compact open subgroup of 
L,+1, the subgroup O must contain 


KE“) = {f :N> K, |f0) =-- =f®) =U 


for some k € N. Since H acts transitively on N and O is normal, O indeed contains 
KN. Recalling that ((K,)),,, = Ln, we conclude that 


Dt... Ki) = (Kyu, < O. 


ieN 


It now follows that Res(Ln41) = @ijen (Li, Ki). 

In view of Proposition 4, &(Lj41) = &(Res(Zn41)) + 1, because L,41 is 
compactly generated. The group L, admits a continuous injection into Res(L,+1), 
so 


E(Res(Ln+1)) = E(L,) =n+ 1 


via Proposition 3 and the inductive hypothesis. We conclude that &(Z,+1) > n+ 2, 
and the induction is complete. 

It is indeed the case that &(L,) = n+ 1 for all n > 1; one can devise a proof 
of this using the computation of the rank of a quasi-product given in [11]. The set 
{L, | n => 1} is thus a family of elementary groups with members of arbitrarily 
large finite decomposition rank. From this family, we obtain a first example of an 
elementary group with transfinite rank. 


Corollary 4 The group G:= Br>1 Ln, K,) is elementary with §(G) > @ + 1. 


Proof For each n > 1, there is a continuous injection L, <> G. Via Proposition 3, 
n+1<&(G) foralln > 1, sow < &(G). Since the decomposition rank is always a 
successor ordinal, we conclude that w + 1 < &(G). 


Remark 4 The examples above demonstrate a strategy for finding examples of 
higher rank. Suppose that we have H € @with rank a and suppose that we construct 
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a compactly generated G € &for which H — Res(G). Applying Proposition 4, we 
then have that §(G) > a + 1. The problem, of course, is finding the group G. We 
stress that one should not expect general embedding theorems which produce such a 
G. Indeed, there are groups in & which do not embed into any compactly generated 
t.d.l.c.s.c. group; see [4]. 


4.3 Compactly Generated Elementary Groups with Transfinite 
Rank 


We here describe a technique which produces compactly generated elementary 
groups with transfinite rank. We omit proofs as they are somewhat technical; the 
full details of the construction will appear in a later article. The construction is 
inspired by ideas from [2, 9, 13], and the reader familiar with [9] and the theory of 
elementary groups can likely fill in the proofs. 

Let T be the countable regular tree and fix 6 an end of T. We orient the edges of 
T such that all edges point toward the end 6. The resulting directed graph is denoted 
by Z and we call é the distinguished end of .7% Given a countable set X, a coloring 
of .7is a function c : EY X such that for each v € VF 


Cy :=c fin)! inn(v) > X 


is a bijection. The set inn(v) is the collection of directed edges with terminal vertex 
v. We call the coloring ended if there is a monochromatic directed ray which is a 
representative of the distinguished end 6; we shall always assume our colorings are 
ended. The coloring allows us to define the local action of g € Aut(.Y) atv eVZ 


0(g,V) := Cav) 9g 0 c,! € Sym(X). 


The local action allows us to isolate the groups we wish to consider. It shall be 
convenient to make a definition: A t.d.l.c.s.c. permutation group is a pair (G, X) 
where G is a t.d.l.c.s.c. group and X is a countable set on which G acts faithfully 
with compact open point stabilizers. We stress that X is assumed to be infinite. 


Definition 9 Suppose that (G, X) is a t.d.l.c.s.c. permutation group with U € ZG) 
and color the tree Zby X. We define the group Ey(G, U) < Aut(.% as follows: 
Ex(G, U) is the set of g € Aut(.% such that o(g,v) € G for all v € V- Zand that 
o(g,v) € U for all but finitely many v € V-Z 

It is easy to verify that Ex(G, U) is an abstract group. With more care, one can 
also identify a natural t.d.l.c.s.c. group topology on Ex(G, U). One first verifies 
that the vertex stabilizer Ey(U, U)(y») is compact in the topology on Aut(.7). The 
group Aut(.7) is given the topology of pointwise convergence; this topology is not 
locally compact, since the tree is locally infinite. One then argues for the following 
proposition: 
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Proposition 13 For (G,X) a t.d.l.c.s.c. permutation group and U € @G), there 
is a t.d.l.c.s.c. group topology on Ex(G, U) such that the inclusion Ex(U, U)(y) > 
Ex(G, U) is continuous with a compact open image for any v € VZ. 

The resulting t.d.l.c.s.c. group Ex(G, U) yields the desired examples. 


Theorem 2 Suppose that (G,X) is a transitive t.d.l.c.s.c. permutation group. If G 
is compactly generated and elementary, then Ex(G, U) is compactly generated and 
elementary with 


E(Ex(G, U)) > E(G) +wo+2 


for any non-trivial U € UG). 

Take G any infinite finitely generated group with a non-trivial finite subgroup U 
such that U has a trivial normal core in U. Letting X := G/U and G vw X by left 
multiplication, the pair (G, X) is a t.d.lc.s.c. permutation group. Theorem 2 now 
implies that Ey(G, U) is elementary with rank at least m + 2. (It is indeed the case 
that Ex(G, U) has rank exactly w + 2.) 

Applying Theorem 2 repeatedly allows us to build elementary groups with even 
larger rank. 


Corollary 5 For each0 <n < a, there is a compactly generated elementary group 
L, with E(L,) => @-n+2. 
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The Scale, Tidy Subgroups and Flat ®) 
Groups Cosci fot 


George Willis 


Abstract These notes discuss the scale, tidy subgroups, subgroups associated with 
endomorphisms and flat groups on totally disconnected locally compact (t.d.l.c) 
groups. The first section discusses the structure theory of subgroups which are 
minimizing for an endomorphism and introduces the scale of an endomorphism. 
The second section discusses the applications and properties of the scale function. 
Section 3 discusses other subgroups which may be associated with endomorphisms 
in a unique way. Section 4 discusses flat groups of automorphisms, the flat rank and 
various results about flat groups. The final section discusses the geometry of t.d.l.c 
groups. 


1 Subgroups Tidy for an Endomorphism 


1.1 Introduction 


A group G is locally compact if it has a locally compact topology such that the 
group operations are continuous. Locally compact groups have a structure theory; 
there exists a short exact sequence 


Go @ G-—>» G/Go 


where Go is the connected component of the identity and G/Gp is totally discon- 
nected [21]. 
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If G is a connected locally compact group and ./is a neighbourhood of the 
identity, then there exists a compact normal subgroup U contained in -/such that 
G/U is a Lie group [20]. In other words, connected groups are approximated by Lie 
groups. This was the solution to Hilbert’s fifth problem. 

Matrix groups over a locally compact field are important examples of locally 
compact groups. Every topological field is either connected or totally disconnected, 
and the group SL(n, F) is connected or totally disconnected depending on whether F 
is. The connected locally compact fields are R and C. Every totally disconnected 
topological field is either discrete or non-discrete. The non-discrete totally dis- 
connected locally compact fields are the p-adics and their finite extensions, which 
have characteristic zero, and the formal Laurent series over finite fields, which have 
positive characteristic [8]. 

The focus of these notes is non-discrete totally disconnected locally compact 
groups. 


1.2 Totally Disconnected Groups 


From now on, suppose that G is a totally disconnected locally compact group 
and that -/ is a neighbourhood of the identity. Then there exists a compact 
open subgroup O contained in ./[12]. This subgroup is not necessarily normal. 
We denote by COS (G) the set of compact open subgroups of G. The compact 
open subgroups are also called 0-dimensional groups because they have inductive 
dimension equal to zero. 

All compact metrizable totally disconnected spaces are homeomorphic to a 
Cantor set [14]. There are therefore no topological invariants—such as dimension— 
which are useful for distinguishing them. 


Definition 1 Let G be a totally disconnected locally compact (t.d.l.c.) group. An 
endomorphism is a continuous homomorphism on G. The set of endomorphisms on 
G form a semi-group under composition, denoted by End(G). An automorphism on 
G is an endomorphism which is a bijection with a continuous inverse. The group of 
automorphisms on G is denoted by Aut(G). 


1.3. Endomorphisms and Minimizing Subgroups 


Suppose that @ is an endomorphism of G and that U is a compact open subgroup. 
Then the set a(U) M U is open in the subspace topology on a@(U) and a(U) is 
compact. Hence [a(U) : a(U) MN U] is finite. The following definition was made for 
automorphisms in [23, 24] and for endomorphisms in [27]. 
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Definition 2 Suppose that w is an endomorphism on a t.d.l.c. group G. The scale of 
a is 


s(a) = min{[a(U): UN a(U)] : U € COS (G)}. 
A compact open subgroup U is said to be minimizing for a if 
s(a) = [a(U): UN a(U)]. 
Suppose that ~ is an endomorphism of G. For each compact open subgroup JU, let 
Us = {x €U 2 Aftn}nen C U with x9 = x and a(%)41) = xX, Vn € N} 
and let 
U_ = {xe U: a(x) € UVne NY}. 


Lemma 1 Suppose that a is an automorphism of G and that U is a compact open 
subgroup of G. Then 


U4 =( \a*(U) 
k>0 
and 
t=[ je") 
k>=0 


Remark I These expressions for U_ and U are usually given as the definition in 
the case of automorphisms. The fact that endomorphisms may lack an inverse is 
why the definitions must be changed to accommodate endomorphisms. 
In the above context, note that w expands U and contracts U_. See Fig. | for an 
illustration of an automorphism @ with s(@) = 3 and s(a~!) = 2. The figure is not 
accurate for endomorphisms which may have range much thinner than U. 

The following characterisation of minimising subgroups in terms of their struc- 
ture is given in [27]. 


Theorem 1 (The Structure of Minimising Subgroups) A compact open subgroup 
U of a locally compact totally disconnected group is minimizing for an endomor- 
phism a if and only if it satisfies: 

(TA) U = U,UL. 
(TBI) U+4 = Uno @"(U4) is closed. 
(TB2) The sequence of integers [a"*'!(U4) : "(U4)] is constant. 


When these conditions are satisfied s(a) = [a(U+) : U+]. 
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a a 


a(U) 


Fig. 1 Illustration of an automorphism @ with s(@) = 3 and s(a—!) = 2 


Remark 2. The property (TB2) is not needed if @ is an automorphism. 


Remark 3 It is immediate from the definition that a(U;) > Uz. It follows that 
U4 is a subgroup for this reason. 


Remark 4 One problem with working with endomorphisms instead of automor- 
phisms is the fact that if @ is an endomorphism, then w(A /M B) is in general not 
necessarily equal to a@(A) MN a(B). 

It is immediate that U;, U_ and U4 are subgroups, that a(U,) > U+, and 
a(U_) < U_, Ux and U_ are all closed. 


Definition 3 Let G be a totally disconnected locally compact group and let a be an 
endomorphism on G. A compact open subgroup U is called tidy above for a if it 
satisfies (TA) and tidy below for a if it satisfies both (TB1) and (TB2). If U is both 
tidy above and tidy below for q, then it is simply called tidy. 

The motivation for the names ‘tidy above’ and ‘tidy below’ comes from a tidying 
procedure. Given any compact open subgroup U, the tidying procedure produces a 
tidy compact open subgroup. There are two steps to the procedure. The first step 
produces a compact open subgroup, V, which is tidy above. The second step takes 
this tidy above subgroup and produces a new compact open subgroup, W, which is 
both tidy above and tidy below. Each step of the tidying process reduces the index, 
so that 


[a(U) : a(U) N Ud = [a(V) : @(V) ON Vi = [a(W) : @(W) 9 WY. 


If U and V are tidy subgroups for an endomorphism a@, then they have the same 
index, 


[a(U) : a(U) NU] = [a(V) : a(V) 9 Vi. 


Lemma 2 (Tidying Procedure Part One) Let « be an endomorphism on G and 
let U be a compact open subgroup in G. Then there exists a natural number n such 
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that 


V =U, =( \o"(U) = {we U:a*(u) € U for0<k <n} 
k=0 


is tidy above. 


Proof We suppose that a is an automorphism, and only give the proof in that case. 
We first note that each U_, is open, because it is a finite intersection of open 
subgroups. Recall that 


Uy =( \a*(U) 
k>0 
and 
U-=[ |e *W). 
k>0 
Let 
Ue= () ev) 
O<j<k 


and see Fig. 2 for an illustration of these sets. Then 


(Us) = (| a(t). 


0<j<k 


(That this modest claim fails for endomorphisms is one reason that definitions and 
arguments must be modified.) Furthermore, {a(Uj) $25 is a decreasing sequence of 
compact open subgroups. Since a(U+)U is an open neighbourhood of a(U-+), there 
must be a natural number n such that a(U,,) C UU. 

Since a(U,) C a(U+)U, if y is in a(U,), then y = zu, for some z in a(U+) and 
win U. Then u = zy is in a@(U,) = (Ys @/(U), which implies that u is in Up 41. 
In fact, a(U,) © a(U+)U,41. 7 

In order to complete the proof, we will prove the claim that 


a'(U,) — a! (U4) Un41 
for all non-negative integers /. We do so by induction. 


ait! (Un) = a(o!(U+)Un41) 


= qt! (U+)o(Un+1) 
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George Willis 


|U 


el 


‘fartluU) ; ‘| Un+1 


Fig. 2 Illustration of the subsets U, = No<j<n a/(U) 


_ a (U+)a(U4)Un+i41 


Sal aU pepe, 
Let y be an element of our compact open subgroup V = U,, and let 
C = {ze Ve: HQ) eo (QV} AD. 
Note that C; is compact, and that Cj;4, is contained within C; for all natural 


numbers j. Now choose some z contained in the intersection () |j>0 Cj. Observe that 
zis in V+, and that zy is in V, for all j > 0. This implies that z~'y is in V_. 


2 Scale of an Endomorphism 


Recall Definition 2, which states that if G is a t.d.l.c. group, then the scale of a is 


s(a) = min{[a(U): UN a(U)] : U € COS (G)}. 
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The scale defines a function from the endomorphisms of the group to the natural 
numbers. The scale of an endomorphism is | if and only if there exists a compact 
open subgroup U such that w(U) is a subgroup of U. 

The scale of an endomorphism «@ satisfies 


s(a”) = s(a)” (1) 


for all integers n. The proof of this fact is a consequence of the following lemma, 
which is [27, Proposition 16]. 


Lemma 3 Suppose that U is a compact open subgroup which is tidy for an 
endomorphism a on a t.d.l.c. group G. Then U is tidy for a" for every natural 
number n. Furthermore, 

s(a") = [a"(U) : U4]. 


To deduce (1) observe that 


s(ot") = [o"(U4.) : U4] 


n—1 

=| |le*t'(U4) : a U4)) 
k=0 

= [a(U+) : Us)", 


because {[a**!(U,) : a(U,)]} is constant. 
Another characterisation of the scale, known as M@ller’s spectral radius formula, 
may be derived from (1). This formula asserts that for any endomorphism a 


s(@) = tim [a"(U) : @"(U) 9 Uji (2) 


where U is any compact open subgroup, not necessarily minimizing. (This formula 
is analogous to the spectral radius of a bounded linear operator T 


: Te 
p(T) = lim ||7"||".) 
noo 


Proof (Moller’s Formula) Since (2) holds when U is tidy, by (1), it suffices to show 
that the limy—oo[a"(U) : a" (U) N Ujn is independent of U. For this, it suffices to 
show that the limit is the same for any compact open subgroup V containing U. To 
do this, consider 


[a”(V) :a@"(U) NU = [a"(V) : @"(U)][a"(U) : @"(U) NU) (3) 
=[a"(V) :a"(V)NV]a"(V)AVia(U)AU). (4) 
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Note that, since a is an endomorphism on G, 
[a"(V) : a"(U)] < [V: U] 
and 
le"(VJ NV: a"(U) NU) = [a"(V) NV: a" (V) NU fa"(V) NU: aw" (U) 9 UT 
<[(V 07. 


Note further that all indices are greater than or equal to one. Hence (3) and (4) imply 
that 


[VU] fa"(V) : @"(V) NV] < [a"(U) 2 @"(U) NU] 
<[V: UP [a"(V) : @"(V) A Vi 


Therefore, 
lim [a”(V) : @"(V) Vii = lim [a’(U):a"(U)N Uli. 
noo noo 


oO 
R6gnvaldur Méller originally derived this formula from an alternative graph- 
theoretic characterisation of tidy subgroups and the scale he established in [16]. 


Automorphisms No further multiplicativity or submultiplicativity properties hold 
for the scale in general. More can be said for automorphisms. 


Theorem 2 Suppose that a is an automorphism on G. Then U is minimizing for a if 
and only if it is minimizing for a~| and A(a) = s(a)/s(~!) where A: Aut(G) > 
(R, x) is the modular function. 


Proof Let U be any compact open subgroup of G and m be the Haar measure on G. 
Then by definition of the modular function 


m(a(U)) 
m(U) 
m(a(U)) ” m(a(U) NU) 
m(a(U) NU) m(U) 
_ [a(U): aU) UI 
[Uz a(U)N Ul 
— — [a(U) : aU) UF 
~ [aa (U) sa-1(U) NU] 


A(a) 
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s(a) 
s(a—!) ? 


Choosing U minimizing for a gives A(a) < and choosing U minimizing 


for a—! gives that wat —_ A(q@). Hence U is minimizing for @ if and only if it is 
minimizing for w~! and 
5(a) 
A(@) = : 
= 0-5 


The Braconnier topology on Aut(G) is the topology with base elements 
N\(K, O) = {a € Aut(G) : a(K) < O}, and 
N>(K,O) = {a € Aut(G) : a !(K) < O} 


ranging over all compact subsets K in G and open subsets O in G. This topology is 
formally stronger than the compact open topology, which is the topology with base 
formed from the sets N;(K,O), but these two topologies are equal in many cases. 
The compact open topology is not in general a group topology, because the inverse 
mapping may fail to be continuous for it, and the Braconnier topology remedies that 
difficulty. 

Examples show that the scale function s : Aut(G) — N need not be continuous 
with respect to the Bracconier topology on Aut(G) and discrete topology on N. 


Question 1 Is there a topology on Aut(G), or possibly End(G), such that the scale 
is continuous? Is there a topology on End(G) with Aut(G) an open subgroup? 

The second of these questions is motivated by the fact that the group of invertible 
operators on a normed space is open in the semigroup of all endomorphisms. 


Inner Automorphisms 

Each x € G determines an inner automorphism a, : y +> xyx!. The homomorphism 
G — Aut(G), x +> a, induces a function on G called the scale on G, which is also 
denoted by s. 


Theorem 3 The scale s : G — N is continuous with respect to the given topology 
in G and the discrete topology on N. 
The next theorem gives much more precise information. 


Theorem 4 Suppose that x € Gand let U be a compact open subgroup tidy for x. 
Then U is tidy for every y € UxU and s(y) = s(x). 


Proof 1n the first instance, let u be an element of U. Consider y = xu and let u = 
u—u+ for some u— € U_ andu+ € Uz. Then 


(xu)? = xuxu 
= XU_U4XU_U4 


= (xu_x!)xu4(xu_x!)xu4. 
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But xu_x~! is in U_, since conjugation by x shrinks u_. Hence, 
(xu)? = ul_xvxul, 
Sa (xe Oa 
Seu. 
for u_,u © U_ and w',,u, € Uz and some v = v_v4, where v_ € U_ and 


v4 € U,.A similar calculation shows that, more generally, if y = ujxuz € UxU 
and n > 0, then(u;xuz)" = ux"ul,, for some u', € U+. Hence, 


[y’Uy™" : y'Uy "UI 
= [(uyxuz)"U(ujxug)" + (uyxuz)"U (uy xu)" N Ud 


= [(u_x"u4)U(u_x"u4) |: (u_x"u4)U(u_x"u4) | N Ud 


= [u_x" (us Uuz')x"ua! : u—x"(u4 UU; )x"ua! NU 
= [u_x*Ux "ur! : u_x"Ux "uz! nN Ul 


= fb" Ux” : x"Ux" 9 Ud 
= s(x"). 


Hence, by Moller’s spectral radius formula, 
s(y) = im [y"Uy™" : y"Uy™ N UY!" = s(x). 
The n = 1 case of the calculation then shows that 
[yUy"! : yUy! NU] = s(x) = (9) 


and so U is minimizing for y. Oo 


2.1 An Application of the Scale Function 


Define, for G a non-discrete totally disconnected locally compact group, 


Per(G) = {x € G: (x) is compact}. 


Theorem 5 Per(G) is a closed subset of G. 
The theorem answers a question posed by Karl Heinrich Hofmann that was 
motivated by the following considerations. When G is discrete Per(G) is clearly 
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closed. However Per(G) is not always closed when G is connected. For example, 
translations can be approximated by rotations in the affine group of the plane. 


Lemma 4 Suppose that G is a totally disconnected locally compact group. Let x be 
an element of Per(G). Then, 


s(x) = 1 = s(x"). 


Proof The quantity s((x)) is finite because the scale is continuous and the image of 
a compact set must therefore be finite. But since 


s(x") = s(x)", 
the finiteness of the image implies that s(x) = 1. A similar argument shows that 
s(x!) = 1. Oo 
Now suppose that x is in Per(G). Choose U tidy for x. Then xUx~! = U and 


x = yu for some y in Per(G) and u in U. Hence yUy~! = U and it follows that 


(x) © (y)U C (y)U, which is compact. 


2.2. The Scale and Tidy Subgroups for Homomorphisms 


Question 2 Do the concepts of scale and tidy subgroup extend to homomorphisms 
t:G—H)? 

The answer is ‘probably not’—the scale is analogous to the eigenvalues of a linear 
transformation T : V —> V. There is no concept of eigenvalue for linear maps 
between different vector spaces. Here is a related question. 


Question 3 Suppose that t : G > H ando : H > G are homomorphisms. 

Is s(t 00) = s(a oT)? 

The following special case asks for an analogue of singular values. Let G and H be 
self-dual abelian t.d.L.c. groups, with tg : G—> Gandiy: H>H isomorphisms. 
Let t : G-> H be ahomomorphism and put 0 = igotou,'. Is s(toa) = s(oot)? 


3 Subgroups Associated with Endomorphisms 


3.1 Minimising Subgroups and Their Associates 


We begin by recalling the following from Sect. 1. 
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Theorem 6 (The Structure of Minimising Subgroups) A compact open subgroup 
U of a locally compact totally disconnected group is minimizing for an endomor- 
phism a if and only if it is tidy. 
Definition 4 A compact open subgroup U of a locally compact totally disconnected 
group is tidy for an endomorphism «@ if it satisfies: 

(TA) U= U,UL_. 
(TB1) Us4 = Unso &"(U+) is closed. 
(TB2) The sequence of integers [w"*!(U,) : w”(U4)] is constant. (This property 

is only needed for endomorphisms) 


where 
Ut = {x €U 2 Aftn}nen C U with x9 = x and a(%n41) = x, Vn E N 
and 
U_ = {x EU: a(x) €e U Vn EN}. 


There may be many subgroups that are tidy for a given endomorphism @. For 
example, if a € Aut(G) and U is tidy for a, then so are w”(U) and (\z_,) a@*(U) for 
every integer n. The associated subgroups Ui, U_, Ui4, and U__ may depend on 
the choice of tidy subgroup U. 

Other subgroups of G may be associated with a given endomorphism q@ in a 
unique way. 


Definition 5 (The Parabolic and Levi Subgroups) Suppose that G is a totally 
disconnected locally compact group and let aw be an endomorphism on G. Define 


¢ the parabolic subgroup to be 
par(w) = {xe G| {a" (x) }nen is pre-compact} , 
¢ the anti-parabolic subgroup to be the subgroup 
par(@) = {x € G| A{x, $02 pre-compact with x9 = x and @(%n41) = x,t , and 


¢ the Levi subgroup to be the intersection of the parabolic subgroup and the anti- 
parabolic subgroup: 


lev(a) = par(o) nN par(@). 


It may be checked that these are subgroups of G but an argument using a subgroup 
tidy for a shows more. 
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Theorem 7 par(a), par(a) and \ev(a) are closed subgroups of G. 


Proof (Sketch of the Proof That par(c) is Closed) Show that par(w) MN U = U-, 
which is closed. A classical lemma of Bourbaki implies that U is closed. oO 


Definition 6 Suppose that a € End(G). Define 


¢ the contraction subgroup to be 
> 
con(a) = {x € G| a"(x) > lasn > oo}, 
¢ the iterated kernel to be 
ker (a) = {x € G| dn > 0 with w(x) = 1}, and 
¢ the anti-contraction subgroup to be 


con(a) — {x € G| A{x,}92, such that x, > 1 and w(%j+41) = Xn} : 

Clearly, ker(a) < con(a) and is a normal subgroup of G. Furthermore, 
con(a) < V_— and con(a) < V4 for every subgroup V tidy for a. When a@ is 
an automorphism, we have that con (a) = con(a~! ). The contraction subgroup for 


a will be denoted by con(a) in this case. It is related to the scale of a~!. 


Theorem 8 (Baumgartner and Willis, Jaworski) Suppose that a is an automor- 
phism on G. Then 


con(a) = () {U__— € COS (G) | U is tidy for a}, and 


s(a7! gona) — s(a!), 


Remark 5 Theorem 8 was established for metrisable groups in [3] and the metris- 
ability condition removed in [13]. The second part of the theorem implies in 
particular that, if s(a~!) > 1, then the contraction subgroup for a is not trivial. 


Question 4 Extend this result to endomorphisms. There will need to be two 
> <_ 
theorems. One for con(q@) and one for con(q@), e.g. 


s(a|5—) = Se(@). 
con(a) 


Remark 6 Since this lecture was delivered, results about the contraction and 
anti-contraction subgroups that extend Theorem 8 to endomorphisms have been 
established by T. Bywaters, H. Glockner and S. Tillman. 
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Definition 7 The nub subgroup for the endomorphism @ on a totally disconnected 
locally compact group G is 


nub(w) = (){U € COS (G) | U is tidy for a} . 


The following was established in [3], although the nub terminology was not used. 


Theorem 9 (Baumgartner and Willis) Let @ € Aut(G). Then, the following are 
equivalent: 


* nub(a) = {1}; 
* con(q@) is closed; and 
¢ if U is tidy above for a, then U is tidy for a. 


Since nub(a@) = nub(a~!), it follows as well from the theorem that con(a~!) is 
closed whenever nub(q) is trivial. 


Example 1 Let F be a finite group and put G = F%. Then G is a compact t.d.l.c. 
group. Define a € Aut(G) by 


a(f\n=S4i, (ff €F%). 


Then nub(q@) = G. 
Note that, in the example, 


con(a) = {f ¢ G| AN € Zsuch that f, = lifn > N} 


and is dense in G. Moreover, con(a~) MN con(a~!) is equal to the subgroup of 
functions with finite support, which is also dense. 

It may be shown that nub(q) is also the largest closed subgroup of G on which 
the restriction of a is ergodic. This fact extends a result due to Aoki in the 1980’s 
who proved for t.d.l.c. groups a conjecture of Halmos that any locally compact group 
for which there is an ergodic automorphism must be compact. The method of tidy 
subgroups allows this to be proved in a few lines. 

Another characterisation of the nub is that 


nub(aw) = (con(a) N par(a—!)) 


lee) 
n=0 


= {x €G:a"(x) > lasn > ov, {a "(x)} 24 is precompact} : 
The structure of nub subgroups may be described in some detail, see [26, 27]. 
Among the results is that CON(@|nub(a)) is dense in nuUB(@), and CON(G|pub(a—1)) is 
dense in nub(a~'). Their intersection may fail to be dense however. 
It may happen that con(a) is closed. That is the case when G is a p-adic Lie 


group for example, see [3]. A key example is a restricted product with shift which, 
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for some given finite group F, is the group 
G = {f = (fi)nez : fn € F, AN such that f, = 1 for alln > N} 
with the shift automorphism on G defined by 


a(f\n = fats (néZ). 


The shift automorphisms satisfies con(w) = G, which is closed. The structure of 
general closed contraction groups may be described, see [10]. 


Theorem 10 (Gléckner and Willis) Let G be a t.d.l.c. group and a € Aut(G). 
Suppose that con(a) = G. Then 


* G=NxT, where N and T are a-invariant, N is a divisible subgroup of G and 
T a torsion subgroup; 

¢ N is isomorphic to the direct sum of a finite number of nilpotent p-adic Lie groups 
for primes p dividing s(a~'); and 

¢ T has a composition series 


To = {1} AT, 4-+-4 7) 4---47,-1 ST, = T 


of closed a-invariant subgroups such that Tj+1/T; is isomorphic to a restricted 
product with shift. 


4 Flat Groups of Automorphisms 


Analogies with linear algebra are suggested by, or have motivated, several of the 
ideas seen so far. The ‘spectral radius’ formula is one of the ideas suggesting an 
analogy between the scale and eigenvalues of a linear transformation; and the fact 
that the methods of linear algebra apply to all linear transformations and not just 
invertible ones was one reason for thinking that the characterisation of subgroups 
minimising for automorphisms would extend to endomorphisms. 

How the method of tidy subgroups might extend to more than one automorphism 
simultaneously is also suggested by this analogy. Finding a subgroup tidy for an 
endomorphism is the analogue of finding a Jordan basis for a linear transformation, 
which essentially can only be done when the linear transformations commute. 
On the other hand, when two linear transformations do share a common Jordan 
basis, they commute modulo upper triangular matrices. The following results were 
suggested by these observations and established in [25]. 


Theorem 11 Let {a;,...,a@,} C Aut(G) be a commuting set of automorphisms 
of the t.d.l.c. group G. Then there is U € COS(G) that is tidy for every a in 
(Q,... , a). 
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Theorem 12 Suppose, for some a, B € Aut(G), that there is U € COS (G) that is 
tidy for every y € (a, B). Then s([a, B]) = 1, that is, « and B commute modulo the 
uniscalar elements in (a, B). 


Remark 7 It is important that these results refer to groups of automorphisms. It is 
not automatically the case that, if @ and 6 share a common tidy subgroup U, then 
U is tidy for every y € (a, 8). This complicates the proof of the first theorem and 
means that the hypothesis of the second theorem needs to be strictly stronger than 
that a and 6 should share a common tidy subgroup. 


Example 2 Let G= Q and define a, B € Aut(G) by 
a(x1,...,X%a) = p(1,..., Xa) 
and B(x1,%2,...,%a) = (px1, p?X2, sore ,p'xa). 
Then U = Ze is tidy for every y € (a, B). However, 
V = {(a,...,z4) €U | % = % (mod p), i,j € {1,...,d}} 


is tidy for w and 6, and indeed for every y in the semigroup generated by a and £, 
but not for every y € (a, B). 


Proof (d=2) In this case, 
V = {(z1,22) € Z : z1 = 2 (mod p)} 


and 


a(V) = {(pz1, p22) E Z;, :Z, =z (mod p)} <V 


because pz; = pz. = 0 (mod p). We also have 

B(v) = {(p21,p°22) : 21 = 22 (mod p))} < V. 
Hence, V is tidy for aw and 8, V_ = {0}, V- = V and V__ = G for both a and £. 
We also have that s(w) = 1 = s(B), s(@~!) = p? and s(B~!) = p>. Hence V is tidy 


for w and 6. Moreover, if y = a" B”, m,n = 0, then y(V) © V, so that V is tidy. 
The subgroup V is not minimizing for a8! however. Calculation shows that 


Vn ap !(V) = {(wy, wa) € Zs, : w; = 0 (mod p)} = pZ,,. 


[wp~'(U) : pZ"] = p”, 
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which is larger than the corresponding index found for U, 

wp" (Zz) : aB~"(Z;) N Zz] = ab" (Zp) : Ze] = p. 
It may also be seen that V is not tidy for aB—', for 


V+ = ( \@b')'(V) = pZ;, and 


k>0 


V_ = \@B7')*(V) = pZ, © {0}, so that 


k>0 


ViV_= pZ;, # V and V is not tidy above. 


4.1 Flat Groups and the Flat-Rank 


Definition 8 A subgroup # < Aut(G) is flat if there is U € COS (G) that is tidy 
for every a € # The uniscalar subgroup of the flat group “is 


A = {a E€ #| sia) =1= s(a~!)}. 


A, is a subgroup because w € if and only if a@(U) = U for any, and hence 
all, subgroups tidy for #2 


Theorem 13 Suppose that #?< Aut(G) is finitely generated and flat, and let U be 
tidy for 2 Then H4 <« Hand there is r € N such that 


KH] F4 = T'. 


1. There is d € N such that 
U= Up, ... Ua, 


where for every a € #2 a(Up) = Up and, 
for every] € {1,2,...,d}, either (Uj) < Uj; or a(U;) = Uj. 

2. For eachj € {1,2,...,d} there is a homomorphism p; : #’— Z and a positive 
integer s; such that 


(a) 
[a(U)): UJ = 5", 
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where 


[a(U;): Uj], if Uj < aU), 


[or(U;) : Uj] = [U; . a(Uj)I-!, if Uj => a(Uj). 


3. For eachj € {1,2,..., dh, 


is a closed subgroup of G. 
4. The natural numbers r and d, the homomorphisms p; : # — Z and positive 
integers s; are independent of the subgroup U tidy for a. 


Remark 8 The numbers a are analogues of absolute values of eigenvalues for a 


and the subgroups U; = Use wa(U)) are the analogues of common eigenspaces for 
the automorphisms in .# 


Example 3 (A) Take G = v, and a, B as before. Take U = Ze as a tidy subgroup. 
The number of factors will be d. How do we obtain the factors? Note that 


Vat, Up+ = {0} 
Uy—, Ug— = U_. 


Choose aB~!, then 
aB'(z1,+++ ,24) = (.p '2,.--,p! *24). 
Calculating the factoring of U determined by wB~! we obtain 
Ugp-1, = U, Unp-1_ = Zp ® {0}, 


which identifies one factor but not the others. To separate out these factors choose, 
for eachi € {1,...,d} the element y = a'B~!. Then 


d-i+1 i 
Uy 4 ={0}@(Zp)" " , Uy_ = (Zp) {0} and VU, , NU,_ = {0} Zp {0}. 
—— 
We see that generators alone are insufficient to separate all the factors in Theo- 


rem 13.1 but they can be separated by using additional elements. That is the strategy 
of the proof of Theorem 13. 
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Example 4 Let G = SL(n,Q,) and let H be subgroup of the diagonal matrices in 
G. Let a(x) = hxh7!. Then: 


e r=n-l; 

« d=n(n—-1); 

* pj are roots of H; and 

¢ Uj are root subgroups of G. 


Definition 9 The number r appearing in the theorem is the rank of the flat group #2 
The maximum rank of any flat group of inner automorphisms of the t.d.l.c. group G 
is the flat-rank of G. 


Example 5 


« LettG= Q » (a, 8). Then G has flat-rank 2. 

¢ Let G = SL(n, Q,). Then G has flat-rank n — 1. 

¢« Let G = AAut(7) be the group of almost automorphisms of the regular tree 7. 
Then G has infinite flat-rank. 


4.2. Further Results About Flat Groups 


The theorem on finitely generated flat groups can be applied to show that a flat group 
of automorphisms contains uniscalar elements when the group is not abelian. The 
following is established in [19]. 


Theorem 14 Let G be at.d.l.c. group. Then, 


¢ Every finitely generated nilpotent subgroup of Aut(G) is flat. 
¢ Every polycyclic group subgroup of Aut(G) is virtually flat, that is, has a flat 
subgroup of finite index. 


The subgroup of upper triangular matrices in SL(n, Z) is nilpotent and is non-abelian 
when n > 3. Hence, ifn > 3 and p : SL(n,Z) — G is a homomorphism with 
G at.d.l.c. group, then there is an upper triangular T such that p(T) is uniscalar. 
Further work using deep theorems about SL(n, Z) and a theorem about groups that 
commensurate in bounded fashion deduce from this that p(SL(n, Z)) normalises 
a compact open subgroup of G, see Remark 10 below. For details and additional 
references see [19]. 


5 T.d.l.c. Groups and Geometry 


In this section we only consider automorphisms of t.d.l.c. groups. The aim is to 
survey actions of t.d.l.c. groups that may be viewed as geometric. 
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5.1 Symmetric Spaces Modulo a Compact Open Subgroup 


Many groups have geometric representations that aid understanding of the group. 
Semi-simple real Lie groups, for example, act on a real symmetric space [11] and 
semi-simple Lie groups over a totally disconnected locally compact field may be 
represented as acting on a simplicial complex called an affine building and also 
on a related simplicial complex called a spherical building [2, 9]. In the case 
when the group has rank 1, e.g., SL(2,Q,), the affine building is a tree and the 
spherical building is the set of ends of the tree. Other examples of t.d.l.c. groups, 
such as Kac-Moody groups [22], also act on buildings and on the boundary of 
the building. Automorphism groups of buildings are themselves t.d.l.c. groups and 
which then come with their own natural geometric representation. They, and their 
closed subgroups, are a rich source of examples of t.d.l.c. groups. 

The so-called 1-skeleton of an affine building is a graph and path length then 
defines a metric on the set of vertices of this graph. As a metric space, it contains 
geometric ‘flats’, which are subsets quasi-isometric to Z" for some r. This number r 
is the geometric rank of the building. In many cases of groups acting on a building, 
such as Kac-Moody groups, the group also has an algebraic rank. Under certain 
hypotheses, it may be shown that the geometric rank of the building, the algebraic 
rank of the group and the flat-rank are all equal, see [5]. 


Example 6 The group SL(2,Q,) has flat-rank 1 and acts on the regular tree with 
valency p + 1. Trees have geometric rank equal to 1. 

Vertex stabilisers for this action are maximal compact subgroups of SL(2, Q,). 
Indeed, there is v € V(T) such that stabg(v) = SL(2, Z,), which is one of the maxi- 
mal compact subgroups of SL(2, Z,). The homogeneous space SL(2, Q,)/SL(2, Zp) 
may thus be identified with the SL(2, Q,)-orbit of v, which is one of two such orbits 
in V(T). Note that any compact subgroup of a t.d.l.c. group is contained in an 
open compact subgroup, so that these maximal compact subgroups are open and 
the quotient topology on SL(2, Q,)/SL(2, Zp) is discrete. 


5.2 Cayley-Abels Graphs 


Suppose that G is a compactly generated t.d.l.c. group and let U € COS(G). A 
graph, I"(K, U), may be defined by choosing a compact, symmetric generating set, 
K, for G and setting 


V(r) = G/U and E(L) = {(gU, AU) € VI)? | h'g € UKU}. 
Then I"(K, U) is a locally finite graph and the translation action of G on I” is 


by graph automorphisms. This action is transitive and vertex stabilisers are all 
conjugates of U. 
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Any graph on which G acts vertex-transitively and with compact open vertex 
stabilisers is called a Cayley-Abels graph for G. Hence I(K, U) is a Cayley-Abels 
graph. The graphs I”(K, U) are not unique and depend on the choices of K and U. 
All Cayley-Abels graphs for G are quasi-isometric however, see [1, 15, 17]. 

The Cayley-Abels graph guarantees that every compactly generated t.d.l.c. group 
acts on a locally finite connected graph. This graph is not canonical however because 
there may be many non-isomorphic Cayley-Abels graphs. On the other hand, the 
automorphism group of any locally finite connected graph I" is totally disconnected 
when equipped with the topology of uniform convergence on compact sets. The 
vertex stabilisers will be compact open subgroups of the automorphism group 
and so I” is a Cayley-Abels graph for its automorphism group. There is thus an 
equivalence between compactly generated t.d.l.c. groups and closed subgroups of 
automorphism groups of connected locally finite graphs. 


Example 7 


¢ Let I bea regular tree. Then G = Aut(J/’) is at.d.l.c. group and I" is a Cayley- 
Abels graph for G. 

¢ The group PSL(n, Q,) acts on a Bruhat-Tits building of rank n—1. The 1-skeleton 
of this building is not a Cayley-Abels graph for the group because the action is 
not transitive. However, the building is quasi-isometric to a Cayley-Abels graph 
because vertex stabilisers are compact and there are only finitely many orbits for 
the G-action. 


Remark 9 In many examples, the orbit H.v C I'(K, U) ofa flat subgroup H < Gis 
quasi-isometric to Z’, where r is the flat-rank of H. However, this only holds when 
#,, the uniscalar subgroup in H, is compact. 


5.3. Actions on Sets of Subgroups of G 


The set COS (G) is a discrete metric space with the metric defined by 
d(U,V) = log((U: UN VI [V: UN V)). 


For each a € Aut(G) the map U +> a(U) is an isometry of COS (G) and the map 
Aut(G) — Isom(COS (G)) is a homomorphism. 

Subgroups tidy for @ may be characterised as those whose q-orbit is a straight 
line in COS (G), see [4]. 


Proposition 1 


U is tidy for a € Aut(G) 
<=> d(a"(U),a"(U)) = |m—n| d(U, a(U)) for every m = 0. 
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The relationship between Cayley-Abels graphs and the metric G-space COS (G) 
is seen in the following. 


Proposition 2 The function w : ['(K, U) — COS (G) defined by 
W(xU) = xUx"!, xU €V(I(K,U)), 


is bounded with respect to the geodesic distance on I'(K, U) and is injective if and 
only if NG(U) = U. 

Remark 9 points out that if H < G is flat with rank r, then there is an H-orbit 
in I’(K, U) that is quasi-isometric to Z’ if and only if the uniscalar subgroup of H 
is compact. On the other hand, H-orbits in COS ((G)) are always quasi-isometric 
to Z’ if H is flank with rank r. The following, proved in [6], goes in the opposite 
direction. 


Theorem 15 (Baumgartner, Schlichting, Willis) Suppose that all balls in the 
metric space COS(G) are finite. Let 2 < Aut(G) be such that the #orbit 
{a(U) | a € Ah is quasi-isometric to Z’. Then His virtually flat. 


Question 5 Does the conclusion of Theorem 15 hold for all t.d.l.c. groups, rather 
than just those for which all balls in COS (G) are finite? 


Remark 10 The answer to this question is ‘yes’ in the flat-rank 0 case, see [7, 18]. 
In other words, if {d(U, huh") she H}\ is bounded for some U € COS (G), then 
there is V € COS (G) such that hVh~! = V for every h € H. This is one of the 
additional theorems used in [19] that was referred to in the comments following 
Theorem 14. 


The Space of Directions 


Definition 10 The ray generated by a € Aut(G) and based at U € COS (G) is the 
sequence {a"(U)}°°). An automorphism a on G moves towards infinity if for any 
pair V < W € COS (G) there is n > 1 such that a"(V) < W. 

It may be seen that a moves towards infinity if and only if s(@) > 1. A 
pseudometric may be defined on all rays {a”(U)}°2,, such that a moves towards 
infinity. Identifying rays that are distance 0 apart and completing with respect to the 
metric yields the space of directions, see [4]. 


Example 8 Let G = Aut(T), with T a regular tree. Then the space of directions is 
the set of ends of the tree with all distinct points being distance 2 apart. 

The space of directions is computed in a number of cases in [4] and is seen to 
be a familiar space in many well-known examples. However, it is also seen that it 
can be quite complicated. An example is given in [4] where the space of directions 
is isometric to the set of Borel subsets on [0, 1] with the metric d(A, B) = m(AAB), 
where m is the Lebesgue measure and two sets are identified if they differ on a set of 
measure 0. It might be of interest to know the space of directions for groups whose 
geometric structure is not well understood. 
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Question 6 What is the space of directions for Neretin’s group? 
The Chabauty Space 


Definition 11 Let G be a locally compact group. The Chabauty space, SUB(G), is 
the set of all closed subgroups of G equipped with the topology generated by the 
subsets 


Ng o(C) = {D € SUB(G) | DN K C CO, CNK C DO}, 


where K C Gis compact and O C Gis a neighbourhood of 1. 

The set SUB(G) is a compact topological space and the action of Aut(G) on G 
induces a natural action on SUB(G) by homeomorphisms. 

We use the following lemma in the proof of the next theorem. 


Lemma 5 Let O be a neighbourhood of \. Let « € Aut(G), suppose that U is tidy 
for a and let Up = Ux 1 UL = Miez a/(U) be the largest a-invariant subgroup 
of U. Then there is a non-negative integer N such that a" (U_) C UoO for all natural 
numbers n > N. 


Proof The sequence {a”(U_)},,. of compact subgroups of U_ decreases Up. Since 
UO is an open neighbourhood of Up, there is N such that w (U_) C UO. al 


Proposition 3 Let a € Aut(G) and suppose that U € COS (G) C SUB(G) is tidy 
for a. Then a" (U) + U++4 with respect to the Chabauty topology in SUB(G). 


Proof Let K C G be compact and let O C G be an open neighbourhood 
of 1. Consider .% 9(U++). We will find a natural number M such that a”"(U) € 
ANx.o(U++) whenever n > M. 

Now, K N U+4 is a compact subgroup of U++. We have U++ = Usso ok (U4) 
and U, is relatively open in U4. Hence there is a k such that a*(U,) > KNU 44. 
Hence, 


KN U4 Cc ak(U4) C a"(U) for all n > k. (5) 
Choose N as in Lemma 5, so that w”(U_) C UoO for every n => N. Then we have 
n>N => a"(U) = a"(Uy)a"(U_) (6) 
C a"(U4)0 C U440. 
Equations (5) and (6) imply that, if nm > max(k, M), then 
KN U44 Ca"(U)O and KN a"(U) C U440, 


ie. a"(U) € Ne o(U++) and so a"(U) > U4 asn > co. Oo 


Acknowledgements We would like to thank Stephan Tornier, who prepared some of the figures 
used in these lecture notes. 
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Introduction to Quantum Invariants of ®) 
Knots pees | 


Roland van der Veen 


Abstract By introducing a generalized notion of tangles we show how the algebra 
behind quantum knot invariants comes out naturally. Concrete examples involving 
finite groups and Jones polynomials are treated, as well as some of the most 
challenging conjectures in the area. Finally the reader is invited to design his own 
invariants using the Drinfeld double construction. 


1 Introduction 


The purpose of these three lectures is to explain some of the topological motivation 
behind quantum invariants such as the colored Jones polynomial. In the first lecture 
we introduce a generalized notion of knots whose topology captures the ribbon Hopf 
algebra structure that is central to quantum invariants. The second lecture actually 
defines such algebras and shows how to obtain quantum invariants from them. As an 
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example we discuss the colored Jones polynomial and present a couple of intriguing 
conjectures related to it. The final lecture is about constructing new examples of 
such algebras and invariants using the Drinfeld double. 

Although the prerequisites for these lectures are low the reader will probably 
appreciate the lectures most after having studied some elementary knot theory. Knot 
diagrams and Reidemeister moves up to the skein-relation definition of the Jones 
polynomial should be sufficient. Beyond that a basic understanding of the tensor 
product is useful. Finally if you ever wondered why and how things like the quantum 
group U,sl, arise in knot theory then these lectures may be helpful. 

To illustrate the nature of the algebras at hand recall that the colored Jones poly- 
nomial is closely related to U,sl, the quantized enveloping algebra of sl). Following 
[8] U,slz is the algebra generated by 1, F, F’, H defined by the following operations 
and relations. Our purpose is to demystify and motivate such constructions from a 
topological/knot theoretical viewpoint. 


HE-EH=2E A(E)=E®@q?+1@E S(E)=-Eq? «(E)=0 


HF—-FH=-2F A(F)=F@1+q 7@F S(F)=-q?F «(F)=0 


Q 


= 
Il 
ol Me ba 


EF—FE=[H] A(H)=H®@1+1@H S(H)=—-H €(H)=0 


Q 


OO _n(n—1)/4 
H@H q i alt A 
R=q? ) ml (q2-q 2)"(E"@F") a=q? 
n=0 


The N-colored Jones polynomial arises out of this algebra using the N- 
dimensional irreducible representation py : Usb —> Mat(N x N) defined by 
the matrices. For a more detailed description see lecture 2. 


0(N-1] 0 0 0 
0 O [N-2] 0... 0 
0 0 0 ...0 0 
E)= 
PXEV=]1 9g 0 2] 0 
0 .. 0 00%] 
0 0 000 
000 0 0... 
1] 00 oO 0 
0 2] 0 0 0 
F)= 
pn(F) 0 0 0 0 0 
0...0[V-2) 0 Oo 
¢ 0° @ WI7 0 
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(n—1)/2 0 0 0 0 a 
0  (n—3)/2 0 0 ose 0 
7 0 0 @=52 <.. 0 0 
pn(H) = 0 0 a SG=3/2 0 0 
0 - 0 6 =<“W=3/2 

0 0 0 0  -—M-—1)/2 


We will explain how the topology of knots or rather tangles leads one to consider 
such algebraic structures, known as ribbon Hopf algebras. Next we will show how 
one can design ribbon Hopf algebras at will using Drinfeld’s double construction. 
Again emphasizing that the double construction too is directly forced on us by the 
topological problems we want to solve: i.e. finding invariants of knots. 

Our exposition is meant to complement the literature rather than being exhaus- 
tive. We chose not to say anything about quantum field theory, which of course is 
one of the main driving forces of the subject. Our main sources are Ohtsuki [8], 
Etingof and Schiffmann [1] and Kauffman [6]. Much of this work is inspired by 
conversations with Dror Bar-Natan. 


2 Lecture 1: Tangles as a Ribbon Hopf Algebra 


The goal of this lecture is to present tangles in a rather non-standard way that will 
allow us to define many algebraic operations on them. These operations turn out to 
be the operations that one can do on the tensor algebra of a ribbon Hopf algebra 
such as U,5l). To find out what that algebra should do we turn to topology to watch 
and listen what the tangles have to tell us. 


2.1 rv-Tangles 


Loosley following Kauffman [6] and Bar-Natan we work with a version of rotational 
virtual tangles, abbreviation rv-tangles. To make sure the algebra comes out 
unmangled our set up is rather abstract. Instead of relying on diagrams in the plane! 
we prefer working with ribbon graphs with some decorations modulo the usual 
Reidemeister relations viewed locally. Recall that a ribbon graph is a graph together 
with a cyclic orientation on the half-edges around each vertex. 


Definition 1 An rv-ribbon graph is a ribbon graph G with a labelling of both 
vertices and edges by integers satisfying the following requirements. The degree 
one vertices (called ends) are required to come in pairs one labelled +i and one 


'This is the main difference with Kauffman’s approach. 
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+j +t +7 
0 0 

+ 7 
0 0 

—2 —j —1 


Fig. 1 (Left) The two fundamental rv-ribbon graphs from which all rv-tangles are built by disjoint 


union and multiplication. The first is the -E crossing Xj" and the second is an edge «; with rotation 
number r. (Right) the usual way of depicting the fundamental graphs in the plane, here the rotation 
number r is 2 


Fig. 2. The equivalence relations (Reidemeister moves) 


—i < 0, the set of absolute values of end labels is denoted Jg. Each internal vertex 
is labelled +1. 

Two key examples of rv-ribbon graphs are the + crossing and the edge shown in 
Fig. | (left). The two figures on the right show the interpretation in terms of planar 
diagrams of knots we have in mind. We think of the edge labels as rotation numbers, 
often arising from taking a braid closure (rotation number +1). Edge label 0 will 
often be omitted for clarity. We define two operations on rv-ribbon graphs, disjoint 
union and multiplication. Together they suffice to build any graph we need. Disjoint 
union is simply disjoint union of graphs, where we assume the labels of the ends are 
all distinct. Multiplication is more interesting (Fig. 2). 


Definition 2 For i,j € Ig andk ¢ Ig define mi/(G) to be the rv-ribbon graph 
obtained from rv-ribbon graph G by merging the edge that ends in +i with the edge 
that ends on —j. The edge label for the new edge is the sum of the labels of the 
merged edges and the remaining ends —i, +j are renamed —k, +k respectively. 
With these definitions in place we can turn to the tangles we are interested in. 
See Fig. 3 below to see the multiplication in action to build a diagram of a knot. 


Definition 3 An rv-tangle is an rv-ribbon graph obtained from multiplying finitely 
many crossings and edges as in Fig. |. rv-tangles are considered up to the equiva- 
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Fig. 3 (Right) The trefoil knot as a long knot (one component usual tangle). (Left) The seven 
fundamental rv tangles that can be assembled to produce the ru-tangle corresponding to the usual 
trefoil on the right. (Middle) An intermediate stage where we already multiplied ends +1 with 
—2 calling everything 1, then multiplied with component 3 and then with 4. The newly made 
connections are dotted and are abstract (not in the plane!) 


lences RO, R1, R2, R3 as shown below. RO is relabeling of the ends (multiplication 
by an edge labelled 0). 

Larger tangles are understood to be equivalent if they contain equivalent factors. 
rv-tangles are meant as a language for dealing with diagrams of ordinary knots 
and tangles more efficiently. To interpret rv-tangles we should view the four-valent 
vertices as crossings, with sign as indicated. The edges are a disjoint union of 
straight paths in the graph that go from end —i to +i and are directed this way. These 
straight paths are the components of the tangle, by straight we mean that it takes the 
second right (straight on a roundabout) at every crossing. The integers on the edges 
are supposed to represent the rotation number of a tangent vector as it runs from 
one vertex to the next. Not all ru-tangles correspond to usual tangle diagrams as the 
crossings may be connected in ways that are impossible in the plane. However all 
usual tangle diagrams without closed components are included. In particular knots 
can be studied as one component tangles. Also, two usual tangles are equivalent 
(regular isotopic) if and only if the corresponding rv-tangles are. 


Theorem 1 (Kauffman, Bar-Natan) Two usual oriented tangles without closed 
components are regular isotopic if and only if the corresponding rv-tangles are 
equivalent. 

We emphasize that in our set up the crossings in an rv-tangle are connected 
abstractly, not necessarily in the plane. This is like Kauffman’s rotational virtual 
tangles [6] but without the need to explicitly discuss ‘virtual crossings’. Even if the 
reader is only interested in usual tangles in the plane, the language of rv-tangles is 
still an elegant and effective way to encode such. As an additional bonus we will see 
that it brings out the algebra very naturally. 


642 R. van der Veen 


As a first example we write an algebraic description for the trefoil knot viewed as 
a 1-component tangle (long knot) T by multiplying together three crossings X and 
one edge containing a negative rotation a! to take into account the partial closure 
of the braid. See Fig. 3. 


T =m,’ om Som? om\* om om, (CG Xe, Wx bet ) 


2.2. Operations on Tangles 


The goal of this section is to show that the set of linear combinations of rv-tangles 
has all the algebraic operations and relations that are valid in the tensor algebra of a 
ribbon Hopf algebra. Instead of defining ribbon Hopf algebras we will dive right in 
and list two operations and some natural relations between them. The names of the 
relations reflect the algebraic structure intended. 

The easiest one is tensor product of two rv-tangles, it is just another name for 
disjoint union considered above. We also have already seen multiplication m;,’. Both 
these operations satisfy a form of associativity, let’s write out what that means for 
m. Given three components labelled /, j, k it does not matter whether we first connect 
i toj and the result to k or first connect the j to k and then connect i to the result. In 
formulas: m’, ko mil = mi o mi, Here we called the intermediate result r and the 
end result x. 

Next there is also the unit operation n; which is disjoint union with a new edge 
labelled 0 with ends labelled +i assuming the label i had not been used before. 
Dually there is a co-unit operation e; that deletes the component i. More interestingly 
there is the co-multiplication A! ,¢ that takes component i and doubles it. By this we 
mean it replaces component i with two new components j,k running parallel to 7 
(with the same rotation numbers on parallel edges). Finally there is the antipode 
operation S; which roughly speaking reverses the orientation of all the arrows on 
component 1. 

To give precise definitions of the operations mentioned we show explicitly what 
they do to the generators and extend them multiplicatively, see Fig. 4. 

By multiplicativity we mean the following. For the co-unit it means €;(m 
€» Ll€q. For the co-product it means that first multiplying two components /, j calling 
the result k and then doubling that i ara the results x, y is the same as 
fest doubling i and j calling the results i’, i” and _j’ Sr ’ and then multiplying i i,j and 

i’,j” calling the results x and y. In Fane Ae on! = =m v om, ‘Tol! iy ir © AY. i 
The algebra looks complicated but the pictines are really ciple! 

Multiplicativity for the antipode S; is actually anti-multiplicativity, because if we 
reverse a component built out of many segments, the order of the segments gets 
reversed! S, 0m,’ = mj’ 0 S; 0 Sj. 

The operations listed above are precisely those of a Hopf algebra and the 
following relations hold between them. First there is co-associativity: it does 
not matter if you split component x calling the results i,7 and then split r into 


A) = 
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Fig. 4 The operations on the generators 


components j,k or do it the other way around: first split x into r,k and then split 
r into i,j. In formulas A’, o Aj, = A‘, o A ,. Be careful that we really keep track 
of the order of the two components coming out of A. 

Even more striking is the following relation between all the operations we have: 
Take a component i double it to get components j, k, reverse k and multiply j with k, 
what do you get? The band spanned by j, k may be retracted and all that is left is a 
little component, called x, without any internal vertices! This is the same as deleting 
component i and putting back a single edge called x with label 0. In formulas m/* o 
Spo Ai, = Nxé. 

We should also check that the operations described actually work on equivalence 
classes of rv-tangles. Doing the operation on two rv-tangles should always yield 
the same result (Exercise!). 

The following relation is closely related to the R3 move. For any tangle T with 
component /: 


nv! o m*X= U Ai,(T) = mo mEX u Ai(T) 


It looks complicated but a picture makes it obvious (Exercise!). 

The famous Drinfeld element is U, = mi, © Si(X7), see Fig.5 for a picture. 
For any tangle 7; it satisfies nt. U; ie mi U; u S?(7)). The inverse of U, is 
= moS-"(Xz1). Here inverse means that m!(U>'UU;) = a? = (UZ! UU) 

Some more relations are mirmys Ai, (U;) U mm@xt uxt, = U,U Uy, The same 
relation holds when we replace each U;, by S;(U;,). Also 6;(Uj) = a. The element 
Ww = mS (U;) Li U; commutes with everything and satisfies $,(Wi) = Wz. There 
exists a square root V; of Wx, this is called the ribbon element satisfying the same 
equations as W; does. How does the ribbon element relate to a? 

At this point at least some of the symbols in U,sl2 should look more familiar. In 
the next lectures we will focus more on the algebras and how they lead to invariants 
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Fig. 5 The rv-graph corresponding to the Drinfeld element U; (left). The second picture shows 
the same Drinfeld element as a usual tangle drawn in the plane. The third picture shows the square 
of the Drinfeld element mjU; U U; again drawn as a usual tangle in the plane. Finally the last 
picture shows a more abstract version of this square where we allow ourselves a more schematic 
representation of the rotation numbers involved using abstract curls (not crossings!). One of the 
main points of rv-tangles is to not let the plane hold us back and let the algebra and topology mix 
freely 


of tangles and knots. Looking back we emphasize that although strange looking, our 
presentation of knot theory is cleaner and more precise than the standard one. 


2.3 Exercises 


Exercise 1 Draw an rv-tangle diagram for a figure eight knot 4; (viewed as a long 
knot). 


Exercise 2 Apply S; to the top-left diagram in Fig. 2 and show you get the same as 
the third diagram on the same row of the figure. 


Exercise 3 Draw diagrams to interpret the relations at the end of the lecture 
topologically. 


Exercise 4 What happens to the R-matrix of U,sl, when we set g = 1,h = 0? 
Look up what the universal enveloping algebra of a Lie algebra is. Do you recognise 
anything? 


Exercise 5 (Skein Relation) First show that the matrix for p2(R) with respect to 
the basis x @ x,x@ y,y@x,y@yofC? @C? is 


p2(R) = 
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Let P be the matrix for the linear transformation that sends a ® b to b @ a. The skein 
relation is: 


gi PR—q*(PR)' = (q? ~q?)I 


3 Lecture 2: Quantum Invariants and Hopf Algebras 


In this lecture we define the algebraic counterpart of the rv-tangles and their 
operations. The rough idea is to have a copy of some algebra correspond to each 
component of our tangle. This leads us to define quantum invariants of tangles. In 
particular U,slz is such an algebra and we will show how to obtain the colored Jones 
polynomial from it. Finally some of the most beautiful and challenging conjectures 
involving the Jones polynomial are mentioned. 

Recall that an algebra is a vector space A together with a bilinear, associative 
multiplication map m : A x A — A. Good examples of algebras to keep in mind 
are the group algebra of a finite group CG and the universal enveloping algebra 
of a Lie algebra U(g). Elements in both algebras are defined to be formal linear 
combinations of products. 


3.1 Quantum Knot Invariants 


Given an algebra A and a set J define a bigger algebra A; to be the algebra generated 
by elements a; for a € A,i € J such that aja, = a‘,a; if i # i’ and satisfy the same 
relations as a,a’ € A would if i = i’. Really A, is just a tensor product ®),<, Ai where 
all A; are isomorphic to A. We prefer the subscripts because they are more flexible 
about the ordering of the tensor factors and we can write the tensor product as a 
formal product. One should think of the set J as the index set Ig of some rv-ribbon 
graph G. For J = 9 we define A; = C. 

To really make the connection to the topology of the last lecture we need to 
define a multiplication map on A;. For i,j,k ¢ I define mj! : Ajug.;, > Aruge as 
follows. mi! (x) is the result of moving all factors a; in x to the left and then replacing 
all subscripts i,j by k. Notice that by making both subscripts i, 7 equal to k we are 
effectively multiplying the elements with subscript i with those of subscript j. 


Definition 4 Suppose A is an algebra. By a quantum knot invariant Z we mean a 
way of assigning to each rv-tangle T an element Z(T) € A;, where Ir is the set of 
end-labels of T, in such a way that 


mIZ(T) =Zm}T) ZTUT) =Z2N2T) T~T > ZT) = 27) 
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Since multiplication can be done either algebraically or topologically, finding a 
quantum invariant comes down to finding suitable values for the fundamental rv- 
tangles: crossing Z(X7) and edge with rotation Z(a;). By suitable we mean all the 
equivalences RO — R3 from Fig.2 should be satisfied. Notice that each of these 
becomes an explicit equation in terms of the values of the fundamental tangles. For 
example on of the equations implied by R2 is 


oe g 
mi‘ om; (Xj UX_) = a? Ua? 


It should be noted that the usual quantum Reshetikhin-Turaev quantum invariants 
such as Jones, HOMFLY, Kauffman etc come from taking our notion of quantum 
knot invariant and composing it with a representation. However separating the 
representation from the invariant itself may clarify some issues. For future reference 
or perhaps as a definition (!) of ribbon Hopf algebra we state the following 
theorem [8]: 


Theorem 2 Any ribbon Hopf algebra A with R-matrix R and ribbon element a gives 
rise to a quantum knot invariant sending the crossing to R and the edge with a single 
rotation to a. 

One goal of these lectures is to introduce the Drinfeld double construction. This 
is a recipe for constructing a ribbon Hopf algebra and hence a knot invariant starting 
with a much simpler algebra, a Hopf algebra. In this way we can construct our 
own invariants instead of only focusing on the well known ones like the Jones 
polynomials. 

For now let’s focus on the particular algebra A = U,(sl2), which happens to 
be a ribbon Hopf algebra. It yields the Jones polynomial as follows. Define Z by 
ZG5) = R and Z(a@) = a referring to the formulas at the very beginning of the 
first lecture. Here we interpret E” @ F” as EF and do not worry about convergence 
issues. 


Definition 5 If Z is the quantum invariant corresponding to the algebraA = U; (sh) 
as above then the N-colored Jones polynomial of knot K, notation Jy(K;q) is 
defined as xTrpy (Z(K’)). Here py is its N-dimensional representation given in the 
first lecture and K’ is 1-component rv-tangle whose closure is K. 

To get a feel for this construction let’s get our hands dirty and make an attempt 
to compute the 2-colored Jones polynomial of the trefoil knot T using the tangle 
description from the last lecture: 


ee ee ee are 1 
T =m; oms' om om, om, omy (X75 U X65 U X57 Uy) 


The formula should thus be J2(T; g) = 


1 = 
5 TmZ(T") = Trp2 mi? oml® om! o mi o mi o ml? (Z(X15)Z(X26)Z(X37)Z(at4)!) 
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Now the representation 2 extends to tensor products as p2(a ® b) = p2(a) ® po(b) 
or in other words 02(a;bj) = p2(a);p2(b);. Recall that 


m)=(55) m=(75) aen=(5.4,) 


1 
Therefore p2(a) = p2(q@/?) = i A Also since p7(E)* = p2(F)? = 0 
qd 2 


it suffices to only keep the first two terms of the complicated series for Rj = 


AjH; 
Z(X;;). What remains is Rj = gcd ob (q2 = gq 2)EF)) Before applying 


the multiplications we find the invariant for the four disjoint tangles to be: 
Z(X1'5)Z(X6y)Z (37) Z(Qy, ') = 


Ae ER) g © LOE) g © Sep)? =D 


1 


Here we set v = qQ? — q ? and only include the terms that are non-zero when 
applying p2. The variables mostly commute because they have different subscripts 
(are on different components), this will change once we start multiplying (joining 
components). Already now we should be careful that H;E,; = E,H, = 2E;. All but 
the last multiplication are really easy. For example mi? means we should move all 
subscripts 1 to be left of the subscripts 2 and then change all 1 or 2 subscripts to 1. 
The same works for the next two m\3 and m{*, we obtain: 


W = m2! o m2 om\tom? om| 2(D) = 


A 1 4 vE|Fs)g°@ (1 + vEsF))q © (1 + vELFs)q7 


To be able to carry out the last step mj> we have to move all subscripts 5 to 
the right of the subscripts 1. The powers of g can be moved using the relations 
Que = a a and g@F = q~*°Fq", (Exercise!). For example E5F qt = 
gees > +51 b+] EsF,. 

For ee let us write out W = sy W’ into eight terms W/ and compute m> 
for each term individually. The first term is W! = qt 7 qt qt ; qd t . Since only 
His involved we may move the first term to the far right without cost and then set 

3H2 


= 


A 
Hs; to Hi to get mpw! = = Fo Taking the trace in the o2 representation our 


term gives 


1 
Trpo(m)W') = (1 + q)q? 
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Next we work with W? = gr vE\Fsquit ge qr. It suffices to bring the 


q-powers to the middle, the F), F| to the left and the E5, Fs to the right. We find 


Hi Hs5H 
ft5. Sal 4, 


154472 Hs aa 
Troom,W = TrpvE\ig t= 2 q 2 q 2 Fs|\i=s 


He 
= TrpvE\q? TF, = vgi (q+q"') 


Applying Trp2m}° to the remaining six terms W?,... W® and summing should 
yield the 2-colored Jones polynomial of the trefoil knot, i.e the ordinary Jones 
polynomial. There are easier ways of getting the same result but those tend to hide 
what is going on, making them of less use for serious applications such as the ones 
below. The technique illustrated here can be carried out even for Z itself without 
applying any representation. 


3.2. Conjectures on the Colored Jones Polynomial 


We pause our account of quantum invariants to illustrate the depth and lure of the 
subject by stating a few famous conjectures on the asymptotics of the colored Jones 
polynomial: The modularity conjecture, the AJ-conjecture and the slope conjecture. 
Each connects the Jones polynomial to an apparently completely different field. 
There may be more natural perspectives on these conjectures from quantum field 
theory but our purpose here is mainly to state some challenging problems in a 
concise way. 

Recall our notation for the N-colored Jones polynomial of knot K is Jy(K; q). It 
is always a Laurent polynomial in q!/?. 

The Modularity Conjecture is a radical generalization of the volume conjecture 
[5] connecting the Jones polynomial to hyperbolic geometry. Or perhaps more 
fundamentally to SL(2,C) Chern-Simons theory. We take for granted the amazing 
facts that many knots allow a unique hyperbolic (finite volume complete) metric 
on their complement in the three-sphere. Such knots are called hyperbolic. By 
uniqueness (Mostow Rigidity) any property of the metric is a topological invariant 
of our knot K. Denote by Volx the volume of the complement with respect to that 
metric. Also denote the field generated by the traces of the holonomy representation 
of the knot group into PSL(2,C) = Isom* (HI) by Fx. It is known as the trace field 
of K and is always a number field. 


Modularity Conjecture [9] Consider a hyperbolic knot K. Define J : Q/Z > C 
by J(=) = Js(K; er). For any a,b,c,d € Z with ad — bc = | and any sequence 
(X,) € Q going to infinity with bounded denominators, there exist A(4),Aj(4) € C 
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such that 


J( 3 Volx Ay 
—————_ ~,>5 “Tn 
T&n) ~(F 4) ° : (<) 


2na 


where hy, = rae rw and A,(¢), A*(4) EF r(ec ). 

Another interesting conjecture is the AJ-conjecture. Define the function J.(K; q) : 
N-> Z\q? ; qv? ] by sending N to Jy(K; q). It was shown that J.(K; q) satisfies a q- 
difference equation (recursion) in the following sense. Define operators M and Lon 
functions on N by (Lf)(N) = =e 1) and (Mf) (N) = qXf(N). Then there is anon- 
commutative polynomial A(M, L, q) in ML with coefficients in Zlq2 9 3] such 
that AJ. (K; q) = 0 as a function. Up to some unimportant factors this polynomial A 
is unique so the following conjecture makes sense: 


AJ Conjecture [2, 3] Setting g = 1 in A yields the SL(2, C) A-polynomial of the 
knot K. 

Roughly speaking the A-polynomial is a plane curve in C” specifying which 
values M,L for eigenvalues of the peripheral subgroup of the knot group can be 
extended to a representation of the knot group into SL(2, C). 

Finally the slope conjecture makes a connection with an apparently different field 
of low-dimensional topology: essential orientable surfaces in the knot complement. 
Viewed in the knot exterior an essential surface &’ may end on the boundary of 
the knot in a certain homology class ay + bd. Note that the surface may intersect 
the torus boundary in several disjoint nea it does not have to be a Seifert 
surface. In that case we say that X' has slope ¢. According to the slope conjecture 
some slopes of surfaces are detected by the degree of the colored Jones polynomial. 
More precisely it is known that for sufficiently large N there is ap € N and quadratic 
polynomials Qo, ..., Q,—1 (all dependent on the knot) such that for allO < r < p—1 
we have deg Jy (K; gq) = Q,(N) whenever N = r mod p. 


Slope Conjecture [4] 
For any knot K the leading coefficient of Q, is the slope of an essential surface in 
the complement of K. 


3.3 Exercises 


Exercise 1 Let A be the algebra of complex valued 2 x 2 matrices, End(C*). Write 
out all the equations one needs to solve for a 4 x 4 matrix Z(Xj) and a 2 x 2 matrix 
Z(q;) to obtain a quantum invariant in A. 


Exercise 2 Compute the 2-colored Jones polynomial of the trefoil using the 
formulas at the beginning of lecture 1 and the topological description of the trefoil. 


650 R. van der Veen 


Exercise 3 The universal enveloping algebra of a Lie algebra g is defined to be the 
vector space spanned by formal non-commutative products of Lie algebra elements 
modulo the relations [X, Y] = XY — YX for any X, Y € g. What operations make the 
universal enveloping algebra into a Hopf algebra? 


Exercise 4 Prove the identities gE = q*°Eq™ and q@F = q-*°Fq™. 


Exercise 5 Find out how the volume conjecture is a special case of the modularity 
conjecture. 


4 Lecture 3: Drinfeld Double 


The goal of the last lecture is to show how new quantum invariants may be 
constructed from Hopf algebras. Hopefully this will inspire the reader to look 
for interesting and useful invariants beyond the usual ones. We will illustrate the 
technique by working out the case of the group algebra of a finite group CG 
carefully. The construction is known as the Drinfeld double construction. It may 
seem foreign at first but is actually very natural in the sense that its algebraic 
structure is forced on us by topology. Not the other way around as it often appears. 


4.1 Hopf Algebras 


An important example of a Hopf algebra is the group algebra of a finite group CG 
and another example is its dual, the functions on G, say Fun(G). One instance of 
the Drinfeld double is D(G) = CC ™ Fun(G). In the final lecture we will see 
that the resulting quantum invariant counts the number of representations of the 
fundamental group of the knot complement into G. If one hopes to understand 
invariants like colored Jones that relate to representations of the fundamental group 
into G = SL(2, C) it is a good idea to first understand similar invariants for G finite. 

A definition of a Hopf algebra is given below. Notice that in the context of tangles 
we also had multiplication m, a unit component n, doubling of a component A, 
reversal S of a component and deletion of a component ¢€. They satisfied certain 
natural relations and those are precisely the axioms for Hopf algebras. Notice 
however that no notion of crossing is present here. 


Definition 6 A Hopf algebra is an algebra H together with for any set J algebra 
morphisms €; : Hy,4;, — H7 and Ai, : Ay > HAyygj yj, and an anti-algebra morphism 
S: H; — Hr. Satisfying the following axioms: 

3 Ai; © Aix = Av > Ai 

b. 6,0 Ay, = G0 Ai, = id; 


ij : iV ; i_q-. 
Cc; m; 0 S;0 Ai; = m; 0 Sjo Aj = lie 


fet) 
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In our running example of the group algebra (which is the vector space with 
basis the group elements), the multiplication is multiplication in the group extended 
linearly to the whole space. The unit is the unit in the group and Ai, (gi) = 88k 
for all g € G. Again this definition is extended linearly to the whole of CG. The 
co-unit is defined for g € G by €;(g;) = Oif g # 1 and g;(1;) = 1. The antipode S; 
is defined by S;(g:) = g;!. When i 4 z we set Ai. (82) = g, and €;(g,) = g, and 
Si(g.) = gz. In this case all the axioms listed are easy to check (Exercise!). 

The complex valued functions on G, with pointwise multiplication also form 
a Hopf algebra called Fun(G) (Exercise!). The Hopf algebra structure can be 
described conveniently in terms of the basis of delta functions. For each g € G define 
the delta function 68 € Fun(G) by 68(h) = Oif g 4 hand 1 if g = h. The co-unit 
is defined by ¢;(5") = 58(1). The co-product is defined by Ai,(57) = Y°,—ar 5 848? 


and 5;(5°) = é¢ 5 As before, when i 4 z the functions Ai and ¢; and S; send 58 to 
itself and are extended linearly. 

Alternatively we can describe Fun(G) as the dual space CG*. The basis dual to 
the basis {g},eg of CG is the basis {6°}, of delta functions. The co-multiplication 
in Fun(G) is just the transpose of the multiplication in CG and the dual of the 
multiplication in Fun(G) is the comultiplication in CG. 

The group algebra itself is a little too simple to accommodate our rv-tangle 
language. In particular there is no natural candidate element in CGy,2, for the 
crossing Xj2 to map to. In the final lecture we will combine CG with its dual 
Fun(G) to make a bigger algebra where we can represent crossings and all the other 
properties of rv-tangles. This construction works for any Hopf algebra and is known 
as the Drinfeld double construction. The more involved quantum group Us|, also 
comes out of this construction in a natural way. Perhaps more importantly it allows 
you to design your own knot invariant! 


4.2 Drinfeld Double 


Before introducing the Drinfeld double construction let us recall two crucial 
properties of rvu-tangles. First and foremost there is a notion of crossing, the 
fundamental tangle X;- satisfying a couple of natural algebraic properties. First we 
know what happens when we double one of the components, this was included in 
our definition of Ai. In formulas (draw the pictures!) 


+ _ jZ 
Ai Xj = mXy, UXe 
ALXG = mEXt UX; (1) 


nt! o m* a u Ai. (T) = nt? om’ iG, u Aj,(T) 


The last line is not included in the definition of A but is a rather simple compat- 
ibility between the crossing and the doubling of a component. A direct algebraic 
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consequence of these three relations is the Reidemeister R3 relation or Yang-Baxter 
equation (Exercise!) 

mi" mi? mg X u XG u Bae = mmm? Xi u x u x (2) 
To find a knot invariant Z we start with an unknown algebra A and assume Z already 
intertwines LI and m,- Applying Z to the above equations then yields algebraic 
equations we would like to solve. 

The main idea of the Drinfeld double construction is to start with Eqs. (1) and (2) 
and a candidate solution and find the algebra in which that candidate solution 
actually solves the equation. In this way we really let the topology decide what 
the algebra should be and make sure the answer Ry = Z(Xp ) is nice to begin with. 

Drinfeld’s idea is to start with any Hopf algebra H and form D(H) = H* @ H. 


Definition 7 Define the Drinfeld Double of a Hopf algebra H to be the vector space 
H* ® H with the following properties: Writing elements ¢ ® h € D(H) as dh we 
assume that the Hopf algebra rules from H or H™ are still valid when either y = 1 
or h = 1. Define a coproduct and counit as follows: 


Ai (Wihi) = Ay. Wd Ay(hi)  €(Wihi) = ei(Wde(hi) 


The book [1] is a useful reference for the following theorem. 


Theorem 3 Let {h"} be a basis for H and {¢"} the dual basis of H*. If Ry = 
ya ph} € D(A) 4, satisfies Eq. (1) then the multiplication in D(H) must be defined 
as follows: 


phe = DOr Shy" Ws" ise") byron g 
where A3,A},(x|) = Rene a for any x. Also the antipode must be S(ph) = 
S(h)S“'(p) 

Let us see what the Drinfeld double D(CG) of the group algebra is. It is the 
vector space Fun(G) ® CG. Elements in this space will be written as sums of formal 
products ¢g where @ € Fun(G) and g € G. To write down the product rule explicitly 
we first compute A3,A!,(g1) = gigog3 and A>,A1,(6¢) = 616554. Since 
S(g) = g”! the product rule becomes 


rst=a 
5¢nd>g = Y > (8"(h-')8'(h))S*S hg = 545" hg 
rst=b 


because we can solve s = r'bt~! and the delta functions tell us that r = h7! and 
t=h. 
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As an illustration of the theorem we derive the above product rule directly from 
imposing the Yang-Baxter relation. Write Rj = )~ eG 6; g; then Eq. (2) reads: 


S > SSH S8esh3 = Y~ 5f5;5$c2a3b3 


fig.h a,b,c 


Since 6*6” = 6*(y)6* the equation simplifies to 


> 5) f82 fly = = 61652303 
fh a,c 


Comparing terms in the first and third component we must have f = c and fh = ac 
and hence a = fhf~!. From the second component we find f5" = 8! 'f exactly 
the product rule prescribed by the Drinfeld double. 

To get a full quantum invariant we must also find the value of the rotation a. 
Referring to the first lecture we start by computing the Drinfeld element U = 
8 6% = Yo, 6%g7'. We also need to compute S(U) = >, 88g = U. We 
have seen that a? = US(U) so we may take a = U. 

We now consider a representation p : D(CG) — End(CG) defined by 
p(¢h)(a) = o(hah™)hah! for any a € CG. The reader should check that 
p(xy) = p(x)p(y) (Exercise!). In this representation the crossing is sent to the 
following map p(Rj) € End(CGx). 


(Rij) (aibj) = ye p(8°)ip(g)(aibj) = ye 58 (a)ai(gbg”'); = aigibjg; 
& & 


Presenting a knot as the closure of a braid B = [[o we get a map p(8) € 


mark the arcs of the braid diagram with group elements such that the basis element 
is below and the image is on top and at each crossing the incoming under-arc gets 
conjugated by the upper arc to produce the outgoing under-arc. Taking the trace of 
p(B) sums over the initial basis elements and forces the output at the top to be equal 
to the input. This is precisely the setup for the Wirtinger presentation of the knot 
group. Hence we see that Trp(8) = #{representations of 7, (S? — K) into G}. 


4.3, U,sl, as a Drinfeld Double 


Coming back to our initial object of interest U,sl we would like to show how 
what we learned so far helps to demystify the formulas we started with. So far we 
studied finite groups, to make the connection to Lie groups and their algebras we 
should replace the group ring CG by the universal enveloping algebra U(g). This 
is the algebra of formal monomials of Lie algebra elements modulo the relations 
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[X, Y] = XY—YX. Roughly the idea is that every element of a Lie group is generated 
by elements exp(X), where X € g. Such exponentials naturally produce sums of Lie 
algebra elements that we may interpret in U(g). 

Focusing on g = $l) with generators E, F, H its universal enveloping algebra 
U(sl,) is the algebra with | generated by E, F, H subject to the relations HE—EH = 
2E and HF — FH = —2F and EF — FE = H (compare to the formulas in lecture 
1). The natural way to turn this into a Hopf algebra is to set the coproduct to be 
A'jk(X;) = X; + X; and e(X) = 0 and S(X) = —X for X = E, F or H. 

To understand how U,sly arises from this simple setup we restrict ourselves to 
the Lie subalgebra 6 generated by E, H only. By the same formulas the universal 
enveloping algebra U(b) is still a Hopf algebra. We claim its Drinfeld double 
D(U(6)) is almost isomorphic to U(sl). The only difference is that in D(U(b)) 
one gets generators H, E and H* and E*. It is natural to identify F with E* but to 
get U(slz) one has to quotient out by the additional relation H* = H. 

Already this Drinfeld double gives an interesting knot invariant, it produces the 
Alexander polynomial of a knot (Exercise!). 

To get the quantized enveloping algebra U,sl2 we follow the same procedure, but 
we use a modified version of U(6) called U,(6). Its relations are HE — EH = 2E as 


before but with a modified coproduct A(H) = Hi + Hz and A(E) = Eg? + Eo, 
with g = e'. This may seem arbitrary but there are not many possibilities if one 
wants a co-associative A that equals the usual one setting g = 1. 

Applying the double construction to this modified U, (6) yields U,sl after setting 
H* = H. The form of the R-matrix R should now be recognizable as consisting of 
dual basis F” and basis E”. The coefficients are there to normalize properly [1]. 


4.4 The Dual of Ugslr 


In our finite group examples the dual of the group algebra CG was Fun(G). In the 
context of Lie groups and algebras it still makes sense to talk about the functions 
on the group but it is easier if one only allows nice functions. For G = SL(2) 
we consider the polynomial functions on G. These are all generated by the matrix 
elements. In this way we see that Fun(SL(2)) = C[a, b, c, d]/(ad — bc = 1). 

CG* is supposed to be isomorphic to Fun(G) and in our present example there is 
at least a way to pair the equivalent U(sI,) in anon-degenerate way with Fun(SL(2)). 
Given X € sl, and f € Fun(G) we consider f2(X), i.e. evaluation of f on the 
representation of X as a 2 by 2 matrix. 

Instead of deforming the Lie algebra we consider deforming the dual matrix 
group. This gives a different perspective on U,Sl, or rather it dual. To find a natural 
way of deforming Fun(SL(2)) we call on one of the essential properties of SL(2) 
namely its action on the plane. This sends a vector with coordinates (x, y) to a new 
vector in the plane with coordinates (ax + by,cx + dy). Manin [7] proposed to 
first deform the functions on the plane, that is C[x, y]. His idea was that any such 
deformation will naturally lead to a deformation of the symmetries of the plane 
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SL(2). All we need to do is insist that the deformed SL(2) still acts as symmetries 
of the deformed plane. 

Calling on quantum mechanics a natural way to view a pair of coordinates is as 
position z and momentum p of a single particle on a line. These coordinates naturally 
deform to a pair of non-commuting variables Z,P satisfying the Heisenberg 
commutation relation ZP — PZ = —ih. Setting x = e% and y = e? we find 
(Exercise!) that yx = gxy with gq = e~” and absorbing the factor —i into h we find 
our desired quantum plane, or rather the functions on it form the following algebra: 
Fun,(C”) = C(x, y)/(yx = gxy). Here the angled brackets mean non-commuting 
polynomials in x, y. 

With this preparation we can carry out Manin’s proposal and ask what commuta- 
tion relations a, b, c, d need to satisfy so that the quantum plane is preserved. Since 
(x, y) satisfy yx = qxy we require (ax + by, cx + dy) to satisfy the same relation: 
(cx + dy)(ax + by) = q(ax + by)(cx + dy). Assuming a, b, c,d commute with x, y 
and q is a scalar we can compare coefficients of x” on the left and right hand side to 
find ca = qac. 

To get more commutation relations we also require the transposed action (on row 
vectors) to be preserved so (x, y) gets sent to (ax + cy, cx + dy). This yields the 
additional relation (bx + dy)(ax + cy) = q(ax + cy)(bx + dy). The reader should 
check that these requirements yield the following six relations: ba = gab, ca = qac, 
dc = qcd, db = qbd and cb + qda = qad + q’bc and be + qda = qad + q°cb. 
Assuming q* # | the last two are equivalent to bc = ch and ad—q~'be = da—qbe. 
We recognize this last equation as statement about the deformed determinant. It 
expresses the fact that ad — q~'bc is a central element so we may quotient out by 
the relation ad — q~'bc = 1 to obtain Fun,(SL(2)) = 


(a, b,c, d)/(ba = qab, dc = qcd, db = qbd, dc = qcd, be = cb,ad — q"!bc = 1) 


Viewing the a, b, c,d as deformed matrix elements we may still use the same duality 
pairing with p2 of Usb to see that the two deformations are compatible and actually 
dual. Our arguments with the quantum plane are just another way of describing and 
motivating the Drinfeld double construction. In the end it all comes down to the 
same non-commutative geometry, whose applications to low-dimensional topology 
and other fields are endless. 


4.5 Exercises 


Exercise 1 Prove that both the group algebra of a finite group and its dual are Hopf 
algebras. 


Exercise 2 Compute the Alexander polynomial of the trefoil by looking at the 
quantum invariant coming from the Drinfeld double of U(6) with the usual Hopf 
algebra structure. 
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Exercise 3 Show that the g-determinant ad — q~'bc in the last section is indeed 
central. What is the right notion of g-trace here? 


Exercise 4 Find an interesting Hopf algebra and use the Drinfeld double construc- 
tion to produce your own quantum invariant! 


5 Epilogue 


The purpose of these notes was to introduce quantum invariants, show that they 
connect to interesting parts of mathematics and convince the reader to construct 
their own invariants. Hopefully our discussion of U,sl, makes the generators and 
relations we started with look less arbitrary. Much more can be said for example 
in terms of deformation quantization of Poisson-Lie groups but it is also important 
to note that the field of quantum invariants is still young. The simple things always 
come last and we’re not there yet. 
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